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465. ON AN INEQUALITY FOR CONVEX FUNCTIONS OF ORDER FK*

Ljubomir R. Stankovié

Let F,, F,, ..., F, be integrable nonnegative and monotone functions in
the same sense on [a, b] and let P be a positive and integrable function on [a, b).
Then the following inequality of CEBYSEV holds

b b
) ([P@dx)" ([P®) F @) - -F,(x)dx)

b b
2( [P0 F () dx)---([ PO F,(x)dx).

Equality in (1) holds if and only if F,(x)=C,(C;=const) (i=1,2,..., n).

It is known that if some additional restrictions are introduced for fun-
ction F;, inequality (1) could be improved. Namely, P. M. Vasi¢ |1] has pro-
ved the following:

Theorem 1. If f,, ..., f, are integrable and convex functions on [a, b] such that
Ji(x)=0 for xc[a, b and if fL(@)=0 (k=1,...,n) and p(x) is a positive and
integrable function on [a, b] we have

b b
® (Jr@dx) ([ p® £, - - fx) dx)

b b
=M ([p@ £ @ dx)- - ([p) /() dx)

where

4 b
([p e G-arax) ([ peax)™

© M= —
(/2 x—a)dx)

* Presented December 10, 1973 by P. M. Vasié.
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48 Lj. R. Stankovié

Equality in (2) holds if and only if f,(x)=c,(x—a) (k=1,...,n).

Since, on the basis of (1), M =1, we see that (2) is a sharper inequality
than (1). A

Putting p(x)=1, a=0, b=1, we have M:—z—nl, and (2) yields inequ-
n+

ality of B. J. ANDERSSON ([2], sec also [3], p. 306)
1 1 1
) [fiea-- -mx)dxz;%(ffux)dx)- : -(ffn(X)dX)-
0 )] 0

We shall show that inequality (2) can be improved under certain condi-
tions. Primarily, we shall quote the following result, which may be proved by
application of mathematical induction.

Theorem 2. Let f be a nonnegative function on [a, b), satisfying conditions:

1° f is a convex function of order k,

2° lim L% 0 =0,1,...,k—2),
x—>a (x—a)’
£(%)

then function x> is nondecreasing.

(x—a)<—1
Let us put in (1) #=2 and
PO=p () =t R0 =(G-a ), B9 =2

where functions f|, ..., f, satisfy cond'tions of ths rem 2. Then we have

b b
3) (fp(x) (x—a)"“ldx) (fp(x)fl(x)- < () dx)

z(fp(ao((x a1y dx)(fp()f'(x’ In ) dx).

)k l)nfl

Putting in (1)

P(x)=p (x) (x ~ )", Fy(x)= “’)‘Zl (=1,2,...,n)
we get
b ) ()
6 k-1 _Six) et Sn (X))
( ) (.a[p (X) (x 2 dx) (fp (X) (( —a)k- l)n 1 dx)

b b
=([pfmax) - ([pE fu(0dx).
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By combining inequalities (5) and (6) we get
b b
M (Jr@a) " ([ r@ - S dx)

b b
=M, ([p 0 f,(0)dx)- - - (fl’(x)fn(x)dx)

where

: b
([ p@ (e -apry dx) <f1’(x)dx>n_1
®) I a

b
(f p(x) (x—ay? dx)n

Equality in (7) holds if and only if f,(x)=c;(x—a)"! (i=1,2,...,n).
Putting k=2 we have M,=M, and (7) becomes (2). Thercfore we have:

Theorem 3. If f,, ..., f, are integrable nonnegative and convex functions of or-
der k on [a, b], such that lim &) =0 (r=0,1,...,k=2), then inequality

x—a (x—a)y’
(7) holds; M, being given by (8).

We shall prove that M, =M, ,, i.e. that by increasing the order of con-
vexity, much better inequalities are obtained.

Introduce in (1)
P(x)=p(x) (x—ay% F @) =((x=af-)=1, F)=x-a (i=23,...,n+1),

we obtain

b b
© ([ @ -ap-2dx) ([p(x) (¢~ ay-1)dx)

b b
g(/1’(3‘)((x—a)"“2)" dx) (f () (x_a)k—ldx>"

or

b b
[r@ (@-ayax ([p@)@-af2)dx

1%

(10)

b

b
([roe—ap-tax] ([ e e-ap—dxf

aQ

Since on the basis of (10), M, =M, ,, we see that (7) is a sharper
inequality than (2). The above sharper inequality is obtained by adding the
order k convexity condition.
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