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531. SOME INEQUALITIES FOR TRIANGLE ELEMENTS*

Mirko S. Jovanovi¢

The student M. S. Jovanovi¢ has sumitted the paper entitled as above
to the Editorial Committee. Z. M. Mitrovi¢ and M. S. Stankovié¢, who looked
through the paper, have noticed that some results of Jovanovi¢ can be genera-
lized by introducing a parameter k. The idea of Mitrovi¢ and Stankovié¢ has
been carried out in this text. :

Editorial Committee

Several inequalities for triangle elements, designated by capital letters star-
ting from (A) are proved in this paper. The designations from the book [1] are
used in this paper. Due to space, proofs of some inequalities are omitted.

L
(A) 2( a )";‘32+ (k=1).

Vo=Vt
Equality holds for an equilateral triangle and k = 1.
Proof. Since

H ra—r=4Rsin?% => r,“l—fZCOtg%’
we have
) S(;%) = Seotet
ra—r 2
Let us consider the function
3) f(x)=cotgk x (O<x<g, k21>

and its second derivative

2
f(x)= ﬁggu cotgh=2 x> 0.
sin* x

Hence, function f is convex, so that

3 .
4 S cotghx; =3 cotgk%(x1 4 X, + X3)-
i=1
If we put in (4) x1=%, x2=%, x3=%, we get
LA
(%) Zcotg"%g3 cotg"%=3 2

* Presented May 23, 1975 by O. BortemMa and R. R. JANIC.
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172 M. S. Jovanovié

From (2) and (5) (A) follows.
rp+ro\k . 1
(B) Z(L) = 3k+1 (k ;;).

ra—r
Equality holds for an equilateral triangle and k= 1/]2.
Proof. On the basis of (1) and

(6) rb+rc=4Rc052%,
we get
k
Q) e _cotgz L o Z(@Lr‘) = cotgzk X
r,—r 2 r,—r 2
Since, in virtue of (5),
(8) Z cotg2¥ %g 3k+1
from (7) and (8) we obtain (B).
(©) Z( a )"gst (k=1).
rpt+r,

Equality holds for an equilateral triangle and k=1.

Proof. Since, on the basis of (6), a =4Rsin2>, we have
rp+re
9) Z( a )" — (4R)* 5 sinZ * .
rp+¥e 2
Due to (see [1]) Zsinzgg—z—, we have
10 i 2’<123(i i 21)"234.
(10) > sin S 2 3Zsm S 24
From (9) and (10), (C) follows.
(D) Z( a )k§3(3R)" (kgi).
r—r : 2

FEquality holds for an equilateral triangle and k=1/2.

2

Proof. From (1) we have =4R COSZ%, ie.,

ru—r
(11) z( @ )"=(4R)kzcoszk1.
ro—r 2
Let us consider the function
(12) f(x)=cos?*x (0<x<§, kg%).
Since

[ (x)=2k 2k sin2 x— 1) cos®*~2x<0,
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we conclade that f is concave and we have

3
(13) > cos?x; <3 cosz"% (x, +x, 4 x5).
i=1
If we put x1=%, x2=%, x3=% in (13), we obtain:
7 \2k
1 %% 23 gostk T (V3N
(14) | > cos 5 =3 cos - (2
From (11) and (14) we get (D).
kK 1-%
(E) z(L) =372 (k=1).
Yp+7Te
Equality holds for an equilateral triangle and k= 1.
Proof. On the hasis of (6) is ——=tg—, i.e.
rp+re 2
(15) S =St
rp+re 2
Due to ([1]) Ztg%g\/i, we have
(16) Stght > 3(12tgi)k;3l—k/2.
2 3 2
From (15) and (16) (E) follows.
(F) > (M)" <3 (0<ksl).
tptre
Equality holds for an equilateral triangle and k =1.
Proof. Since
17) hb+hc=8Rsinicos2icosB;Y,
2 2 2

from (6) and (17) we have

(18) thL—/i=2sinicosﬁ;Y§2sini.
rp+re 2 2 2

Analogously to (18) we get

(19) bethe cosin B, Paths cpgin X
te+ta 2 Fat Ty 2
From (18) and (19) we get:
(20) ZGEEY§%Z$M1.
rp+re 2



174 M. S. Jovanovié¢

Let us consider the function
@1) f(x)=sinx (0<x<§, 0<k§1).

Since f"'(x)=k (k cos2x—1)sin*~2x<0, function f is concave, so that
we have:

3
(22) > sin* x;<3 sin"%(x1+x2+x3).
i=1
If we put in (22) x1=—;~, x2=%, x3=%, we get
. . 3
23 kX <3sink T ="
(23) > sin 5 n c o

From (20) aad (23) we get (F).

(G) z(@j—")" §3(%>k (0<k§—;-).

Equality holds for an equilateral triangle and k=1/2.
Proof. From

(24) r+ra=4Rsin—;—cosB%Y

and (17) it follows:

(25) Borhe _poos2® = 3 (——h””"‘ )k =2k S cos* =
r+r, 2 r+r, 2

On the basis of (14) and (25) we get inequality (G).

(H)
1° Tl@y+r)=27R,
20 r_.<_1_
rp+re 27
30 I‘I hb+hc<1
rg+h,

40 H r -%—h,/,S \/3
b+c
In 1°, 2°, 3° 4° equality holds if the triangle is equilateral.
Proof. 1° Since r,+r,=4R COSZ%, we have
11, +r)=6Rrr[] cos2 <27 R,
2° From (1) and (6) we get

g2 oo [T ~Tltg2 <.

Tyt bt re 2 27
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3° Since

(26) ra+ha=4Rcos£cos—Y—cosE:Y~,
2 2 2

from (17) and (26) it follows:

-
sin — cos? —
2 2

hb+hc =2

ra+hg B Y
Cos ?COS E

i.e.
T[]tk _ g sin%<1.
ry+h, 2
4° Since
27 b+c=4Rcos%cos—B—;l,
on the basis of (24) we get
COS—COSI
e T T T
COS —
2
koo1-%
13} Z(”—') <377 (k=)
b+c

Equality holds for an equilateral triangle and k=1.

Proof. From (24) and (27) we get:

(28) r+ra=tgi N Z(r+ra)k=ztgk%.

b+c 2 b+c
From (28) and (16) we get inequality (I).

Tathy 9

) > =5

rtr,

Equality holds for an equilateral triangle.

Proof. From (24) and (26) we get:

3 —
g\/s.

8 Y B Y

COS — COS — COS — COS —

rathy 2 2 - Zra+h,,= 2 2
r+r, L r+r, .o
smj sin —

Since (see (1)

COS - COS —
2 2
> =

sin —

v

v o
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we obtain inequality (J).

(K)

(29)

LD (——;““

Pant

90 ro—r
Z (ha—Z r

3° h,—r
rp+re

ngy k=),

)kz3-6k (k=1),

1

<—.
27

Equality holds for an equilateral triangle and k= 1.

Proof. 1° Since

B—y

ha—r=4Rsin£sinlcos
2 2 2

on the basis of (24) we get

(30)

.«
sin —
2 rg+r

r,+r
h,—r
Since
Lo
sin —
Z 2
sin —sin —
2 2

=S 2:(

2

4
sin—

2

. B .Y ha_r
sin —sin—
22
k o k
1 sin 1
=3[ L3 =q_z@g
3 . .Y 3
sSin —sin—
272

and due to (1) > ctg S_ ctg%g& we obtain

(3D

0

(M)

(32)

o k

sin 03
2 B . v

sin—sin—
2 2

=3.2k

Inequality in 1° follows from (30) and (31).

> (f’i)k >3.1262  (kz1).

a—

Equality holds for the equilateral triangle and k = 1.

Ta

Z(m)k >3-k (k=1).

Equality holds for an equlateral triangle and k= 1.

Proof. Using

ha+2ra=8Rcoszgcoszg

14
2

R

. By
sin—sin—
272

Y k
tg *
cg2 lﬂ .
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and (26), we find

hy+r, 1 8 Y
Matla _ (1 4tg Ptg YY),
hy+2r, 2( e g2>

i. e.,

! ¢
1—— o Yo LS(1tg2y *)=2,
Z( h,,+2ra) 2 Z( + g2 g2
i.e.
s _1.
h,+2r,
k 1 ¥ k
Th ’a ) :3(~ a -) =31k,
en Z(ha+2ra 3 Z hy+2r,
h,—2r \k 1
S ) z31% (k=

® veery (k=3)

Equality holds if the triangle is equilateral and k =1/2.
k 2\k

0 ’b—”—> 23(%) k=z1).

(©) Z(ha+2ra 3 ( )
Equality holds if the triangle is equilateral and k= 1.
Proof. From (6) and (39) we have:

. 2
rptre =L 6087

h,+2r, 2 Y

COS — COS —

2 2

i.e.,
/ 2k
cos — 2k
ptre \F_ 1l 2 | 3 i)T>3(£ k
Z(ha+2ra) 2% B v :2kH(Sec 2] 3) '
COS — COS —

P lgi

() Z hy+2r, 3
Equality holds for an equilateral triangle.

Proof. From (24) and (32) we have:
Fr 1 B8 Y
oL i),
hy+2r, 2( £,

i.e.

33 e 1 (1—t 2Et2_Y_>.

(33) Zha+2ra 2Z £
Since

34 S tg2 £ ¢ lei( tg 2t l)2=i

(34) 2 tg = (2tg-te | =,

from (33) and (34) we get the inequality (P).

12 Publikacije Elektrotehnitkog fakulte &
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Q)

(335)

(36)

(R)

S

(M

U)

] fe=r = V3

b+re 72
Equality holds for an equilateral triangle.

Proof. From (27) and (29) we have:

p sin%sin—z— B

1 —7 —7 o .o

— = tg—sin —.

b+c I_I b+c H & 2 2
cos——

From (35) and (36) we get the inequality (Q).
10 Z(ﬂ)k > 31~k (k = 1),

hy+r,

2° Hhiigi.
hy+r, 27

Equality holds for an equilateral triangle and k= 1.
el e

hb+hc 4R

Equality holds for an equilateral triangle and k=1.

WY .
2 ho+2r,
Equality holds for an equilateral triangle.
w, \k
——2 ) =Z3k+t (k=)
z<ha_,2r) ( = )

Fquality holds for an equilateral triangle and k= 1.
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