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414. CEBYSEV INEQUALITY FOR CONVEX SETS*

Petar M. Vasi¢ and Radosav Z. Dordevié

Theorem 1. If A=(A,, ..., A,) and B=(B,, ..., B,) are two real sequences
such that

A=z---zA, and B, =z-..-=B,
or

A <-- <A, and B,<---<B,,
then the following inequality holds
(1) T,(4, B; P)=T,_, (4, B; P)

where
T,(4, B; P)= ZPi ZPiAiBi* ZPiAizPiBi
i i—1 i1 i=1

i=1 i

and P=(P,, ..., P,) is a positive sequence.
Equality in (1) holds if and only if A;=A,(<IC{l, ..., n}),
B,=B,(j<{1, ..., m}\I) while A;(i<{1, ..., n}\I) and B;(jCI) are arbitrary.

Proof. The statement of the Theorem 1 follows immediately from the
following identity

T,(4, B, P)~T, (4, B; P)= S P, S P, 4,8~ 5 P.4,5 PB,
i i=1 i=1 i=1

i=1 i

~1 n—1 n—1 n—1
'S PSP ABA S PAS PB
=1 i1 i=1 i=1
n—1 n-1
:<Pn+ > 'Pi) <PnAan+ > PiAiBi>
=1 i=1
n—1 n—1
*(PnAn’Jr > PiAi) (Pan+ > -PiBi)
= , i=1 /
n—1 n—1 n—1 n—1
~'S PS5 PAB+ > P4, > PiB,
i=1 =1 i=1 i=1

* Presented May 5, 1973 by D. S. MITRINOVIC.
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n—1 n—1 n—1 n—1
=Pn<z P;A4;B;— Z P, A;B,+ ZPiAan—' 2 PiAnBi>
i

=1 i=1 i=1 i=1
n—1
=P, 2 P, (Ai—An) (B;— B,).
i=1

Remark 1. The proof of Theorem 1 is analogous to the proof of inequality 3.2.28 in [1].
Inequality 3.2.28 is a particular case of inequality (1) (for P,=---=P,=1).

ReMARK 2. Since T;(A4, B; P)=0 and
Tn(A’ B; P)ng—l(A: B; Py=-. 'ng(AQ B; P)=0,
we have )

@ > P Pid; Z B;=0.
i i=1 i-

Inequality (2) is the well-known CEBY§EV inequality.

T [\/1:

Theorem 2. If a=(a,, ..., a,) and b=(b,, ..., b,) are two real sequences
such that

0=a1§---§a 0=b1§...§b’”
—2a;+a,,,=0
(=2, ..., n=1),
b,_,—2b,+b; ,=0
then the following znequalzty is valid
(3) C.(a b;p)2C,_,(a, b; p),

where
G bp={En-0} Srab-$ne17 3 pad s
and p=(p,, ..., P,) is a positive sequence.
Equality in (3) holds if and only if a,=---=a,, bj=---=b,.
Proof. On the basis of
1—2a,+a;,,,20 (i=2, ..., k—1; 3=skzn)

we have
(—1)(@_,—28;+a,)20 (=2, ..., k=1; 3=<ksn)
and
k=1
> G-1) (@_;—-2a+a.,,)
i=2
. =a+k-3a_,—-2k-2)a,_,+k-1)a, =0,
Le.,
k> %1 B=k<n).
k—1 k-2
Similarly,
_b_k_;bk" (B=kzn).
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a b
Therefore, the sequences ( r ) and ( r ) are nondecrea-
Fr—Lrem,..0sn F—1/r=2,...,n

sing and nonnegative and consequently ((—"’I;—’)Z) is nondecreasing.
r— =2, 00
If we put ’
, , 1 b; .
P=p,(i—1), A=i—1, B,.=(i“_1')2 (=2, ..., n
and P,=A,= B, =0, we have from (1)
n . n n . n b
C)) Zpi(l—l)zpiaibi_zpi(l—l)zzpi.at ‘
i=2 i=2 i=2 iz i1

a,b-

n—1 n—1 n—1 n—1
2> pG-1) > piab— Y p(i—1)* 3 p o,
i=2 i=2 i=2 iy -1

since P;, 4;, B, satisfy the conditions of Theorem 1.

Similatly, for

P,'=Pi(i—1), Ai=”aL’ B, =- (=2, ..., n
i—1 i—1
and P, =A4, =B, =0 we obtain from (1)
n . n b n n
) Sp—1) 3P pia > pib,
i=2 P S e e i=2

,b n—1 —1
Zp,(l—l)Zp,fl L zpl Zpibi'
- =2
By combining inequalities (4) and (5), we get

n 2 n n n n
(6) [zpi(i_l)} > pia;b— zpi(i_l)z > pia; > pib;
i=2 i=2 i=2 i=2 i=2

g

n n—1 n—1 B,
(z—l)zp,(z—nzp,ab PIACHPNACEDN s
i i=2 i=2 I

IIM=

+zp,<z—1>zzp,(z—1>zp,f"_ ip,(z—l) zp,aizpi
n—1 n—1 n—1
={p,,(n—1)+ zp,-(f-—n] S pG-1'S pab,
i=2 i=2 i=2

—[p,,(n~1)—|—n§p,-(i—1)} S piG- 1 zp,_—
i=2 -

n—1 . n—1 . n—1 ibi
+[p,,(n-— +'S G- 1)2} S pG-1 5 52
i=2 i=2 i -

2%
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- {Pn (n— 1)24"’.1211’; (- 1)2] "lill’i a; iiilpi b;
n—1 —

={2P,(l—1)] zpz iYi zpt(lwl)z sz zzpl i
i=2 i—2

+pn(n*1)2{zp(l—l)zpt i1 Y‘patsz ]

=[S p= DS piab= S pi G185 5 2]
i=2 i=2 i=2 i=2 i—1

Since, according to the CEBYSEV inequality

Zp,(l—l)zp,_ ZP, tsz

and
n—1 . n—1 n—1 . n—1 aib-
> pi(-1 > p;a;b— > pi(i-1) 21’;,—’20,
i=2 i=2 i—2 i—2 i—1

it follows from (6)

n 2 n n n n
(7 [zpi(i“l)} zpiaibi‘zpi(i—l)zzpiaizpibi
i=2 i=2 i—2 i=2 i=2

n—1

n—1 2n-1 n—1 n—1
2{21’;‘(1'—1)} Zpiaibi‘zpi(i”l)zzpiai 2 Pib;
i=2 i=2 i=2 i=2 i=2

Since a,=b,=0, C,(a, b; p)=0, from (7) we get

8) C,(@ b;p)=C,_,(a, b;p)=---=C,(a, b; p)=0,
so that we can write
n 2 n n n n
©) [zp,.(i—l)} SpabzSpG-12S pa S b
i=1 i=1 i=1 i=1 i=1

Since, using the CEBYSEV inequality, we have

M:

pi(i—1y

[ (l__l)} > pi
= i=1

it may be concluded that inequality (9) is sharper than the CeBYSEV inequality,
provided that the conditions of convexity and nonnegativity for the sequences
a and b are added.
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