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383. A REMARK ON THE SCHWEITZER AND KANTOROVICH
INEQUALITIES*

Alexandru LupagV

In 1914 P. ScHWEITZER proved the following theorem: If {a, ..., a,}
is a set of real numbers with the property

O<m=z=ag =M k=1,..., n),
then
1z 121\ _(M+m)y

1 — =5 )=,
o (”kglak)("kgl”k)— 4Mm

In [4] (see also [3]) G. P6éLyA and G. SzeGO have obtained the follo-
wing generalization: If {4,,..., 4,}, {B,,..., B,} are real numbers which
verify

O<m <A, =M, O<m,=B., =M, k=1,..., n),

then

(nzAkz)(in) MM m,mz2
k=1 k=1

(2) m, mz M, .
n 2
k=1

2

Then they showed that the eq'uality is attained in (2) if and only if the
following conditions are simultaneously fulfilled:

M, M,
I o m n :=_f2_.__n
A #

m,= m, m, m,

are natural numbers.

* Presented November 15, 1971 by D. S. MITrRINOVIC.
) This paper was partially supported by the Alexander von Humboldt Foundation,
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14 A. Lupag

II. o« of the numbers A4, ..., A4, are equal to m,, and § of these num-
bers equal to M,, and if the corresponding numbers B, are equal to M,
and m, respectively.

It A ~\a, Boi=—r-r M,:=\M, m:=~m My —--

Vay, Vi

mZ::]/_lﬁ’ then (2) is the same inequality as (1). On the other hand in
this case

n
a=03=—
B 2

such that for n=2p + 1 the SCHWEITZER’s result does not give the best bound, ta-
king into account that in (1) the equality is not attained (except some trivial
situations as:m=aq,=M=1, k=1, ..., n).

The object of this note is to improve SCHWEITZER’S inequality.

Theorem 1 If {a,, ..., a,} is a set of reul numbers with

" O<m=aq=M k=1, ... n),

then
n ] : %M na 1] N([r+1] .0 [0,
(kzlak>(kzlaik)g([ ] +[ ‘2 ]M?n([ 2 ] +[2] )

where the symbol -] denotes the integral part.

The equality is attained if %] of the numbers a,, ..., a, are equal to
m (or to M) and if [nzj] of these numbers are equal to M (or to m).

Proof. It is stated in [1] (see also 3.2.26, page 205 in [3]) that if
{4,, ..., 4.}, {B,, ..., B} are real numbers with

mléAk_S_Mly m2§Bk§M2 (k=1,.._;,n),

then
n_‘ 1 n n
S ABi—— > A 3 B | (M —m,) (M,—my)w(n)
k=1 et k=1 ‘
where
n
— for n even,
4
w(n) = .
for n odd.
4n
If we take
Ay =a,>0, B =i, M:=M, m=m M,: =l, my,: -1 ,
ay m M

then from the above inequality we obtain

k=1 k=1%
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where
0, for n even

g =y M—my for » odd.
4 Mm
An easy computation shows that
(P (5 5] )
(M+my*>_, 2 2 2 2
S g ()=
4 Mm Mm

and the theorem is proved.

In [2] P. Henrict showed that the KANTOROVICH’s inequality

z | (M +m)?
(kzl akpk) ( 2 _pk> = 4 Mm

k=1 %
O<m=a, =M, p.=0, > p=1 (k=1,...,n),
k=1

is a simple consequence of SCHWEITZER’s inequality (1).

By using the same method of proof which is described in [2], from the above
theorem we obtain the following improvement of KANTOROVICH’s result.

Theorem 2. Let {p,, ...,p,} and {a,, ..., a,} be real numbers which verify

n
220, 3> p=1, O<mz=aq=M (k=1,...,n).
k=1
Then

a3 LTI 51

SN a =
kPr Z a Pr Monn?

R s
k=1 k=1 %k
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