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500. ON COEFFICIENTS FOR NUMERICAL DIFFERENTIATION
AND INTEGRATION*

Dusan V. Slavié

The literature surces containing the tables of coefficients a, . of formulas
for numerical differentiation and integration of

d» g
— = n+k-1
(h 3) 1= 3 aukd )

x+h + o0

1
Y [ findt=73 a1,k A1 f(x)
X k=1

are briefly surveyed. The difference equation
n+k—1Day,r=Q2—n—k)a,,_,+na,_, i
is solved. The formula

kn—mn—m+1

k
a=0 (k<1), @y, =1, 3 (=D

m=1

An,m = 0 (k > 1)

is derived and a, ; for k<7 is calculated. The computer program for calculating
a,,i is developed. An example of its application to regression is proposed.

A. ANDOYER [1] has calculated a,, for n=—2(1)7, k=1(1)8-n; T. N.
THIELE [2] for n= —5(1)5, k=1(1)8; W. F. SHepPARD [3] for n=1(1)8,
k=1(1)9 —n; K. PEarsoN and M. V. PEARSON [4] tor n=2, k=1(1) 13; W. G.
BickLeEy and J. C. P. MILLER [5] for n=1(1)12, k=1(1)13—n; A. N. LowaN,
H. E. SaLzer and A. HiLLMaN [6] for n=1(1)20, k=1(1)21 —n. See also
[7, pp. 105—108].

The most complete table of coefficients for numerical differentiation was
given by D. S. MitriNoviC, R. S. MiTrINoVIC and S. S. TuraiLiC [8]. Coef-
ficients A, ,, defined by

r.ms
" , 7 om! A ,
;[31(x+m_])=rglr_! rmX s

were calculated for m=30 by means of the formula 4,,= —r"— S» and by
m.

the tables of STIRLING’s numbers of the first order S,, which were formerly pub-
lished by D. S. Mitrinovi¢ and R. S. MritriNovi¢. Using the previous notation,
we can say that the paper [8] contains coefficients a,, for n=1(1)29, k=
2(1)31—n. In [8] we also find 4,,,=1, i.e., a,,=1.

* Presented November 20, 1974 by S. JovaNovié.
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22 D. V. Slavi¢

If GREGORY interpolation formula

f(x+ hs) = E’ (:Z)A’"f(x)

m=0

(see for example [9, p. 56]) is differentiated » times with respect to s and pro-
vided that s — 0, we get

. dy» K
= lim (& =0
O sl—rf})(ds) (n+k—1) (20, k=0),
[compare 10, p. 98].
The recurrent formula

dm

<d’1—); (pCr + l)

dm r dm~1 !
| r ey e m T (e re 1),
[ dp™ (p )‘p=0 dpm—t (p )‘p=0:|/( )

p=0
[see 11, p. 74], is equivalent with

mAr,m: (m_ 1)Ar,m—l +r‘Ar—l,maP
[see8, p. 115], as well as with

ey (ntk=1)a,,=Q2—n—-k)a,, ,+na,

because
— k+1 — —
. an,k_(— 1) * An,n+k~1> An,n;A(_ l)m nan,m—n+1
are valid.

Solviag the equation (1) leads to the following result:

Equation (1) can be solved to within a single multiplicative constant. For
n+ k=11t follows from (1) a, _,=na wherefrom a_,, ,=a_, ,/I'(n) (n>0),
and
(2) a,_,=0 (n=0).

n,—n

n—1, 1—n

For n+k=2, from (1) it follows that: a,, ,=na,_, ,_,.
For n=0, from (1) it follows that (k- 1)a,,=(2—k)a,,_,, wherefrom

(3) aue=0 (k1)

From (1), (2), (3) are also have a,,=0 (0=n= —k) while the other coef-
ficients cannot be obtained from (1).

The following complete set of implications expresses the possibility of cal-
culating the values of coefficieats a,,, only by means of formula (1):

ay., = a,, (k>0),

a,, (0<n=N) > a,, (0<n<N, kzl-n),

a,, (O<n<N) = ay, (k>1-N),

a_,. 2sk<K) = a,, (—k<n<0, 2<k=K),

a,, (-Nz=ng-1)>a,, (—-1=ns—N, n—-N<k<n),

a, _, (l<n=N) > a,, (k= -—n).
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Other complete sets of implications are also possible. However, if all va-
lues of a,, were known, except a_,, the value of the last item cvuld be ob-
tained only from (1):

i (1 12+ (k= 2)2#0) 5 a_,.,.
From (1) the following implication ensues:
4) a,,=1=>a,,=0 (k<1).

On the basis oi the definition of the generalized BERNOULLI’S numbers

n + o
(ilog(1+t)) ~ s g
t po0 P tD p!

[see for example 7, p. 69]. and using the definition of the cofficients a, ,

-+ 00
(log (1 A)y £(x) = ( S 4y A”*H)f(x)
k=1
we get
Y e, B -

Q="

m—psp—1°

In [7, p. 103] we find BY” for p=0(1) 3.

N. E. NORLUND [12, p. 459] has calculated B for p=0 (1) 12.

L. G. KerLy [13, p. 51] quotes the results equvalent to @, and q,,
(k=1, 2, 3).

F. B. HiLDEBRAND [14, p. 182] gives the results equivalent to g, and
a,, (k=1,2,3,4).

Three centuries ago J. GREGORY had given the formula

X+nh n

LT rwdi= 3 fom =3 Cou(85£(0) + (185 - 1)
x m=0 k=0

equivalent to EULER—MACLAURIN formula
+ o0 h2k—1

1 <k 2 _f@+fm) Bk - _ fQk-
W L TOd= 3 ) TR S S TET - ),

[see for example 9, p. 129]. Coefficients C, ( =a;1,k) were calculated by T. CLau-
SeN for k=2(1)13; K. Pearson for k=1(1)14; R. A. FIsHER and F. YATES
for k=1(1)17, A. N. LowanN and H. SaLzer for k=1 (1)20. [See 7, p. 108].
G. BooLE [15, p. 61] quoted the results equivalent to
1

a_ .= f (kil) ds  (k>0).

L. G. KeLLy [13, p. 57] quoted the result:

1 C Cy_ Cr - C
C =1 C=—,C,, =t Tkory Zk=2 (1)1 1|
! R T 4 =
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equivalent to recurrent formula

ko(—pm

(5) a, -1, S

m=1

We shall give the generalization of the recurrent formula (5) for arbitra-
rily fixed n. Starting from the known formula

+ o0 \P + o
(Z E,,z”) = ZD,"Z'" =

m=0

-0 (k>1).

—1.:m

k—m+1

D0=E0p’ Dm Z (kp+k m)Ek m—k (’ng 1)9

mEy g1

|see for example 16, p. 28], and
(1 g2) £00) = Clog (15 ) )

[see for example 12, p. 25], for coeificients a,, of the development
d\ 400
hl — — An—1+k
(o) 700 ( 3 auetr 44}

the following result is obtained

©  au=0k<D), g, =1 3 (<)L o0 G 1)

(5) follows from (6) for n=—1.
From (5) it follows that a,,(k>0) is a polynomial with respect to n

1 1
-1 = —_n, ——(3n2 ,
au=l  Gam—n 4= (3W5n)
Q= — (3 +5n2+6n), anszL(lsn‘wf150n3+485n2+502n),
4= g ,
=———(3n5+50n4+305n3+802n2+760n),

“ns 11520
(6316 + 1575154 154354+ 7380113 +171150n% + 152696 1),

a
™7 2903040

and a transcendent function with respect to k

k=1 p, Py (k) ( )k~1—m

(7) an, =
k o T (k—m)

where P (k) is a polynomial with respect to k of order m
Py(k)=1, Pl(k)=—(k—2), Pz(k)=—(k—3)(25k—28),
P, (k)= —(k 4)(625k*— 1475k +786), .

while s + I'(s) EULER gamma function. Observe that
P (k)=0 (k>1).
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Formula (6) is suitable for computer calculations, because the implication

a,,=1=a,, (k>1).

follows from it. §

Fig. 1 represents the DIFF program, based on (6), generalizing
AK)=ay (k=1(1)L).
The DIFF program verifies the accuracy of the table in [8].

n (M
SUBROUTINE DIFF(NsLsAl =1 1400000 00000 000060 00O
DIMENSION A(l) ] 0457721 56649 01532 861
All)=le 21, 007281 58454 83676 725
. ~0e00484 51815 96436 159
g(-)oz K=2sL 3 =0.00034 23057 36717 224
I-K;N-o-l 4 0400009 68904 19394 471
5 =0.00000 66110 31810 842
JJuK=1 &  =0+00000 03316 24090 875
DO 1 J=loeJdJd 7 0400000 01046 20945 845
[=]=N~1 8  ~0400000 00087 33218 100
Cug=d+l 13 o.goooo 00000 94782 778
ol 0400000 00000 56584 219
; 2&,:;53393 11 =0.00000 00000 06768 690
DO 3 KaZole2 12 0 00000 00000 00349 212
19 13 0400000 00000 00004 410
3 AlK)==A(K) 14 =0400000 00000 00002 400
RETURN b 0.00000 00000 00000 217
END 16  =0400000 00000 00000 010

Fig. 1 Table 1

ExaMpLE. From D. S. MiTRINOVIC’S correspondence, I am familiar with RIEMANN's zeta function
-+ o0 1
C(s)= Z — (Res>1)
n=1 n’

for s=1.01(0.01) 21.31 with thirty decimals, calculated by R. E. SHAFER [17]. Using the values
C(s) from these tables, the values of the function

1
g®)=8(s)——— (s#1)
s—1
con ecasily be calculated. Function s+~ g(s) is analytical and has only an apparent singula-
rity for s=1 in the finite complex plane. That is why we should adopi:

g()= lim g(5)=C,
s—1

where C=0.5772156649 ... is FULER’s constant, [compare 20, p. 1088].

Forming the differences Akg (s) (k=1 (1) 13), by the application of the quoted program,
the tables of coefficients ¢, of LAURENT’s series of RIEMANN’S zeta function

+
(8) C(J‘): z c, (S—l)"
is obtained. n=—1
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According to J. P. Gram [18, p. 317], the table of coefficients ¢, with 9 decimals was
calculated by J. L. W. V. Jensen [19] and with 16 decimals by J. P. Gram [20]. Coefficients
¢, may also obtained by means of

(=" (”’ (log ky* _(logm)"“>
kZ —

lim
n! m—>+ o -1 k n+1

Cp=

[compare 21, p. 807]. By Table 1 it is possible to calculate the value {(s) with over 15 deci-

mals on the disc [s—1|=1. For Res=1 the value of the analytically extended function Z(s)

is obtained, by means of formula

21 T(n+1—s)
——) (Res=>0),

- T el
AP A s

[see 22, p. 56]. The paper by J. P. Gram [18] contains the table of the function Z(s) for
s=-—24(0.1) 24 with ten decimals. The values of this table for s= —1.5(0.1) 3.5 are verified up
to the row (8).

P

D. S. MitriNovi¢, B. Rakovi¢ and S. M. Jovanovi¢ have been kind
enough to read this manuscript and to give useful suggestions and remarks.
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