PUBLIKACIJE ELEKTROTEHNICKOG FAKULTETA UNIVERZITETA U BEOGRADU
PUBLICATIONS DE LA FACULTE D’ELECTROTECHNIQUE DE L'UNIVERSITE A BELGRADE

SERIJA: MATEMATIKAIFIZIKA — SERIE: MATHEMATIQUES ETPHYSIQUE

Ne 412 — Ne 460 (1973)

444, ON ENUMERATION OF CERTAIN TYPES OF SEQUENCES*¥
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1. Introduction

In this paper we shall consider a problem, known in literature (see [1]),
but with a different approach, which will lead to some special results, Primarily,
we shall define the problem in the same way as in the original paper.

Let n be a fixed positive integer and let f;(n) denote the number of
sequences of nonnegative integers

(1.1) (@, ..., a,,
such that
(1.2) la,—a;, |=1 @i=1,...,n—1)
and
(1.3) a,=j.
Also let f; . (n) denote the number of sequences (1.1), that satisfy (1.2) and
(1.4) a, =j, a,=k.
Next, let g ) denote the number of sequences (1.1) satisfying (1.3) and
(1.5) la,—a,, | =1 i=1,...,n—1);

let g;, (n) denote the number of sequences (1.1), that satisfy (1.4) and (1.5).
Now, we shall quote the main results from [1].

We have
‘ k—j\{ n+k—2j
(16 f"("“)zzék(‘”’( j )([(n+k—21‘)/2]>
or
fe(n+1)=2n, O<n=<k,
(1.7

Joexm+1H)=2"—P,(n), O0<k=n,

* Presented June 10, 1973 by L. CarLmtz.
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where P, (n) is defined as
klyn n klip
(1.8) Pu=23 ("), Puno=(} )2 3 (7).
=0 j=0\J

The corresponding result for f; , (n) is given by

j—s n+j—2s n+j—2s
éﬁ'”( s ){((nﬂv-f—kazs)/z)'((n+j—k—2s—2)/2)}’
(1.9) fix(n+ 1= n=j+k (mod 2)
0, n=j+k+1(mod2).

Next, the coefficients ¢ (m, k) have been introduced by means of the gene-
rating function
(1.10) (1 +x+x)m= D c(m, k) x¥,
k=0
where m is an arbitrary integer. The result for g;(n) is:

k
(1.11) g+ )= 2 c(—j—1, k—=pfc(n+j, n+j)re(m+j, n+j+1)};

Jj=0
also, corresponding to (1.7), formulas

& (n+1)=3" O<k<n,
(1.12)
8n—x (n+ 1):3n_Qk (n)9 O_S_kén,

have been given, where Q,(n)=0, Q,(m)=1 and

k—1

(1.13) Qk+1(n+1)=é(n, k) +2 é,c("’ 7-

And at last we arrive at
j
(1.14) g, (m+1)=2 c(—s—1, j—9) {c(n+s,n+s—k)—c(n+s,n+s—k—2)}
5=0 )
In this paper we shall derive the expressions for all the above functions,

and we shall also give generating functions for them. As a consequence of the
way of solving the above problem, we shall obtain some combinatorial identities.

2. Formulation of the problem in the graph theory

Consider a labelled chain G, of the length m (this is a connected graph
with m vertices, two of which being of degree 1 and others of degree 2), where
m=n-j+p(p=0). The vertices of G, are labelled in natural manner starting
from 0 in one end-point and finishing at m—1 in the other one.
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It is easy to see that the number of walks of length n—1 in G, starting in
the vertex j is equal to f;(n). f,x(n) is, in accordance with the stated, the
number of such walks but between vertices j and k.

For g;(n) and g, , (n) the foregoing holds, too, but, instead of G,, the
graph G,, obtained from G, by adding a loop to each of vertices of G,, is con-
sidered.

It is well known that the element at the place (j, k) of the n-th power
of the adjacency matrix of a grarh G is equal to the number of walks of length
n in G starting from the vertex j and terminating in the vertex k.

If we correspond the vertex labelled by i—1(G=1,2,...,m), to the j-th
row (or column) of the adjacency matrix, we get

S (n+ 1) =af?1, k1. Jf(n+ 1)=gaj('?1, k+1s
@2.1) * ‘
gj,k(n + 1) =aj(':-)1,k+19 gj(n + 1) =%:ai(—:)l,k+l

1'5;,’,’1,”, A and A being adjacency matrices of G,

where 47~ |[a%’,|| and A=
and G, respectively.

The adjacency matrix 4 of an undirected graph (having m vertices) is
symmetric and so there exists the system of eigenvectors u,,..., u, belonging
to eigenvalues 2,..., A, of 4, such that each eigenvector is orthogonal to each
other, If these vectors are normalized, so that their moduli are equal to 1, the
matrix U =||u;- - -u,||, whose columns are the mentioned eigenvectors, satisfies
the relation 4=U A U~!, where A is a diagonal matrix with diagonal elements

Ays--+s Ay Since the matrix U is orthogonal (i.e U~1=UT), we have 4x=U A*UT.
If we take U=||u;|| (i.e. eigenvector u, has the components u,), we get
m
(2.2) a 5}“ =2 uy uy MK,
=1
It is known that eigenvalues of a chain of length m are given by
(2.3) N=200s T (i=1,..., m),
m+1
while
2 . ij .. ‘
2.4) ui]=\/zﬁsm ,i,]fl G j=1,...,m)

represents the corresponding eigenvectors (see, for example, [2]).

3. Determination of f; , (n), g;, . (1), f;(n), g; (n)

3.1. We shall now deduce a formula for f, , (n). From (2.1), using (2.2), (2.3)
and (2.4), we arrive at

ntj+p+1 .

(3.1 fo,r)=—>2 """ sin UrDIT in G Dim
, n+jrp+2 5 n+jrp+2 n+j+p+2
x(2cos_l_”_)".

n+j+p+2

11 Publikacije Elektrotehnitkog fakulteta



162 D. M. Cvetkovi¢ and S. K. Simié¢

Since p is an arbitrary nonnegative integer, it is of interest to take p— + oo,
Then from (3.1) it follows:
(3.2) finr =1 f sin (j+ 1) xsin (k + 1) x (2 cos x)* dx.

T

—T

It is easy to show by the calculus of residues that integral (3.2) is equal to

f( n )—( .n ), n=j-+k(mod 2)
(B3 fuy 1)={ (n—j+ 02 \(—i—k—2)2
0, n=j+k+1 (mod?2).

3.2. Now, we shall repeat the above procedure for the function g;, (n). We
have obviously,

n+j+p+1 . .
2 ) sin (+Dlw sin k+Diw

n+j+p+2 5 n+j+p+2 n+j+p+2

34  Gum+1)=

x(2cos———lL— + l)n -1 f sin(j+4 1) xsin(k+ 1) x (2cos x+ 1) dx
n+j+p+2 b

and

(3.5) g+ D=cm,nt+j—ky—cmn—j—k—2).

3.3. Formulas for f;(n) and g;(n) are direct consequences of the former ones.

Using formulas (2.1) and (3.3) (or(3.5)) it is easy to obtain the results (1.7)

(or (1.12)) from [1].

3.4. From formulas (3.4) and (3.1) we can obtain easily

(.6 g0+ =3 (1) 5.0+ D).

From (3.6) and (2.1) we can get
G.7) gj(n+1)=zo( ") 4@+,

The inversion of (3.6) and (3.7) is of less importance and it follows from
the same formulas as (3.6) and (3.7), by the simple derivation. We have

(3.8) s =3 (=15 ) Q4 )
1=0
and

(3.9 fat=3 (7 g (4.
I1=0



On enumeration of certain types of sequences 163

4. Generating functions

4.1. In the natural way we can define the generating function for f, , (n) (j and
k are fixed) as

(4.1) 1y (l)=n§1 Sik (@) tn.

Substituting the result (3.2) in (4.1), we get

k4

“.2) Fa== |

-7t

sin (j+ 1D xsin(k-+x 1
GeDxsimn®+ DY ge i< L,
1—2¢cosx 2

By the aid of calculus of residues it follows

witk+3 gl j—k| 41 1—Y1-4¢
*.3) Byl == ( -=h=).

4.2. Similarly, for the generating function corresponding to f;(n) we have

4.4) F(n=2 [
Using (2.1), (4.4) and (4.3) we can get

wit2—y ( 1—/1=4 tz)

(45) F} (t) = (u—1)

4.3. If we define G, , (t) and G;(¢) in the same manner as F,,(f) and F, (1),
we can get from the definition of G, , (f) and (3.5) the result corresponding
to (4.2)

k1

(4.6) Gj,k(t)':—t‘ f sin(f+1)xsin(k+1)xdx’ 1] <_;_.
k17

1—r—2tcosx
—T

From (4.6) it can be easily seen, that

@7 G ) =Fri(55);
and
(4.8) G, (1) =F, (i_%)

5. Combinatorial identities

On the basis of direct comparicon of the corresponding results (see (1.9)
(3.3), (1.14), (3.35)), we can get the following identities:

5] | |
-1 s=0 (=1 ( ]:s ) {( (n -:;ijk——zzss)/z)— ((n +,~fzj__zzf_z)/2 )}

n n
=3 — f E. d ,
((”+f—k)/2) ((n+j+k+2)/2)’ or n=j+k(mod2)

11*
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j
(5.2) 2 c(—s—1,j—s){c(n+s, n+s—k)—c(@n+s, n+s—k—2))
=c(m, n+j—ky—cm,n+j+k+2).
In order to escape the condition with congruency in (5.1), we can modify
(5.1) in the following way

i

2
5.3 1y j—s) {(2(1——s)+k)_(2(l—s)+k)}=(21+k—j)_(21+k—j),
¢-3) .ZO( ) ( K} l—s I—s—1 I I+k+1
but then the similarity between (5.1) and (5.2) is lost,

REMARK. Some other identities can be obtained in the similar way but we shall not deal
with them in the present paper.
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