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Editorial Committee

P. M., Vasi¢ and J. D. KeCki¢ [1] have generalized an inequality of Bonr (see, for
example, [2] p. 61 or [3] p. 312)

|z +2,]* < (l+c)|21|2+(1+%)122]2,

where z, and z, are complex numbers and ¢>0. Their statement reads:

Let z,,..., 2z be complex numbers, and p,,...,p, positive numbers. Then, for r>1,

n r n L \r—1 =
zzi é(ZPil_’) ZP;'|Z,']'-
i=1 i i=1

i=1

Since inequality (1) is bas=d on the properties of the function xr>x7(r>1), it is natural
to investigate whether an analogous inequality is valid, if, instead of that function, a more
general function f, which has some, but not all, properties of function x+>x" is considered.

()

In the present paper we shall prove inequality (9) which generalizes (1). We shall also
prove the inequality, complementary to (9).

In further text, z=(z;,..., z,) will denote a complex sequence, p=(p,,...,P,) a posi-
tive sequence, and I the interval [0, + c0).

Theorem 1. Let f be a strictly convex function on I and let

@) f@)=f@fo) @ven; lim 7P=0; tim 9= ¢ w.
—04 ¢ t—>+to0 I
Then
n n 1 n
3 i)|= — i J (%),
@ f(;z X) g(i—l g_l(l’i)>i=1pf( )
where x,cI (i=1,...,n) and g(t)=£(t—tl.

* Presented September 1, 1973 by J. D. KECKIC.
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Proof. From the hypotheses of the theorem it follows directly that f(0)=0

and that function g, defined by g(r)=7"
t

, is increasing for 7>0, It means

that there exists the function g—1, inverse to g. Therefore, since lim g (#)=0 and
t—0+
lim g(f)= + o, we conch.de that equality g(x)=y has a unique solution with

t—>+ o

respect to x for every y>0.
For any convex function f, the inequality

2 i 'Z 4 f o)
* [l o ==

Z q; 2 qi

i=1 i=1

is valid, for arbitrary numbers ¢,>0, y,=0 (i=1,..., n). On the other hand,

having in view the inequality in (2) we have

) (2 am)=1

From (4) and (5) it follows

© (z 0y ) (z q,)zq,f(y.

If we introduce the substitution g,y,=x;(i=1,..., n) and again apply the

inequality in (2), we find

™ f(

i=1 i=1

Let g(i)=pi (i=1,...,n). Then ¢q =
g7 ')

becomes

13 x)=8( 3 —os) Z e
which is, in fact, inequality (3).

ReMArk 1. If conditions (2) are rep'aced by

fa=f) ) wvel); 11m &= +00; lim —f(—t)zo,
—0+ t—>+°o t
inequality
n 1 n
®) f( > x.-)zg( 2 = ) 2 puf(x)
i=1 =1 &P /5

holds for f concave.

(i=1,...

Sl S ) o l)er S ) el 2o

,n) and (7)
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Theorem 2. Let function [ satisfy the conditions of theorem 1. Then, for the sequen-
ces z and p we have

©) (1270)=5(2 5

l n
‘l(Pi)>i=21 p.JS(|z:])-

Proof. From the hypotheses of the theorem it follows directly that f is an
n | n
increasing function, Using the triangle inequality ‘ 2 zi‘ < > |z, from theorem
i=1 i=1
1 it follows

(15 20)=r( 3 1) <8 ( 3 o5 ) S 2 G,

=1

which is, in fact, inequaliy (9).

ReMARK 2. From the proof of theorem 2 it is clear that inequality (9) holds for the elements
of an arbitrary normed vector space. Namely, if V' is a normed vector space with the norm
II-]] and if function f satisfies conditions of theorem 1, then inequality

(HZ%M) (= -_1(1,)) 3wz

is valid, where x,,..., x,&V.

Using the complementary triangle inequality, we may derive a theorem
which corres~onds to the result of remark 1, in the same sen'e in which
theorem 2 corresponds to theorem 1. Namely, we have

Theorem 3. Let the function f satisfy conditions of remark 1 and let f be a
nondecreasing function. Then for the Sequences z and p, we have

(10) f(cléz,-z) (z = ))zp,f<|z,|),

where
1 ™
s (a—eé argz,§a+0, 0<9<3>,
1 .
(11) c={ —(— (ocgargz,-goc+6; 0<9<—;),
max(K—z, cose)
2
+ o (in other cases),

where, owing to the monotony of f, we agree fto take f(+ o0)= + .

Proof. If the substitution x,=|z;| (i=1,...,n) is inroduced in'o (8),
we get

(12) f(é[z,-l) (z ,(’))zp,
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Using the complementary triangle inequality, if C is given by (11) (see
(41, [5), [6]), we find

M:

c|5a= 5 1al,

wherefrom, since f is a nondecreasing functlon, inequality (12) follows.

1

REMARK 3. Inequalities similar to (10) may be obtained for the vectors in HiwperT's and
BaNAcH's space (see [7] and [5]).

In the case when f(¢)=1¢"(r> 1) inequality (9) is reduced to (1.1) from {1].

If g (i 41 : )=1 inequality (9) becomes
i=1 & (»)

déﬁ0§émﬂWL

which for f(t)=1t"(r>1) yields inequality (1.7) from [1].
If substitution p,=g(n) (i=1,..., n) is introduced into (9), we get

@zz0<ﬂn(”zfﬂﬂ)

The above inequality holds for all functions f sa‘isfying conditions of theorem 1,
and reduces to (1.8) from [1], when f(¢)=t"(r>1).

REMARK 4. Similarly to the proof of theorem 1, the inequality
b

T E=— v

a

may be proved, where p(x)>0, x&[a, b], and where f satisfies conditions of theorem 1. (In
this case g is an arbitrary nonnegative function on [a, b], a=0).

We shall now prove some theorems regarding the lower bound of the
expression f ( Z x,.) in (3), i.e. the lower bound of f (} >z ]) in (9). Thus, in
i=1
the following theorem we give complementary inequalities | for the above mentioned
inequality.

Theorem 4. Let the function f satisfy conditions of theorem 1. Then, for the real

Sequence p, for which g—! L >1,
Pi

(13) ip,.f(x,.)gf( 5 x,.> (LEIGi=1,..., n).
i=1 i=1

Proof. Since f(0)=0, in virtue of an inequality due to M. PETROVIC (see
(2) in [8]), we have Z qif(yi)gf( i 9 yi)’ where ¢;=1, y;20(@=1,..., n).

i=1 i=1
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Furthermore, after substitution x;=gq;y, we get

25z 50 G20 g@»f( )i

n

i§<Mfﬁj—— S/

&) ;3 g(q,)

If substitution ' = p; is introduced into preceding inequality, (13) is

&g
obtained, and thereby \he theorem is proved.
A direct consequence of theorem 4 is

Theorem 5. Let the function f satisfy conditions of theorem 1, Let p be real

i) =1. Then

Sequence such that g—l(
Pi

a9 oS arahss (|5 al)se( 5 ) S esdab,

where C is defined by (11).
We shall prove only the left-hand side of (14).
If substitution x;=|z,| (/=1,..., n) is introduced into (13), we get

:zl p,-f(]Z:l)éf(é |z,~y>§f(C}él z,.|)§f(C)f<’i:zl z,.|),

wherefrom (14) follows.

ReEMARK 5, Inequalities similar to (13) and (14) may be obtained for concave functions as well
as for vectors of HILBERT’s, or BANACH’s space.

Examrres. Conditions of theorem 1 are fulfilled, for example, by the function t— f(#)=

t
=17 exp t—(r>1, s>0). In this case inequality (9) becomes
+8

n r i n 1 |zi|
15) > z;| exp =4 z A7z Texp + ,
i=1 ‘ n i=1 SC,‘—-}-I S+!Zi1
S$ -+ z Zj
‘i:l
n
n r—1 zl €i
where A=( Z c,-) exp% and ¢; (i=1,..., n) are positive numbers.
= S+ Z C;
i—=1
In the case when s=1, ¢,=--- =¢,=1 inequality (15) becomes
n
< | 121 Z" “ | zi]
Z z;| exp—————<nr- 1exp( ) Z |z;]" exp AN
i1 r —1 1+]z]
2. %
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Again, if we take s=n, ¢,=--- =c, =1 inequality (15) becomes
3
n r Z i n
i=1 11 |z
z; eXp—————=n""texp | —+— Z | zi| T exp —
e n n+l 2/).5 n+|z|
n+ Z Zi
i=1
Setting s=1, ¢;,=--+=¢,=— into (15), we get
n
n
n r z Z,' 1 n [ l
i=1 n z;
> zi| exp ! <n -lexp (-+—) > lzlTexp ——.
= n+l 2/,5 1+]|z
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