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In CH. HERMITE'SJetter of 27 January 1887 addressed to T. J. STIELTJES
there is a part reading:

"
. .. II est bien d(lJicile d'avoir tout ce qui se publie a notre epoque si

fticonde, present a l'esprit, et cette difficulte s'augmente pour moi de mon igno-
rance de l'allemand, ce qui vous explique pourquoi j'ai attribue a M. Markoff,
qui a ecrit son article en franfais, ce qu'arait deja fait M. AI. Bruns dans Ie
Journal de Borchardt. Mais ce me sera un plaisir quand je ferai pour l'impression
une redaction plus correcte de mon Cours lithographie d'y donner place a votre
Travail qui excite extremement ma curiosite d' apres Ie peu que vous m' en dites . . ."

E. PICARD in his Jetter addressed to the director of the journal Rendiconti
deJ Circolo matcmatico di Palermo, of 28 June 1913, says:

". .. Cette remarque, comme vous pensez bien, n'a pas pour objet Unt::ridi-
cule reclamation de priorite. Je veux seulement remarquer combien il est difficile
aujourd'hui de faire une bibliographie ayant quelque valeur historique. Il serai!
peut-erre exact de dire que fa moitie des attributions sont fausses, et que bien
souvent on ne cite pas Ie premier inveilteur. L'histoire des sciences deviendra de
plus en plus difJicife a ecrire, je ne compte guere, pour remonter Ie courant, sur
les encyclopedies OU l'historien risque de se noyer dans un flot de citations au
milieu desquelles disparait celui qui a eu la premiere idee. Vous rendez, cher Ami,
un grand service dans les Rendiconti en faisant reviser et complerer souvent les
citations des auteurs, en partie peut-etre responsables de cet erat des choses par
Ie peu soin qu'ils apportent aux indications bibliographiques. Soyez d'ailleurs
assure que je me dis en ce moment que celui qui est sans peche lui Jette la pre-
miere pierre."

G. H. HARDY, J. E. LITTLEWOODand G. POLYA in their book Inequalities,
in the Preface to the first edi tion of 1934, say:

.

"
. ., Historical and bibliographical questions are particularly troublesome in

a subject like this, which has applications in every part of mathematics but has
never been developed systematically.

*
Presented January 25, 1974 by P. R. BEESACK.
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It is often really difficult to trace the origin of a familiar inequality. It is
quite likely to occur first as an auxiliary proposition, often without explicit state-
ment, in a memoir on geometry or astronomy; it may have been rediscovered.
many years later, by half a dozen different authors; and no accessible statement
of it may be quite complete.. . We have done our best to be accurate and have
given all references we can, but we have never undertaken systematic bibliographical
research. We follow the common practice, when a particular inequality is habitually
associated with a particular mathematician's name; we speak of the inequalitie.!Jof
Schwarz, Holder and Jensen, though all these inequalities can be traced further
back; . . . "

The authors of this paper have studied, for considerable time, the lite-
rature devokd to CEBYSEV'Sinequality. Many articles have been written on that
subject and some of them are not easy of access.

This paper offers a history of CEBYSEV'Sinequality and related inequa-
lities. Certain facts which contest some priorities, accepted by the main mo-
nographs on inequalities, are brought to light.

Incorrect quotations keep on being uncritically transferred from book
to book, from paper to paper. This is practised even by some very distin-
guished mathematicians. Hence, there arc many "attributions fausses" regarding
CEBYSEV'Sinequality.

Some results on CEBYSEV'Sinequality have been rediscovered several times.
There are also a considerable number of papers which offer apparent genera-
lisations as new results.

O. Let f, g: [a, b]-+ R be integrable functions, both increasing or both
decreasing. Furthermore, let p: [a, b]-+ R~ be an integrable function. Then

b b b b

Jp (x) dx f p (x) f (x) g (x) dx ~ Jp (x)f(x) dx Jp (x) g (x) dx.(0.1)
a a a a

If one of the functions f or g is increasing and the other decreasing,
then the sign of inequality is reversed in (0.1).

Inequality (0.1) is known in the literature as CEBYSEV'Sinequality. The
following special cases of (0.1)

b b b

Jf(x) g (x) dx ~
b~a.J

f(x) dx Jg (x) dx.(0.2)
a a a

and
I I I

Jf(x)g(x)dx~f f(x)dxf g(x)dx
o 0 0

are also called CEBYSEV'S inequalities.

For each of the above inequalities there exists a corresponding discrete
analogue. So, for example, if a = (aI, . . ., an) and b = (bl, . . ., bll) are two
nondecreasing (or nonincreasing) sequences and if p = (PI' . . . , Pn) is a non-
negative sequence, then

(0.3)

(0.4)
n n n n

~ p . ~ p .a.b.? ' p .a. ~ p .b. ,I ~ I I 1- L I '.c:. I I
i=1 i~1 i=1 i~1

with equality if and only if a = b.
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For PI = . . . = PII= I, we obtain the following special caSt of (0.4)

(0.5)

also called CEBYSEV'Sinequality.

1. It appears that the first results regarding the inequalities, lately refer-
red to as CEBYSEV'Sinequalities, have been obtained by LAPLACE (1749- '
-1827). Namely in the book by G. CHRYSTAL([1], p. 50) the credit for the
following result has been given to LAPLACE:

If (Xl' . . ., xn) and (yP . . . , Yn) are two positive decreasing (or increa-
sing) sequences, then

(1.1)
n n n n

LXi L X/Yi> L XiYi L xl.
i~1 i~1 i~1 i~1

This result is a special case of inequality (0.4) for Pj = aj = Xi and hi = Y;'
2. In the paper [2] of A. WINCKLERfrom 1866 the following result is proved:
If I and g are bounded and positive functions, one of which ]s non-

decreasing and the other nonincreasing starting from X = 0, then

(2. l)

x x x

JI (x) g (x) dx<
~ JI (x)

dx.r
g(x) dx.

o 0 0

The proof of (2.1) given by A. WINCKLERis based on geometric reaso-
ning and i& rather complicated. We give here also the authentic formulation of
his result, which is, in fact, CEBYSEV'Sinequality;

Wenn rp(x) und 3-(x) zwei endlich und positiv blelbende Functionen yon x
sind, wovon die eine von x = 0 an nie abnimmt, die andere yon x = 0 an nie
wachst, so ist:

x x x

Jcp(x) 3-(x) dx<
~ Lf

rp(x)dx] [f3-(x)dx].

o 0 0

3. P. L. CEBYSEVhas givcn in [3] the following theorem without a proof:
If P, f, g are real functions such that x I--'J>-P (x) I (x) g (x) is integrable

on [a, h] and P (x»O for xE[a, h], then
b b

b Jp (x)f(x) ho (x) dx JP (x) g (x) ho (x) dx

Jp (x)/(x)g (x) dx=a b
a

-+...
a Jp(x) ho (X)2 dx

a
b b

Jp (x)f(x) hn-l (x) dx Jp(x)g (x) hn-l (x) dx

a a
+ b

Jp (x) hn-l (X)2 dx

a
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where ho, hi, . . . , h"-lb
by developing I~~~

dz
a

are denominators of the continued fractions obtained

into continued fractions. In addition,

b

Jp (x) hn (X)2 dx

10 IRn I~ a

(
dn hn (X)

)
2

dxn

max

\

dn I(x)

I

max
I

dn g (x~

I
a~x~b dxn a~x~b dxn '

dnI(x) dn g (x)
20 If derivatives

~ and ~- do not change the sign on [11,b) then

sgn Rn = sgn (
dn I (x) dn g (x)

).dxn dxn

For n = 1 the above theorem implies:
If p, f, g are integrable functions and p (x) > 0 on [a, b) and if

sgn
d/(x)

= sgn
dg (x)

on [a, b), then inequality (0.1) is valid.
dx dx
CEBYSEVhad submitted this paper for publication at the beginning of

1883. However, as the paper caused great interest, the Editorial Committee pu-
blished it in the last issue of the volume for 1882.

This is the remark in paper [8] of the Editorial Committee.
Somewhat later (in 1883) CEBYSEVpublished in [7] the proofs of his

results, which were in no way altered.

4. CH. HERMITE introduced in his lectures at the Sorbonne (Paris)
in 1881/82 (see [4]) the inequality (0.3). The comment: "... un resultat bien
remarquable dont je dois la communication a M. TCHEBICHEW." was later
interpreted as if CEBYSEVhad not proved this inequality; this as we will see
is not correct. HERMITEalso introduced in his lectures the proof given by
PICARD from which it can be understood that CEBYSEVhad presented to him
the inequality without any proof. PICARD'S proof, based on mechanical facts,
textually is:

Soit u et v deux fonctions de x, qui entre les valeurs x = 0, et x = 1
soient positives, et varient l'une et l'autre dans Ie meme sens, de sorte qu'elles
soient continuellement croissantes ou continuellement decroissantes on aura
l'inegalite:

.

1 1 1

J uvdx> J udx J vdx.
o 0 0

Mais en supposant que l'une des fonctions soit croissante, et l'autre
decroissante on devra prendre au contraire:

1 1 1

J uvdx< J udx J vdx.
o 0 0

Ce theoreme de l'illustre ana1yste a ete d6montre comme il suit par
M. PICARD:
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Proposons-nous par exemple d'etablir que

I I I

Judx Jvdx< Juvdx,
o 0 0

u et v etant deux fonctions de x, qui sont positives et vont en decroissant
quand x varie de zero a I'unite, Si I'on partage cet intervalle en n parties

egales et que I'on pose dx =~, Ies valeurs de u et v etant up uZ'
""

un
n

1 2 n-l I
,. ,

I " " det VI' VZ'
, "., vn pour x = -, -,

"
, --, mega Ite prece ente sera etablie

n n n
Sl on montre que

(UI+UZ+'" + un) (VI+VZ+ .., +v,)<n(ulvl+UzVz+'" +u"vn)

en supposant, d'apres ce qui a ete dit de u et v, que

et

Nous ecrirons I'inegalite precedente sous Ia forme

Or portons en abscisse sur une droite Ies longueurs ul' uz, .. , , un ce qui
nous donnera Ies points AI, Az, ..., An Ie premier membre de I'inegalite
precedente represente Ie centre de gravite des points AI, Az, ..., An quand
on leur donne Ia meme masse et nous supposerons que cette masse soit vn' Le
second membre represente Ie centre de gravite des memes points quand on leur
donne respectivement pour masse vI' vZ' ..., vn' Mais decomposons ce dernier
systeme de Ia maniere suivante: soit tout d'abord

Ie systeme des points An' An-I' ..., Al de masse vn'
puis Ie systeme An-I' .,., Al de masse Vn-I - vn'

An-Z' .." Al de masse vn-z - Vn-I'

Az, AI

AI

de masse Vz- V3'
de masse VI- vZ'

On voit de suite que ces divers systemes reunis donnent Ie systeme de
points AI' Az, .,., An avec Ies masses vI' vZ' ,.., vn' Or Ies centres de gravites
de ces divers systemes

Uj+U2+"'+Ull U,+"'+Un-1 Uj+"'+Ull-2
< < -< . , . <UI'n n-l n-2

Or etant donne un systeme de points sur une droite, leur centre de
gravite est evidemment situe entre Ies deux extremes, c'est-a-dire ici outre

Uj + U2+ . . . + Un

n
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On a donc:

Les aut res cas de la proposition de M. TCHEBICHEWse demontreraient de
la meme maniere.

Note that PICARD as well as WINCKLERintroduced an additional assump-
tion concerning positivity of the functions which appear in inequality (0.3).
This is, in view of the methods which they have used, quite natural.

As we see PICARD proved the inequality (0.5) at the same time.

5. In his letter to N. V. BUGAEV (see [5]) A. KORKINE started from
the identity

(5.1) 1 n

(1 n

)(
1 n

)
1

- L Xi Yi = - L Xi - L Yi + ~ L (Xi - Xj) (Yi - Yj)'
n i~1 n i=1

n i=1 n kj

Putting here Xi = f( i~1) and Yi = g
C~

1), and leting n --+ + 00, KORKINE

obtained inequality (0.3).

We observe that from (5.1) one immediately obtains the discrete case of
inequality (0.5).

Th~ same results can be found in KORKINE'Sletter to HERMITE(see [6]).

6. In [7] CEBYSEVpublished the proofs of his results from paper [2]. As
can be seen, the opinion that CEBYSEVgave inequalities which bear his name
without proof is not correct, though it can often be found in the literature.
CEBYSEVnot only proved special cases (0.2) and (0.3), but also the most
general inequality (0.1), though under stronger conditions. CEBYSEVintroduced
suppositions on the derivatives of f and g, which he had to do because of the
method he used.

7. CEBYSEV'Syounger collaborator K. PossE stated his own proofs of
CEBYSEV'Sresult from paper [3] at the session of Karkov's Mathematical
Society on 5th May 1883. These proofs were published in Russian [8] and also
in the same year in French [9].

8. V. G. IMSENECKII[10] has applied the method of KORKINEin order
to get some inequalities analogous to CEBYSEV'Sones.

9. By using an identity analogous to (5.1), where integrals appear instead
of finite sums, K. A. ANDREIEF[11] considered the following identity:

b b b b

JFt (x) Fz (x) dx I G1 (x) Gz (x) dx ~ JFl (x) Gz (x) dx JFz (x) G1 (x) dx
a a a a

b b

=
~ JJ(F1 (x) G1 (y)-- Ft (y) G1 (x)) (Fz (x) Gz (y) - Fz (y) Gz (x)) dx dy.

a a
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From this, for Fj (x) = f(x), F2 (x) = g (x) and Gj (x) = G2 (x) = 1, we obtain

(9.1)

b b b

(b - a) Jf(x) g (x) dx - Jf(x) dx Jg (x) dx
a a a

b b

=
~ JJ(J (x) - f (y))(g (x) - g (y)) dx dy,

a a

which implies inequality (0.2).

Also in [11] ANDREIEF generalized inequality (0.3) to n functions, namely
he proved the following theorem:

Let each among the functions fl' ..., fn' and among their derivatives
f/, ..., fn' not change sign on [0, 1] and let, further, all quotients

1/ (x) In' (x)
-,...,-
II (x) In (x)

have the same sign on [0, 1]. Then, if among h, ..., In there exists an even
number of positive functions on [0, 1], we have

(9.2)

j 1 1

J h (X). . . J;, (x) dx ~ Jfl (x) dx. . . Jfn (x) dx.
000

If the number of the positive functions in question is odd, the inequality (9.2)
is reversed.

10. In 1883 C. ANDREIEF published another paper [12] relevant to
CEBYSEV'Sinequality: Primarily, he showed that for arbitrary continuous
functions fl' ..., I, and gl' ..., gn and p (p (x) >0) the following identity
is valid

b b

JP (x) II (x) gl (x) dx ... Jp (x)/, (x) gn (x) dx

a a

(10.1 )

b

Jp (x) In (x) gt (x) dx

a

b

Jp (x)ln (x) gn (x) dx
'

a

From this identity various inequalities can be obtained, as for example those of
CEBYSEV, CAUCHY, etc. Simultaneously, ANDREIEF generalized CEBYSEV'S and

b

PossE's results on the development of the function I p (x)f(x) g (x) dx into
a

a senes.
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11. A. WINCKLER published a paper [13] in 1884 where he gave two
proofs of inequality (0.2). In this paper on p. 528 he says: Den Beweis sowie
den Satz lernte ich aus dem Cours professe a la f<lculte des sciences par
M. HERMITE,(1881-82), second tirage, Paris 1883, kennen.

WINCKLER therefore claims that he did not know of other papers on
CEBYSEV'Sinequality, and hence it is not surprising that his proofs are, in fact,
identical with the proofs of KORKINE[5], [6] and ANDREIEF[11]. It is, however,
interesting that he makes no mention of his own paper [2] in which CEBYSEV'S
inequality is proved under the conditions which are the same as PICARD'S,
whose proof WINCKLERclaims to know, and no other.

12. In 1885 F. FRANKLIN[14] proved inequality (0.2) using identity (9.1)
(i.e. using the same identity as ANDREIEF).In the same paper he gave a proof
of inequality (0.5) using an identity already used by KORKINE [5], [6] in the
proof of the same inequality. HERMITEwas also unaware of papers of KORKINE
and ANDREIEF,since in 1891 he included ANDREIEF'Sproof in his lectures [18],
but ascribed it to FRANKLIN.Many other authors also ascribed the proof of
CEBYSEV'Sinequality which uses identity (9.1) to FRANKLIN(see, for example,
[19], [24], [25], [26], [37], [40], [41], [45]).

13. In 1888 one more proof of CEBYSEV'Sinequality appeared which is
identical with KORKINE'S.That was paper [15] due to student D' ARONE.

14. JENSENpublished in 1888 paper [16] which contains no references.
He has obviously generalised inequality (0.5). JENSEN'Sproof reads:

Let up ..., un; VI' ..., Vn; WI' ..., wn be sequences of positive numbers
such that

U > U > U > .. . > U 2>.2 > . . . >
Yn

1= 2= 3= = n' = = =.
WI W2 Wn

Let us put

Since wm vn ~ vm wn (m >n), we have

Sn sn-l ~ sn Sn-l' so that

n

" u.y.
I I

i~1

n n

L Si(ui-Ui+,)+Snun L Si(Ui-ui+,)+SnUn
i~1 ~_~;"",1

n

" u. W,I I

i~1

---- n - n

15. L. GEGENBAUERgave in [17], without a proof, a result wherefronl,
as a special case CEBYSEV'Sand some other inequalities are obtained. This
result textually reads:

Sind die n2(nm-2+ 1) integrirbaren Functionen

so beschaffen, dass flir aIle dem Intervalle a... b angehorigen Werthsysteme

xl' . . . , xn das Product

iC{>il>;2,"" im-l im (Xim)II ~i,k(Xk)1 (i, k, i"..., im-p im=l, 2,..., n)
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wo bei negativem m im nicht an der Stelle der festen Indices steht, sein Vorzie-
chen nicht andert, so hat die tiber aile Permutationcn AI' A2' . . . , An der ganzen
Zahlen 1, 2, . . ., n ausgedehnte Summe

b

, L,
I

J <Pi!> . . . . im-!> Ik (X) ~k. I,k (X) dx I (i- i k ~ 1 n)
1\1. . . . , I\n I I"'" nt- J, , . . . ,

a

das Vorzeichen dieses Productes.

16. HERMITE,in the fourth edition of his Course [18], inserted the proof
of inequality (0.2) by means of identi ty (9.1), but ascribed it to FRANKLIN.

17. STIELTJES is his letter of 13 th February
has given thc following proof of inequality (0.2):

Permettez-moi de faire une petite remarque
TCHEBYCHEFF concernant Ie signe de l'expression

1891 to HERMITE (see [19])

sur la proposition de M.

a' a' a'

2 = (a' - a) J
<P (xH (X) dx - J <P

(x) dx x J~ (x) dx.
a a a

A cause de
a'

J<P
(x) dx = (d - a) <P(u),

a
c'est-a-dire

a'
(1) J [<p(x) - <P

(u)] dx = 0,
a

on a
a'

:z = (a' - a) J~ (x) [<p (x) - <p(u)] dx

a
ou encore

a'
(2) :J: = (a' - a) J[~(x) - ~ (u)] [<p(x) - <p(u)] dx,

a

d'ou l'on conclut la proposition de M. TCHEBYCHEFF.On peut dirc aussi:
L'expression :z ne change pas en remplar;ant <p(x) par <p(x) + C, ~ (x) par

~ (x) + C'. Donc on peut remplacer <p(x) par <p(x) - <p(u), ~ (x) par ~ (x)
- ~ (u).

Si l'on prend soin de determiner u par la relation (1) on obtient ainsi la
formule (2).

In his reply to this STIELTJES'letter dated between 16 and 19 February
1891 (which was later lost), HERMITEhad some objections to the aforementioned
proof. The nature of those objections can be seen from STIELTJES'reply of 19 th
February 1891:

Je viens justement de recevoir votre objection contre ma demonstration
de la proposition de M. TCHEBYCHEFF.Vous vous serez apeq;u certainement
deja qu'elle n'est point fondee, apres avoir pose

a'

J<p (x) dx = (d - a) <p (u) (a<u<a').
a
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Je n'ai nullement besoin de la quantite analogue a.

a'

J ~ (x) dx = (a' - a) ~ (u');
a

mais je considere la valeur de ~(x) pour x = u (non pour x = u'). On a d'abord

a'
(1) J = (a' - a) J~ (x) [(cp (x) - cp(u)] dx,

a
mais puisque

a'
(2) 0= J[cp(x) - cp(u)] dx,

a

il vient, en muItipliant (2) par (a' - a) ~ (u) et retranchant de (1),

a'
J = (a' ~ a) J[~(x) - ~ (u)] [cp(x) - cp(u)] dx.

a

En considerant des sommes au lieu d'integrales, ma demonstration prendrait
la forme suivante. Soient

deux series de n nombres, dont chacune est rangee par
croissante ou decroissante,

J = n
(*

ak bK) -
(*

ak)
(*

bk)'

ordre de grandeur

Alors en posant
a I + 02 + . . . + anrx.=.u_- ,

n
c'est-a.-di re

n

L (ak - rx.) = 0,
1

on a aUSSI
n n n

J = n L ak bk - n rx.L bk = n L (ak - rx.)bk.
1 1 1

Supposons maintenant que rx. tombe entre ap et ap+l; prenons alors une
quantite ~ entre bp et bp+1 (lorsque par hasard rx.= ap' on prendrait aussi ~= bp)'
Alors a cause de

n
J = n L (ak - rx.)bk,

1

n

0= n L (ak - rx.)~,
1

on peut ecrire
n

J = n L (ak - rx.)(bk - ~);
1

mais ak - rx.et bk - ~ ont toujours meme signe lorsque les series des aj et des bl
sont toutes les deux croissantes ou decroissantes, et ak - rx. et bk - ~ ont tou-
jours signes contraires, lorsque l'une des series est croissante, l'autre decroissente.
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Vous voyez que l'introduction de cette quantite ~ [ou \jI (u)] est un point essen-
tiel. L'identite analogue pour la demonstration de M. FRANKLIN,qui se sert
d'integrales doubles, serait

(i,k=I,2,...,n).

The CEBYSEVinequality can also be found in another STIELTJES'letter to
HERMITE(dated 2nd December 1891):

Vous vous rappelez peut-etre Ie theoreme de M. TCHEBYCHEFFsur Ie
signe de l'expression

b b b

(b
-

a) J I (x) q>(x) dx
- J I (x) dx J q>(x) dx,

a a a

I et q>etant des fonctions qui varient constamment dans un sens dans J'inter-
valle (a, b).

Voici une generalisation. Soit
b b b b

2 = J \jI (x) dx JI (x) q> (x) dx - J q> (x) dx JI(x) \jI (x) dx
a a a a

ou I(x) est une fonction qui vade toujours dans un sens, \jI(x) une fonction
. . .

d
.

I
cp(x) .qUi reste positive, tan IS que e rapport
\ji (x) vane aussi toujours dans un sens.

Cela etant, on a 2>0 lorsque I et
~

sont toutes les deux croissantes ou

toutes les deux decroissantes et 2<0 10rsque l'une de ces fonctions est crois-
sante et I'autre decroissante. Pour \jI (x) = 1, on retombe sur Ie theoreme de
M. TCHEBYCHEFF.Voici ma demonstration. On a

(1)
b b

JI(xH(x)dx=/(~)J \jI(x)dx (a<~<b).
a a

Substituons cette valeur dans l'expression 2; on peut mettre en facteur l'in-
b

tegrale J\jI(x)dx et il vient
a

(2)

b b

2 = J\jI (x) dx J[I(x) - I(~)] q> (x) dx.
a a

Or, d'apres (1),
b .

J[/(x) -/(~)] \jI (x) dx= 0,
a

Ie second facteur au second membre de (2) peut done
b

J[I(x) - I(~)] [q>(x) - C ~ (x)] dx,

s'ecrire

a
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C etant une constante quelconque. Prenons C =
cp(~),

on aura
<jJ(~)

b b

:l' = JIjJ (x) dx JIjJ (x) [f (x) -
f (~)] r

cp(x)

-
-cp(~)

]
dx.

l<jJ(x) <jJ(~)
a a

Or, si les deux fonctions f et ~ varient dans Ie meme scns f(x) -
f (~) et

<jJ
cp(x~

-
cp(0

ont toujours Ie memc signe, et si ces deux fonctions varient en sens
<jJ(x) <jJ(~)

inverse f(x) - f(~) et
cp(x)

-
cp(~)

auront toujours signe contrair.-;. D'ou la pro-
<jJ(x) <jJ(~)

position enoncee. Je crois qu'on doit attribuer cette proposition a M. JENSEN.
En effet, dans Ie Bulletin de Darboux (juin 1888) il y a une Note: Sur une
generalisation d'une formule de M. Tchebycheff, par M. JENSEN, qui commence
amsl:

«Soient ul' uz, . . .; VI' Vz,...; WI' wz,...; trois suites de grandeurs po-
sitives, et telles que l'on ait

et

on aura toujours
n n

LukVk L Uk Wk

J_-> I
n n

L Vk L Wk

I I

Suit la demonstration. Ainsi, si [f(x), u], [cp(x), v], [1jJ(x), w] sont trois fonctions

positives telles que f(x) et cP(x) soient constamment decroissantes, on a
<jJ(x)

b b

I f(x) cp(x) dx I f(x) <jJ(x) dx

a >a
b

Jcp(x)dx

b

J<jJ(x) dx

a a

Vouz voyez, par ma demonstration, qu'on peut elargir un peu les conditions
imposees ici aux fonctions f, cp et 1jJ.

As can be seen, of all the papers concerning CEBYSEV'Sinequality STIELTJES
was only aware of FRANKLIN'Sand JENSEN'Spapers.

18. The following result was proved in [20] by G. KOWALEWSKI.
Let x f--+ ii (x) (i = I, ..., n) be real continuous functions of [a, b]. Then

for n positive numbers AI' ..., An' such that Al+ . . . + An= 1 there exist n
numbers ti' ..., tnE[a, b], such that the following equalities are valid

b

J/; (t) dt = (b - a) (Alii (tl) + . . . + Anfi (In») (i = 1, ..., n).
a

This result KOWALEWSKI used in [21] to prove CEBYSEV'S inequality (0.2).
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19. SONIN proved inequality (0.1) in [22] in the following way. Let 'f)
denote the mean

b

Jp (x) g (x) dx

a
"1)=

b

Jp (x) dx

a
Then, the identity

b b

Jp (x)f(x) dx f
.
p (x) g (x) dx

b . b

Jp (x)/(x) g (x) dx _a
b

a
= Jp (x)(/(x) - rJ.)(g (x) - 'f) dx,

a Jp (x) dx a

a

is valid for an arbitrary number rJ.. Since 'f) is the mean value of g, then if g
is a nondecreasing function, there exists a number c (a< c<b) such that

g(x)-'f)~O for x>c and g(x)-'f)~O for x<c.

For rJ.= I(c + 0) the product (f(x) - rJ.)(g (x) - 'f)) has a constant sign. This
product is positive if I is a nondecrcasing function, or negative if I is a nonin-
creasing function.

We notice that the quoted proof is connected with that of inequality (0.2)
given in STIELTJES'letter to HERMITEof 13 th February 1891 (see 17).

20. H. BRUNN [23] proved inequality (0.2) and also arrived at the same
conclusion a, H. STIELTJESthat the expression

b b b

(b - a) JI(x) g (x) dx - JI (x) dx Jg (x) dx
a a a

is not changed if I and g are replaced by 1+ C1 and g + C1 respectively, where
C1 is a constant.

BRUNN did not know earlier results in connection with CEBYSEV'Sine-
quality, and he was informed about them by HURWITZ,as he mentions in [24].
Notice that HURWITZ also did not know all the results on CEBYSEV'Sinequality.

21. In [24] BRUNN noted that monotony of the functions I and g is
sufficient, but not necessary, for the validity of (0.2). He gave, in fact, a
diffuent, more general, system of sufficient conditions which ensure the validity
of CEBYSEV'S inequality (0.2). His result is: If for a ~ x ~ b we have

b

sgn (f(x) - 1m) = sgn (g (x) - g (xm»)' where 1m= ~ !/(x) dx, and xm is detcr-
b-a

a
mined from I(xm) = 1m' then inequality (0.2) holds.

22. In paper [25] M. FUJIWARA gave an apparent
CEBYSEV'S inequality. The theorem he proved reads:

generalis~,tion of
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Let fz (x) g2 (x) >0 in (a, b) and let the functions F and G, defined by

F (x, y) =
I, (x)

-
I, (y) and G (x, y) = ~I (x) - gl (y)

12 (x) I, (y) g2 (x) g2 (y)

have the same sign for all x, y E (a, b). Then

(22.1)

(22.2)
b b b b

JII (x) gl (x) dx J12 (x) gl (x) dx ~ III (x) gl (x) dx I fz (X) gl (x) dx.
a a a a

This is only an apparent generalisation of CEBYSEV'S inequality. Indeed,

if we put I(x) =
f, (x) , g (x) =

gl (x)
and p (x) = .fz (x) gl (x) in (0.1), we get (22.2).

12(x) g2 (x)
Conditions (22.1) can be deduced from ANDREJEF'S proof.

23. M. FUJIWARA proved in paper [26] the following result.

If for xE[a, b] we have /1 (x) gl (x»0, g'(X)5B(B an arbitrary positive
g2(x)

number), and
b

I II (x) g2 (x) dx

II (x)
--- a

-z:
12(X) b

I 12 (X) g2 (X) dx

a
then

(23.1)

b b b b

I J;. (x) gl (x) dx I fz (x) gl (x) dx ~ JJ;. (x) gl (x) dx I fz (x) gl (x) dx
a a a a

with equality if and only if f, (x) and
g, (x)

are constants.
12 (x) g2 (x)

Putting J;. (x) = I(x), gl (x) = g (x), 11(x) = gl (x) = I, we get the result of
BRUNN [23] and [24].

24. T. HAYASHIhas proved in [27] the discrete inequality (0.4) by apply-
ing mathematical induction, assuming that all p;'s (i = I,

"
. ., n) have the same

sign and that (ai' ..., an) and (bl, ..., bn) are simultaneously increasing or
decreasing sequences.

He also quoted that under assumption that all p;'s are of the same sign
and that the sequences (alk' a1k' ..., ar.k) (k= 1, ..., r) are all either increasing
or decreasing, the inequality

(24.1) (
n

)
,-1 n n n

' p o ' p .a a' l
...a.~ ' p .a,

l ""
p ,a.

I L I 11 I Ir -- L I I L I IT

i=l i=l i~1 i~1

holds.

It is easy to see that these conditions are not sufficient for the validity
of inequality (24.1) (Counter-example: Pl=P1=-I; an=I, a11=2; a12=I,
an = 3; al3 = 2, a13= 3).
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However, (24.1) holds if the assumption on non negativity of all appearing
sequences is added.

25. J. F. STEFFENSEN[28] has proved the theorem:
If F is an increasing function on [a, b] and if F, G and H are integrable

functions on [a, b] such that for all xE[a, b]

x x

(25.1 )

fG(x)dx IH(x)dx

a__~"._~-
b - b

f G (x) dx f H(x)dx

a a
then

b b

f F(x)G(x)dx f F(x)H(x)dx

(25.2) a

b

f G (;) dx

~a

a

b

f H(x)dx

a

Putting F(x)=f(x), H(x) =p (x»O, G(x)=p(x)g(x) in (25.1) and (25.2,-
we conclude that CEBYSEV'Sinequality (0.1) holds if p (x»O, if f is an increa(
sing function on [a, b] and if

x

f p (x) g (x) dx
b

f P (x) g (x) dx

(25.3) a ~a
x b

f P (x) dx

a
f p (x) dx

a

Notice that STEFFENSEN'Sconditions are weaker than the condition that f
and g are both increasing (or both decreasing) functions. Indeed if g is an
increasing function, then (25.3) holds, while the converse need not be true.

In the samt. paper STEFFENSENproved the corresponding discrete analogue.
Namely, he proved that if

F(k)~F(k+ 1),

k k

L G (k) L H (k)
k~n

>
k~n

m = m

L G(k) L H(k)
k~n k~n

(n~k~m-l),

then
m m

L F(k)G(k) L F(k)H(k)
k~n

>
k~n

m = m

L G (k) L H (k)
k~n k~n

A special case of this result of STEFFENSENhas recently been rediscovered
(see 53).
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26. O. DUNKEL [29] has gcneralised the inequality (0.2) to a system of
n functions: If 11' ..., In are never negative and experience simultaneously
increments, and decrements, then

b b b

f J; (x) dx. . . fin (x) dx ~ (b - a)n-l f J; (x). . -In (x) dx.(26.1)
a a a

However he did not mention the paper [11] by ANDREIEF.

27. L. BERWALD [30] has proved that the inequality (23.1) holds if
b

f Izgz dx>O and if there exists a constant B such that for a~x~b
a

b b

(II (X)- Iz (X)f J; gz dx: Ilz gz dx) (gi (X) - Bgz (X)) ::::o.
a a

These conditions are weaker than FUJIWARA'S conditions.

BERWALD has also proved that the inequality (23.1) is valid if
b

flzgzdx>O and if there exist two constants A and B such that for a~xs.b
a

(J; (x) - Alz (x)) (gi (x) - Bgz (x))::::0
and

b

a a

BERWALD has &Iso extended (he first of the above results to the case
of n pairs of functions.

28. S. NARUMI [31] gave new extensions of the
[26], BERWALD [30] and HAYASHI [27]:

b

If Ilz(x)gz(x)dx>O,

results of FUJIWARA [25],

a
b .

JII (x) gz (x) dx

p= a

b

f 1; (x) gz (x) dx

b

112 (x) g, (x) dx

Q=a
b

I 12(X) gz (x) dx

a a

and if there exist constants A, B, C (C::::0) such that for a S.x ~ b we have

(fl (x) -
p Iz (x)) (gj (x)

-
Q gz (x))

- A (gi (x) -
Qgz (x)) Iz (x)

- B (fl (x) - p Iz (x)) gz(x) - Clz (x) gz(x)::::0,
then inequality (23.1) holds.



,
b b

JII gl d \jI ... JIIgnd\jl

a a

b b

JIngld<jJ JIngnd\jl

a a
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29. Starting from the identity (10.1) for p(x)= 1
proved the inequality (0.1).

30. J. CHOKHATEin [33] also used the identity

J. CHOKHATE[32] has

b b f, (Xl) ... II (Xn) gl (Xl) ... gl (Xn)

=
~!

J.. .J :
a a In (Xl)

1"
(Xn) gn (Xl) gn (xn)

where /; and g, are continuous and tji a monotone nondecreasing
derive the CEBYSEV inequality for STIELTJES integrals, namely

b b b b

J dtji Jfgdtji ~ Jfdtji J g dtji,

function, to

a a a a

where f and g are monotone functions in (a, b) in the same sense. This proof
derives its origin from the method used in [32].

In the same paper it has also been shown how to derive some other ine-
qualities starting with the aforementioned identity.

31. P. MITRA has proved several inequalities in [34]. The first inequality
he obtained, which he called the Fundamental Theorem, reads:

If f and g are two positive continuous functions on [Xl' X2], then

(31.1 )

Xz J I(x)dx

JI(x)
XI

g (X) dx ~ (X2 - Xl)
Xz

J g (X) dx

provided that X f-+
I(x)

and X f-+ g (x) are both increasing or both decreasing
g(x)

functions. .

MITRA considers his results to be generaJisations of CEBYSEV'Sinequality.
He did not notice that (31.1) can be directly deduced from CEBYSEV'Sinequa-
lity (0.2). The proof given by MITRA is, in fact, ANDREIEF'Sproof.

In the same paper MITRA has also proved the result:
If fr, ..., f", gp . . . , gn are positive continuous functions on [xl' X2]' then

X2 Xl

Xz Xz J 11 (X) dx.
" J In (x) dx

J II (X)
dx. . . J 1"

(x)
dx ~ (X2 - xl)n

XI :,"1

~W hW ~ ~
Xl Xl J gl (X) dx. .. J g"

(X) dx

2 Publikacije Elektrotehnickog fakulteta
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provided that some or all functions x f-+£J!!L, . . . , X f-+ In (x)
and the corre-

gl (x) gn (x)
sponding functions gl' ..., gn are at the same time increasing or decreasing.

This result cannot be directly obtained from CEBYSEV'Sinequality for n
functions.

32. According to a review which appeared in Jahrbuch iiber die Fort-
schritte der Mathematik 56, pp. 221-222, in the case of n pairs of functions
R.S. VARMA[35] has obtained the result analogous to those derived by MITRA[34].

33. In paper [36] P. MITRA has proved the following result which gene-
ralises his previous results:

If fp ..., fn' gl' ..., gn-1 are positive and continuous functions on
[Xl' X2] such that

X f-+
1; (x). . '/v-l (x)

and X f-+
gV-l (x)

gl(X)...gv-l(X) Iv (x)

are both increasing or decreasing functions, then

(v = 2, 3, ..., n)

X2 X2

.r 1; (x) dx... J In (x) dx

J 11 (X). . -In (x)
dx ~

Xl Xl

gl (X).. .gn-t (X) - X2 X2

J gl (x) dx... J gn-t (x) dx

X2

34. In the book [37] inequality (0.4) was proved, under assumption that
sequences (ap ..., an) and (bp ..., bn) are similarly ordered. The identity
analogous to (5.1) was used in the proof.

In the same book, p. 168, the following result is quoted:
We say that f(x, y, . ..) are similarly ordered if

(f(xp YP .. .)-f(x2, Y2' .. .»)(g(xp YP .. .)-g(x2, Y2' .. .»)~O,
oppositely ordered if f and - g are similarly ordered. Then

Jf.. -fdxdy.. .Jf.. .gdxdy~If.. .dxdy.. .Jf.. .fgdxdy...
if f and g are similarly ordered, while the sign is reversed if f and g are
oppositely ordered. The integration is extended over any common part of the
regions of f and g. .

35. Letx=(x1,..., xn)' Y =(Y1"'" Yn), Z=(Zl"'" zm) and u=(up..., um),
be given real sequences and let aij (i = 1, ..., n; j = 1, ..., m) denote real
numbers. Then, we have the identity

n J1!

" " a..x.z.IJ I J
i=lj=l

n m

" " a..x.u.IJ I J
i=lj=l

I n m

I .2 .2 aijYiZj
I l=lJ=l
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As an immediate consequence of the above identity we can formulate the
following:

If, for all positive integers i,j, r, s, such that I ?;,i<j-;;i;n and, I-;;i;r<s?;,m,
we have

(35.1 )
I:; ~ II ~ :: I

~ 0 and
I :;: :;: I

~ 0,

then the following inequality holds

(35.2)

The last inequality is due to G. SEITZ-[38]. The text of the paper [38] is
rather confused and contains a number of mistakes in indices.

v
For Yj=Uj= I, ajk~~O(i=Fk) and aii=pj>O inequality (35.2) reduces to

CEBYSEV'Sinequality (0.4).

If m=n, Xj=Zj, Yi=ui (i= I, ..., n) and ajk=a'k(aik is the KRONECKER
symbol), then (35.2) becomes CAUCHY'Sinequality.

In the same paper SEITZ has also given the integral analogue to (35.2).

36. N. CIORANESCU[39] has obtained the inequality (0.1) in exactly the
same way as ANDREIEF[11] without even mentioning that this is the CEBYSEV
inequality or quoting any literature.

37. In paper [40] J. A. SHOHATand A. V. BUSHKOVITCHhave applied
inequality (0.1) to remainders which are obtained in developing certain functions
in TAYLOR'Sseries, and have arrived at a number of inequalities for various
elementary functions.

38. R. LAGUARDIAin paper [41] again arrived at CEBYSEV'Sinequality
for STIELTJES'integrals, which had already been obtained by J. SHOHAT [33].
R. LAGUARDIAmentions only book [37] and FRANKLIN'Spaper [13].

39. D. N. LABUTIN[42] has examined under which conditions the inequality

x

(39.1)
x Jf(x) dx

j
f(X)

dx«x-a)~-,
g (x) x

Jg (x) dx

a

a

holds, where f and g are continuous and positive functions on the considered
segment.

In~quality (39.1) is, in fact, one of the forms in which CEBYSEV'Sinequa-
lity (0.2) can be represented, though LABUTINmakes no mention of that.

2*
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LABUTINhas proved that (39.1) holds if one of the following conditions
(denoted by r - 6°) is fulfilled for all values of x from the considered interval:

x x x

1° Jg(x)dx«x-a)g(x), g (x) Jf(x) dx<f(x) Jg (x) dx;
a a a

x x x

2° Jg(x)dx>(x-a)g(x), g (x) Jf(x) dx > f(x) Jg (x) dx;
a a a

3° In some of the intervals, [a, a\] [a, az], ..., [a, x] contained in the
given interval, the conditions 1° are fulfilled and in the rest of them, the
conditions 2°;

4° Functions x f-+g (x) and x f-+
f(x)

are both increasing or both decreas-
.

g(x)
ing in the considered interval;

5° Functions x f-+g (x) and x f-+
f(x)

are both increasing (decreasing). g(x)

in [a, c] and decreasing (increasing) in other parts of the interval. In addition,
those two functions are even functions;

6° The derivatives of f and g exist and !,(x»g'(x»O, g(x»f(x),
or !' (x)<g' (x)<O, g(x»f(x).

In the same paper LABUTINhas given a set of sufficient conditions for
the validity of the discrete analogue of (39.1).

40. D. N. LABUTINhas published another paper [43] on a similar topic,
and has given sufficent conditions for the validity of

b b b

(b-a) J~> J~
.

t

J
' vet)

dt.
u(t) v(t) u(t)

a a a
1 1

It is not difficult to see that from (39.1) forf(x)=---, g(x)=-
u (x) v (x)

(40.1)

follows (40.1).
41. M. BIERNACKI[44] has proved that inequality (0.1) holds also in the

case when the functions
x

Jp (x) g(x) dx

X f-+ f(x) and a
Xf-+

x

Jp (x) dx

a
are both increasing or both decreasing.

These conditions are similar to the ones given by STEFFENSEN[28], but are,
in fact, less general. Indeed, STEFFENSENrequires only that

x b

J
p (x) g (x) dx

J
p (x) g (x) dx

a
x

J
p (x) dx

b

J
p (x) dx

a a
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42. N. A. SAPOGOV[45] has extended CEBYSEV'Sinequality by considering
abstract integrals on a set E, and at the same time has extended the conditions
for the validity of CEBYSEV'Sinequality. His result reads:

Let the real functions u, v, W, X H>-U(x) V(x) and x H>-U(x) W(x) be inte-
grable on E, and let e denote the set

{x
I

v (x) Jw(x) d[.l.-w (x) I v {x) d[.l.>O}.
E E

If for arbitrary x'Ee, x"EE we have u(x')~u(x"), then

J W (x) d [.I.J U (x) v (x) d [.I.~ J v (x) d [.I. J U (x) W (x) d [.I..

E E E E

In the same paper SAPOGOVgave a simpler proof of inequality (0.2). This
proof is in a way similar to the proofs of STIELTJES[19] and SONIN [22].

43. In paper [46] M. BIERNACKIhas proved that inequality (0.1) holds
if p, f, g are integrable functions in (a, b), such that p (x»O (xE(a, b)), and
if the functions II and gl' given by

Jp (x) I (x) dx

II (x)=a
x

Jp (x) dx

x

Jp (x) g(x) dx

gl(x)=~
x

Jp (x) dx

x

a a

reach extreme values in (a, b) in a finite number of common points, and are
also both increasing or both decreasing in (a, b). If one of the functions 11' gl
is increasing and the other decreasing, then the sign of inequality is reversed
in (0.1).

44. In 1952 Ky FAN [47] proposed as a problem the following result:

Let (x, y) H>-K(x, y) be a nonnegative Lebesgue integrable function over
the square {(x, y)la:;;.x:;;.b and a:;;'y:;;.b}. Suppose thatBisapositiveconstant

b b

such that JK(x, y)dy:;;'B for almost all x from [a, b], and also JK(x, y)dx:;;.B
a . a

for almost all y from [a, b]. If two finite-valued functions f and g are both
nonnegative and nonincreasing on [a, b], then

(44.1 )
b b b

J J K(x,y)/(x)g(y)dxdy:;;.Bfl(x)g(x)dx.
a a a

If K (x, y) = const, (44.1) reduces to (0.2).
The solution to this problem was given by the author himself. The fact

that no other solution arrived (though for some problems published in the same
journal dozens of mathematicians send solutions) shows that certain problems
have solutions which are "more d,fficuIt" than certain papers.
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45. H. SCHWERDTFEGERhas proved in [48] the following result (see
also [49]):

If f is a nonnegative and nonincreasing function over 0 ~ x ~ 1 then

(45.1)

t I

JXf(X)2 dx Jf(X)2 dx

o <0
I I

Jxf(x) dx Jf(x) dx

o 0

This inequality represents, in fact, a special case of an integral analog
of inequality (1.1).

The inequality (45.1) may be derived from (0.1) (p(x)=F(X)2,f(x)=x,
g(x) = IjF(x)).

46. Supposing that f, g and p are positive functions on [a, b] P. LOVERA
[50] obtained inequality (0.1). Clearly he also did not know about earlier
results concerning that ine.quality, since he only mentioned the book [51], for which
he says that it contains a proof of (0.1) under more restrictive suppositions.
P. LOVERA refers to (0.1) as JENSEN-STEFFENSENinequality. Besides, LOVERA'S
proof is identical with the proof of ANDRElEF[11] for the case n = 2.

In the same paper the following inequality has also been proved: Iff and g
are positive functions on [a, b] and f is monotone increasing on [a, b], then
for a<c<b we have

c b b

Jf(x)g(x)dx Jf(x)g(x)dx Jf(x)g(x)dx

a <0 <c

Jg (x) dx
b

Jg(x) dx
b

Jg (x) dx

Ca a

47. The results mentioned up to now were concerned with 10 giving new
proofs of CEBYSEV'Sinequalities and 20 determining weaker conditions which
ensure the validity of those inequalities.

Another possibility would be to examine whether stronger conditions
will produce sharper inequalities. One of the results of that kind was obtained
by B. J. ANDERSSON[52] who proved that if h, ..., f,. are convex nonnegative
functions defined on [0,1] such that fk (0) = 0 (k = 1, . . . , n), then

(47.1)
I I I

Jfl(x)" 'fn(x)dx~n:nl (J h (X)dx).. .(J fn (x) dX).
000

Since 2n ~ n + 1, inequality (46.1) is sharper than inequality (0.3), i.e.
than (26.1) for a = 0 and b = 1.

48. The following result of T. POPOVIClU [51] is closely connected to
CEBYSEV'S inequality (0.4).
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Let a = (a1' . . . , an) and b = (bI' . . . , bn) be nondecreasing sequences of
real numbers and let xij (I, j = I, . . . , n) be real numbers. Then necessary and
sufficient conditions for the numbers Xij' so that the inequality

(48 I)
n

F (a, b) = " x..a.b.>OIJ I J=
i, j=1

holds: I ° for all nondecreasing sequences a and b, or 2° for all nonnegative
nondecreasing sequences a and b, are contained in the following two theorems.

I ° With the condition 1°, F (a, b) > 0 if and only if

n n

" "X..2 0L., L., IJ -
i=r j=s

(r = 1, . . . , n; s = 2, . . . , n),

n n

L L xij = 0
i~rj=1

(r= 1, ..., n).

2° With the condition 2°, F (a, b);;;;; 0 if and only if
n n

(r = 1, . . . , n; s = I, . . . , n).

Remark. Theorems 1° and 2° refer only to the cases of nondecreasing sequences
(Theorem 1°) and nonnegative nondecreasing sequences (Theorem 2°). Similar
results are obtained in other cases.

Inequality (48.1) is a generalisation of a number of known inequalities.
For example, taking

(i = j), Xij = - 1 (i i:=j),

we get the inequality (0.4).
49. The condition that the sequences a = (aj, . . . , an) and b = (bj, . . . , bn)

are similarly ordered is only a sufficient condition for the validity of CEBY-
SEV'Sinequality (0.5). Some other sufficient conditions for the validity of (0.5)
were given by LABUTIN[42]. A set of necessary and sufficient conditions was
given in [54] by D. W. SASSERand M. L. SLATER.Their resul~ reads:

Let a1' .. . , an and b1' . . . , bn be two sequences of real numbers. Let a
and b be n-dimensional column vectors whose components are aj,..., an and

h1' . . . , bn respectively. Furthermore, let be an n-dimensional column vec!or with
all entries equal to I. Then, a necessary and sufficient condition for Cebysev's
inequality to hold is b = Aa + ce or a = Ab + ce, where c is a real positive semi-
definite matrix, such that the sum of the elements of any column or row is O.
Equality occurs in (0.5) if and only if (A + A') a = 0 or (A + A') b = O.

50. BERLJAND,NAZAROVand SVIDSKri[55] have formulated and sketched
the proof of the following generalisation of CEBYSEV'Sinequality:

Let P, Q be real-valued continuously differentiable functions on a region
.QcRn, and let s: Rn-+ R1 be continuous and nonnegative on O. Then the
inequality

(50.1) J P(x)G(x)s(x)dx;;;;;J P(x)s(x)dxf Q(x)s(x)dx

'" '"
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holds for every subregion <0COif, and only if, P and Q are functionally
dependent on 0, P= f(Q) or Q = f(P), where f is nondecreasing. Iff is nonin-
creasing, the inequality sign in (50.1) is reversed.

In Zentralblatt fUr Mathematik, vol. 173 (1969), P. R. BEESACKhas
given the following comment on the above result:

"The proof is based on the fact that (50.1) is equivalent to

(50.2) ~=
~ f f s(x)s(y)[P(x)-P(y)][Q(x)-Q(ji)]dxdji~O.

'" '"

The sufficiency of the conditions on P, Q are therefore immediate even for
P, Q continuous on D. In the sketch of the proof of necessity, the idea is to
show first that if P, Q are not functionally dependent on 0, then the integrand
in (50.2) is negative. Although details are not given, this can be shown to be
the case for a certain region 0 x D. But the proof appears to be incomplete
since the integrand must be shown to be negative on a set of the form <0 x <0
in order to obtain a contradiction. This cannot be done for <0 a cell in Rn.
A counterexample for the case n = 2 is given by taking 0 = (0,1) x (0,1) for
example, and P(xp xz)=xp Q(xl' xz)=xz, s(xp xz)= 1, so P, Q are functio-
nally independent; nevertheless for any cell (a, b) x (c, d) = <oCD, equality holds
in (50.1), so ~ = 0 for such <0. Actually equality holds in (50.1) in this case
for any square <oCD, whether its sides are parallel to the axes or not. This
example is not, however, a counterexample for the necessity part of the theo-
rem (but only for its apparent proof) since inequality (50.1) is violated for
certain sets <oCD. The inequality (50.1), with the trivial change that s,=l, is
not new, but appears as Theorem 236 in G. H. HARDY, J. E. LITTLEWOOD
and G. POLYA [37]. Here, the result is only stated as a sufficient condition
for (50.1), namely that (50.1) holds if P, Q are similarly ordered on D. In
case P, Q C C1 (D) the authors have actually proved that P, Q are similarly
ordered on 0 if, and only if, P and Q are functionally dependent on 0, with P
a nondecreasing function of Q or vice-versa.

51. H. M. McLAUGHLIN and F. T. METCALF[56] have obtained an in-
teresting result which generalises CEBYSEV'Sinequality. Their result reads:

Let I and J denote nonempty disjoint finite sets of distinct positive integers.
Suppose that (ak) and (bk), with kEIUJ, are sequences of nonnegative real num-
bers, (h), with kEIUJ, is a sequence of positive numbers, and r>O. Define Mr
and Tr by

and

Tr(a, b; 1)= (~Pk )(Mr(ab;p, I)' -- Mr(a;p, I)' Mr(b;p, IY).
ktf

If the pairs

(51.1) (Mr (a; p, I), Mr (a; p, J» and (Mr (b; p, I), M, (b; p, J»
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are similarly ordered, then

(51.2) Tr (a, b; IUJ):;;;' Tr (a, b; l) + Tr (a, b; J).

If the pairs (51.1) are oppositely ordered, then the sense of (51.2) reverses.
In both cases equality holds if and only if either

Mr (a; p, I) = Mr(a; p, J) or Mr(b;p, l)=Mr(b;p, J).

If we put I={I, ..., n}=In and J ={n+ I}, from (51.2) follows

Tr (a, b; 1t;+I):;;;'Tr (a, b; In)
which implief>

I.e.

Tr (a, b; In +1) :;;;,Tr (a, b; Ifl):;;;'. . . :;;;,Tr (a, b; II) = 0,

inequaiity (0.4).

52. A. OSTROWSKI ([57]) considered the expression

T(f, g) = M(f, g)- M(f) M(g),

where M (f) is a "general mean", defined in the following way:

Let <1>be a space of real-valued functions f(P) for all P running through
the argument space S, and assume that <1>is an algebra over the field R of
real numbers. Further, assume that all real constans belong to <1>.

Consider now a real-valued functional M (f) defined on <1>such that:

1° (Va, ~ER, Vf, gE<1» M(af+~g)=aM(f)+~M(g),

2° (V fE<1» M(f):;;;,O (f:;;;,0),

3° (VaER) M(a) = a.

We shall say that the functions f, gE: <I>are synchronic if for any paIr
of points P, QES we have

f(P) :;;;'f(Q) if and only if g (P):;;;'g (Q).

Then, if f(P), g (P) arE synchron;c, we have

(52.1) T(f, g):;;;'o.

For M (f) we may take, for instance,

b

Jp (x)j(x) dx

M(f)=~~.
b

Jp (x) dx

a

Th~n inequality (52.1) implies inequality (0.1).

53. J. HERSCHand M. MONKEWITZ[58] in order to generalise an isoperi-
metric inequality due to SZEGO and WEINBERGER,have previously proved the
following result:



26 D. S. Mitrinovic and P. M. Vasic

If g is a nondecreasing on [0, 1] and if f satisfies

x 1

~2f tf(t) dt -;;;,f tf(t) dt

o 0

(O<x< 1),

then
1

Jtf(t) g (t) dx ~ 2 J tf(t) dt J t g (t) dt.
o 0 0

This result is a special case of STEFFENSEN'Sresult (see [28]) for p (x) = x.
54. In 1971 F. V. ATKINSON[59] has proved that the inequality (0.2)

holds if f(x), g(x)EC" [a, b], f" (x) >0, g" (x) >0 and

b

f (x -
~

(a + b)) g (x) dx = O.

a

55. A. LUPAS [60] has proved the following theorem: If f, g are convex
functions on the interval [a, b], then

b b b

f
f(x)g(X)dx-b~a(f f(X)dx)(f g(x)dx)

a a a

b b

~ (b~~)2(f (x - a; b)f(x) dX)(
f

(x- a;b) g(x) dX),
a a

with equality when at least one of the function f and g is a linear function
on [a, b].

A corollary of this theorem is: Let f, g be convex functions on [a, b]

and assume that g (~;
b

- x) =g (a;
b

+ x) (xE[ - b~a, b~~]). Then inequality

(0.2) holds.

The result of F. V. ATKINSON(see 54) also follows from the above theorem.

56. In [61] the following generalisation of ANDERSSON'Sresult (see 47)
is proved: If fl' ..., fn are integrable and convex functions on [a, b] such
that fdx)~O, p(x)~O for x;::[a, b], and fk (a) =0 (k= 1,..., n), then inequality

(56.1 )
b b

(J p(X)dXY-l(Jp(X)J;(x).. .f,,(x)dx)
a a

b b

~ M (I p (x)J; (x) dx) . . . (J p (x) fn (x) dx)
a a
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holds, where
b b

(J P
(x) (x-a)n dx)

(I
p (x) dx Y-l

M=
a a

b

(J p (x)(x-a) dx
ra

Equality holds if and only if fk(x)=ck(x-a) (k= 1, ..., n).
Inequality (56.1) for n=2 is sharper than (0.1) but the convexity condi-

tion is added.

57. In paper [62] P. M. VASIC and R. Z. DORE>EVIChave proved the
following two theorems:

Theorem 1. If A = (AI, ..., An) and B = (BI' ..., Bn) are two real sequences
such that

or
AI~... ~An and BI~... ~Bn,

then the following inequality holds

(57.1) Tn (A, B; P);':;Tn-I (A, B; P)

where
n n n n

T (A B' P ) = "
p.

" P.A.B.-" P.A. "P.B.n
"

L..t lL- I IlL, I lL, I I
i~1 i~1 i~1 i~1

and P= (PI, ..., Pn) is a positive sequence.
Equality in (57.1) holds if and only if Ai=An(iEIC{I, ..., n}),

Bj = Bn (jE {l, ..., n}"'-I) while Ai (iE {I, . . . , n}"'-I) and Bj(jEI) are arbitrary.

Theorem 2. If a = (ap ..., an) and b = (bl' ..., bn) are two real sequences
such that

0= al ~ . . . ~ an,

ai-I-2ai+ai+I;':;0
(i = 2, ..., n - 1),

bi-I-2bi+bi+1 ;':;0

then the following inequality is valid

(57.2) Cn (a, b; p);,:; Cn-I (a, b; p),

where

f
n

}

2 n n n n -

Cn (a, b; p) =
U~/i

(i - 1)
i~/i

ai bi - i~/i
(i - I)Z

i~1
Pi ai

i~/i
bi

and p = (PI' ..., Pn) is a positive sequence.
Equality in (57.2) holds !f and only if al = . . . =an, bl = . . . =bn.
Since al = bl = 0, Cz (a, b; p) = 0, from (57.2) we get,

Cn(a, b;P);':;Cn-1 (a, b;p);':;. . . ;':;Cz(a, b;p)=O,
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so that We can write

(57.3)
{

n

}

2 n n n n

j~1
Pj (i - 1)

j~/j ai bj ~
j~/i

(i - 1)2
j~1

Pi aj j~/j
bj.

using the CEBYSEV inequality, we haveSince,
n

2: Pi (i-l)2
i~1 >~

t~o
Pi (i-l)f

=

i~1
Pi'

it may be concluded that inequality (57.3) is sharper than the CEBYSEV inequality,
provided that the conditions of convexity and nonnegativity for the sequences
a and b are added.

58. The following result is a natural extension of inequality (0.5):
If ail...jr and bj,...jr (k=l, ..., r, ik=l, ..., mk) are real functions of
indices i1, ..., ir, then inequality

(58.1)

where the summation is made over all combinations of indices i = (iI' ..., ir)
is valid if

(ail" .ir - ah" .jy) (bil.. .ir -bh" .jr)~O

for every (iI, ..., ir) and
UI"'" jr)'

L. VIETORIS [63] has shown that inequality (58.1) is valid even under other
conditions. Namely, he has shown that (58.1) holds if for every two combi-
nations (il' ... , ir), UP .. . , jr) for which ik -;;,jk (k = 1, .. . , r), ail" .jr -;;,ah' .. ir
is also satisfied.
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