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465. ON AN INEQUALITY FOR CONVEX FUNCTIONS OF ORDER k*

Ljubomir R. Stankovic

Let FI, F2, .. . , Fn be integrable nonnegative and monotone functions in
the same sense on [a, b] and let P be a positive and integrable function on [a, b].
Then the following inequality of CEBYSEVholds

(I)
b b

(JP(x) dXY-I(Ip(x) FI (x). . .Fn(x)dx)
a a

b b

~ (JP(X) F1 (x) dX)' . . (J P(x) Fn (x) dx).
a a

Equality in (I) holds if and only if Fi (x) = Ci (Ci = const) (i = 1, 2, . . . , n).
It is known that if some additional restrictions are introduced for fun-

ction Fi, inequality (I) could be improved. Namely, P. M. VASIC ll] has pro-
ved the following:

Theorem 1. If J;, . . . , fn are integrable and convex functions on [a, b] such that
fk (x) ~ 0 for xE[a, b] and if fk (a) = 0 (k = 1, . .. , n) and p (x) is a positive and
integrable function on [a, b] we have

(2)
b b

(fp(X)dxY-1(f p(x)fl(x)" .In(x) dx)
a a

b b

~M(f p(x)J;(x)dx).. .(fP(X)Jn(x)dx)
a a

where

(3)

b b

(Jp(x)(x-aYdx)(f p(x)dXY-1

M=
a a

b

(f p (x) (x-a) dxt
a

* Presented December 10, 1973 by P. M. VASIC.
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Equality in (2) holds if and only if fk (x) = Ck(x - a) (k = 1, . . . , n).

Since, on the basis of (1), M;;;, 1, we see that (2) is a sharper inequality
than (1).

2n
Putting P (x) = 1, a = 0, b = 1, we have M = -, and (2) yields inequ-

n+l

ality of B. J. ANDERSSON([2], see also [3], p. 306)

(4)
t 1 1

Jfl (XI)' . -in (X) dx;;;,
n: 1 (I

j~ (x) dX)' . .
(J

fn (x) dX).
o 0 0

We shall show that inequality (2) can be improved under certain condi-
tions. Primarily, we shall quote the following result, which may be proved by
application of mathematical induction.

Theorem 2. Let f be a nonnegative function on [a, b], satisfying conditions:
10 f is a convex function of order k,

lim
f(x)

= 0
x->a (x-a)'

(r=O, I, ... , k-2),

then function x f-+
f(x).

is nondecreasing.
(x-a)k- 1

Let us put in (1) n = 2 and

P (x) = P (x)(x - a)k- 1, Ft (x) = «x - a)k-I )n- 1, F (x) - j, 0LJn (xL
2 - «x-a)k-l)n

where functions f1, . . . , fn satisfy cond:tions of th~ rem 2. Then we hwe

(5)
b b

(J p(x) (x-a)k-Idx) (Jp(x)fl(x)" .fn(x)dx)
a a

b b

~ (J p (x) (x -
a)k-I)n dX )(J P (x) j~~x) ... fn~ dX).

«x-a)k-l )n-l
a a

Putting in (1)

P(x)=p(x)(x-a)k-1, Fi(X)= hex)

(x-a)k-l
(i 0= 1, 2, . . . , n)

we get

(6)
b b

(I p (x) (x - a)k-I dx )
n-I

(J p (x) ~
(x) . . . fn (x)-

dx)«x-a)k-l )n- 1
a a

b b

;;;,(Ip(x)h(x)dx).. .(Jp(x)fn(x)dx).
a a
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By combining inequalities (5) and (6) we get

(7)
b b

(1 p(x)dxr-1(J p(x)1;(x).. 'fn(x)dx)
a a

b b

~ Mk (JP (x) fl (x) dx) . . . (Jp (x) fn (x) dx)
a a

where

(8)

b b

(J P (x) «x - at-1)n dx) (1 p (x) dx r-1

M -
a a

k-- b

(J p(x)(x-a)k-l dxr
a

Equality in (7) holds if and only if J: (x) = ci (x - a)k-l (i = I, 2, . . . , n).
Putting k = 2 we have Mz = M, and (7) becomes (2). Therefore we have:

Theorem 3. If 1;, . . . , fn are integrable nonnegative and convex functions of or-

der k on [a, b], such that lim
I(x)

= 0 (r = 0, 1, . . . , k - 2), then inequality
x-+a (x-a)'

(7) holds; Mk being given by (8).

We shall prove that Mk ~ Mk-l' i.e. that by increasing the order of con-
vexity, much better inequalities are obtained.

Introduce in (1)

P(x)=p(x)(x-a)k-Z, FI(x)=«x-a)k-Z)n-l, Fi(x)=x-a (i=2, 3, ...,n+l),

we obtain

(9)
b b

(J P (x) (x - at-z dxr (Jp (x) «x -- a)k-l)n dx)
a a

b b

~ (JP (x) «x - a)k--z)n dx) (J p (x)(x - a)k-l dx r
a a

or
b

1p (x) «x - a)k-l)n dx
b

(J p(x)(x-aJk-z)ndx
~

a

- b

(JP (x) (x - a)k-Z dx r
a

(10) a

b

(J p(x)(x-a)k-1dxr
a

Since on the basis of (10), Mk ~ Mk-I' we see that (7) is a sharper
inequality than (2). The above sharper inequality is obtained by adding the
order k convexity condition.

4 Publikacije Elektrotehni~kog fakulteta



50 Lj. R. Stankovic
-~-----

REFERENCES

1. P. M. VASIC:On an inequality for convex functions. These Publications XI!381-N2 409
(1972), 67-70.

2. B. J. ANDERSSON:An inequality for convex functions. Nordisk Mat. Tidskr. 6 (1958),
25-26.

3. D. S. MITRINOVIC:Analytic Inequalities. Berlin-Heidelberg-New York, 1970.

Elektronski fakultet
18000 Nis, Jugoslavija


