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443. INEQUALITIES FOR THE TRIANGLE*

Mirko Jovanovic

Theorem 1. For the triangle the following inequality
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holds, with equality if and only if the triangle is equilateral.

Proof. Let a triangle ABC be given, and let me = CCr. From triangles
ACCr and BCCr we have respectively

Therefrom
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Analogously to inequality (2) we have
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On the basis of (2) and (3)

2.2: ma ~cos~+cos~+cos-'L.
b+c 2 2 2

Since ([1])

(5)

and

cos ~ + cos ~ + cos -'L~ sin IX+ sin ~ + sin y222

1.e.,

(6) sin IX+ sin ~ + sin y ~ 3.! vI,
R

we get the required inequality.

* Presented June 23. 1973 by O. BOTTEMAand R. R. JANIe.
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Theorem 2. The following inequality
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holds, with equality only for an equilateral triangle.

Proof. From (2) we have

2me~ (a+ b) cos -~ ~ m/ ~ab cos2~
2 2

I.e.,
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Analogously we get
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From (7) and (8) we have
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Since
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from (9) we obtain the requested inequality.

Theorem 3.
(mbmY + (memY + (mamb)2 ~ rs2 (4R + r).

Equality holds if and only if the triangle is equilateral.

Proof. Since
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and

we obtain

Similarly
m/~s(s-c).

Therefore
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Similarly, we get

(12)

Adding (11) and (12)

2: (mbmJ2~Fs(ra+ rb+ rJ = rs2 (4R + r).
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Theorem 4.

with equality if and only if the triangle is equilateral.

Proof. This inequality is equivalent to
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Start with the function

f(x)=~ (m, n, x>O).
mx+n

(14)

Since

flf(x)=~mn <0,
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function f, gIven by (14) is concave, so that
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Putting in (15)
inequality (13).

Theorem 5.

we get

Equality holds only for an equilateral triangle.

Proof. Since

we have
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Adding up
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inequalities (17) and
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(18) we get
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