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531. SOME INEQUALITIES FOR TRIANGLE ELEMENTS*

Mirko S. Jovanovic

The student M. S. Jovanovic has sumitted the paper entitled as above
to the Editorial Committee. Z. M. Mitrovic and M. S. Stankovic, who looked
through the paper, have noticed that some results of Jovanovic can be genera-
lized by introducing a parameter k. The idea of Mitrovic and Stankovic has
been carried out in this text.

Editorial Committee

Several inequalities for triangle elements, designated by capital letters star-
ting from (A) are proved in this paper. The designations from the book [1] are
used in this paper. Due to space, proofs of some inequalities are omitted.
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(A) (k;;;:; 1).

Equality holds for an equilateral triangle and k = 1.

Proof. Since

(1) 4R
. 2 IX a IX

ra-r= sm - => -=cotg -,
, 2 r,,-f 2

we have

(2)

Let us consider the function

(3) f(x) = cotgk X

and its second derivative

f " ( ) k+cos2x
t k-2 0X = co g x>.

Sin' x

Hence, function f is convex, so that

3 ,1

L cotgk Xi ~ 3 cotgk - (Xl + Xl + X3)'

i~1 3
(4)

IX ~ y
If we put in (4) Xl =-, Xl=-' X3=-' we get

2 2 2

(5)
k

IX "2+ 1

L cotgk_~ 3 cotgk -= 3
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From (2) and (5) (A) follows.

(B)

Equality holds for an equilateral triangle and k = 1/2.

Proof. On the basis of (1) and

(6)

we get

(7) rb + rex" (rb + r )k" k exE= cotg2 - ~ L.. E = L.. cotg2 -.
ra-r 2 ra-r 2

Since, in virtue of (5),

(8) 2: cotg2k ~;s 3k+ 1,
2

from (7) and (8) we obtain (B).

(C) (k;SI).

Equality holds for an equilateral triangle and k = 1.

Z

Proof. Since, on the basis of (6), ~=4Rsin2~, we have
rb + rc 2

(9) 2: (~ )
k

= (4 R)k 2: sin2k~ .
rb + rc 2

[1]) 2: sin2 ~;S ~, we have
2 4

2: sin2k ~ ;S3 (~ 2: sin2 ~ )
k

;S ~ .
2 3 2 4k

Due to (see

(10)

(D)

From (9) and (10), (C) follows.

2: (~ )
k

~3(3R)k
ra-r

Equality holds for an equilateral triangle and k = 1/2.

aZ ex
Proof. From (1) we have ~=4RcoS2_, i.e.,

ra-r 2

(11) (
aZ

)
k

" ex
2: ~ = (4R)k L..COS2k-.

ra-r 2

Let us consider the function

(12) f(x) = COS2kX

Since
f"(x)=2k(2k sin2 x-I) COS2k-2X<0,
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we conclude that f is concave and we have
3

L COs2k Xi;;;; 3 coS2k~ (Xl + X2 + X3)'
i=l 3

(13)

If we put Xl = ~, X2= ~, X3= ~ in (13), we obtain:
222

(14) L cos2k~~ 3 cos2k ~= (V3 )2k.

2 6 2

From (11) and (14) we get (D).

(E) (k ~ 1).

Equality holds for an equilateral triangle and k = 1.

Proof. On the hasis of (6) is ~ = tg ~, i. e.
rb+ re 2

(15)

(16)

Due to ([1]) L tg ~ ~ y3, we have2

L tgk ~ ~ 3(~ L tg ~ )
k

~ 31-k/2.
2 3 2

(F)

From (15) and (16) (E) follows.

L(hb+he )
k

;;;;3

rb + re
(O<k;;;; 1).

Equality holds for an equilateral triangle and k = 1.

Proof. Since

(17) hb + he = 8R sin ~cos2 ~cos
~-y ,

222

from (6) and (17) we have

(18) hb +h e 2
. oc P._ y . oc

-= sm-cos~:S:2sm-.
rb+re 2 2 - 2

Analogously to (18) we get

(19)

(20)

From (18) and (19) we get:

L(hb + he)
k

:s;: 2k L sink~ .
rb+re - 2
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Let us consider the function

Since
we have:

f(x) = sinkx (o<x<;,

fff
(x)=k(k cosZx-l) sink-z x<O,

O<k~I).

function f is concave, so that

(21)

(22) ~.k 3 .kl ( )L., sm Xj~ sm - Xl +Xl+X3 .
i=l 3

If we put in (22) Xl = -"=-, Xl = ~, X3 =:! , we get
222

L sink -"=-~ 3 sink ~ = ~ .
2 6 2k

(23)

From (20) and (23) we get (F).

(G)

Equality holds for an equilateral triangle. and k = 1/2.

Proof. From

r+ra=4Rsin-"=-cos
~-y

2 2
(24)

and (17) it follows:

(25)

On the basis of (14) and (25) we get inequality (G).

(H)

1°

In 1°, 2°, 3°, 4° equality holds if the triangle is equilateral.

Proof. 1° Since rb+rc=4RcosZ-"=-, we have
2

TI(rb+rc)=(4R)3 f1 cosZ-"=-~27 R3.
2

2° From (1) and (6) we get
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3° Since

(26) r +h =4Rcos~coslcos ~-y
a a

2 2 2'

from (17) and (26) it follows:

i. e.

4° Since

b + c = 4 R cos ~ cos
~-y ,

2 2
on the basis of (24) we get

~ y
cos - cos -

ra+ ha
=

2 2

(27)

b+c
n r +h n IX 3

-
;-

=> ~= cos-~-v 3.
b+c 2 8

(I)

IX
cos -

2
k

"' (r+r )
k 1--

E- s; 3 2

b+c -
(k ~ 1).

Equality holds for an equilateral triangle and k = 1.

Proof. From (24) and (27) we get:

(28)

From (28) and (16) we get inequality (I).

(J)

Equality holds for an equilateral triangle.

Proof. From (24) and (26) we get:

~ y ~ y
cos - cos - cos - cos -

ra + ha
=

2 2
=> L

ra + ha
= L

2 2

r+ra
sin~

r+ra
sin~

2 2

Since (see [1])
~ y

COS - COS -

L 2 2 ~~,
IX 2

sin-
2



1° 2:cu+rr~3.2k (k ~I),
hu-r

2° 2:(
ra-r

r ~3.6k (k~I),
ha-2 r

30 TI ha-r ;;; ~.
rb + rc 27
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we obtain inequality (J).
(K)

Equality holds for an equilateral triangle and k = 1.

Proof. 10 Since

h -r=4Rsin~sjn:icos[3-ya
2 2 2'

on the basis of (24) we get

(29)

(30) ru+r
=

ha-r

oc
sin-

2

. [3 . y
sm -sm-

2 2

Since

2:

[

sin~

]

k

;;:;3

[

~2:
sin~

]

k

=3 [
~2:(ctglctg:i_I

)]
k,

.[3.Y 3.[3.y 3 22
.

sm-Zsm-Z sm-Zsm-Z

and due to ([1]) 2:ctg-~ctg:i~9, we obtain
2 2

(31)

[

oc

]

k
sin-

2:
2

~ 3 . 2k.
. [3 . y

sm
2"

sm
2"

(L)

Inequality in 1° follows from (30) and (31).

2: (b+C )k~3'12k/2 (k~I).
ha-r

Equality holds for the equilateral triangle and k = I.

2: ( ra )k~31-k (k~I).
ha + 2 ra

Equality holds for an equlateral triangle and k = 1.

Proof. Using

(M)

(32) h + 2 r = 8 R COS2~ COS2:ia a 2 2



Some inequalities for triangle elements 177

and (26), we find

i. e.,

1. e.

(N)

(0)

Equality holds if the triangle is equilateral and k = 1/2.

2: ( rb+rc )
k

~3 (~)
k

(k~ 1).
ha + 2 ra 3

Equality holds if the triangle is equilateral and k = 1.

Proof. From (6) and (39) we have:

i. e.,

2: ( rb+rc )
k

=-~ L
l

' cos~

]

2k

~~ TI(sec~ )
23k

~3 (~)k.

h" + 2 ra 2k ~ Y 2k 2 3
cos- cos-

2 2

(P)

Equality holds for an equilateral triangle.

Proof. From (24) and (32) we have:

r+ra =~ (I-tg2~tg2-'L ),
ha + 2 ra 2 2 2

1. e.

(33)

Since

2: tg2 ~ tg2 -'L~~ (2: tg~tgl )2 =~
2 2 3 2 2 3'

from (33) and (34) we get the inequality (P).

(34)
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(Q)

Equality holds for an equilateral triangle.

(35)

Proof. From (27) and (29) we have:

. ~ . y
sm-sm-

2 2_~a.-r
=

b+c
fr h,,-r TIt

C( . C(

-=> - = g
- Sill - .

b+c 2 2C(

cos--
2

()TI 'C( 1
Since [1] Sill - s--

2-8'
TI

C( y)
tg - ;:::;--- we have

2 9'

(36) TI
. C( C( J3

sm-tg-;:::;-.
2 2 72

From (35) and (36) we get the inequality (Q).

1° L(ha-r )k~31-k (k~I),
ha + ra

(R)

TI ha-r ;:::;~.
ha+ra 27

Equality holds for an equilateral triangle and k = 1.

(8)
L(hb~hJ ~(4rRr3 (k>O).

Equality holds for an equilateral triangle and k = 1.

(T)

Equality holds for an equilateral triangle.

(D) L(~ )
k

~ 3k+l (k~ 1).
ha-2r

Equality holds for an equilateral triangle and k = 1.
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