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443, INEQUALITIES FOR THE TRIANGLE*

Mirko Jovanovié¢

Theorem 1. For the triangle the following inequality

mg  my  me 343 r

1) b+c c¢+a a+b— 2 R

holds, with equality if and only if the triangle is equilateral.

Proof. Let a triangle ABC be given, and let m,=CC,. From triangles
ACC, and BCC; we have respectively

Rsiny  m, Rsiny  m,
sin X ACC, sino ’ sin XBCC, sinf )
Therefrom
sin+y (sin o + sinf) R _sin LACC, +sin L BCC, =2 sin—;-
me
or ,
2 2 > cos X
a+b 2

Analogously to inequality (2) we have

3) 2ﬂgcos—m«, 2m”;cosg.
b+c 2 ct+a 2
On the basis of (2) and (3)
4 2 ﬁl_z © E l.
4) zbﬂ~cosz+cosz+cos2
Since ([1])
%) cos%—kcosg-kcos%gsinoﬂ—sinB+siny
and
at+bt+cz6r/3,
ie.,
6) sinoc+sin(3+sinyg3—}%\/§,

we get the required inequality.
* Presented June 23, 1973 by O. BorremMa and R. R, JANIC.
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Theorem 2. The following inequality

3 1 1 1
V3 Zz—ft—+

F o omyme  mem, mymy
ho'lds, with equality only for an equilateral triangle.
Proof. From (2) we have
2m,=(a+ b)cos % > ml2zab coszg

ie.,
™) Jier=Yr

Analogously we get

«_ F to B o VF
®) \/tg72 e \/tg—ig
From (7) and (8) we have
B 2 X
Since

(10) (ng ) <3Ztg tgL=3,
from (9) we obtain the requested inequality.

Theorem 3.
(mym,)? + (m,m,)? + (m,my)> = rs® (4R +r).

Equality holds if and only if the trianglé is equilateral.
Proof. Since

2+ a* 22 +c)—a?

mp? = ——= ,
4 2 4 4
and
b*+c2=2bc,
we obtain
mz2zs(s—a).
Similarly
my2=s(s-—b), m2zs(s—c).
Therefore
(11) mim?2zs?(s—b) (s—c)=F2—— ~=For.
Similarly, we get
(12) m2m,? z Fsry, mz2my2 = Fsr,.

Adding (11) and (12)
2 (mym)2 = Fs(r,+r,~r)=rs>(4R+7).
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Theorem 4. 2
P}
me + mc2
with equality if and only if the triangle is equilateral.
Proof. This inequality is equivalent to
1 b4cr\t
13 I+— -} =2
(13) S(ty )
Start with the function
(14) fx)=—>— (m, n, x>0).
mx-+n
Since
fII (x):;Zmn <0’
(mx+n)
function f, given by (14) is concave, so that
3 1 n -1
(15) >— §3(m—|—3;1m-3) :
i=lm+—
Xi
Putting in (15) m=3, n=a’>+b*>+c% x,=a% x,=b% x;=c®> we get
inequality (13).
Theorem 5.
Z _bz'I'_cz =>8.
w,?
Equality holds only for an equilateral triangle.
Proof. Since v
cosl:&(iJri)%—z—w—c,
2\a b a+b
we have
2
(16) ﬂngecl = @7 gsec2 X
w, 2 w2 2
From 2 (a?+ 6% =z (a+ b)? it follows
2 2
an ﬂngeczl.
w2 2
Similarly
2 2 2 2
(18) BHe s asecr®, CHA S ogec2 B
W, 2 wp? 2
Adding up inequalities (17) and (18) we get
2 2
Zﬁt—b;ZZ secZ%g&
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