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334. SOME ADDITIONS TO KAMKE'S TREATlSE*

A. M. EWnskil and J. D. Keekic

1. We give a list of second order linear differential equations with their gene-
ral solutions in closed form. None of these equations appears in KAMKE'Sbook [1].

In what follows C1 and C2 denote arbitrary constants.

1° x4y" +xy' +y=O.

- ( 2-) (C C J
exp(1{2x2)

d )y- x- 1 + 2 x .x 1-2x+x2

2° x4y" + (X3+ X2)y'_(X2_X + 2)y = O.
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y=C1xeX +C2(x+3)e-X-

3° x4y" -xy' + y = O.

y= (X

l -x )(Cl +C2 Jexp(1/2x2)
dx ) .

x2+2x+1

4° x4y" _(X3 +x)y' + (X3+ 3)y = O.

y = x exp( -1/2x2) (C1 + C2 J eXp(;2x2)
dX).

50 x4Y"_(X2_X3)y'-(x2+x+2)y=O.

2 1
-- -

y=C1xe x+C2(x-3)ex.
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y=xe2X( C1 +C2 JeXP(~l{X)
dX).

7° x4y" +(1-2x2)y=O.
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go 4x4y" _4x3y' + (4X2 + 2x-l)y = O.

y=x exp( -1/2X)( C1 +C2 Jexp~jx)
dX).

va va
y=C1(vax-x2)e x + C2hlax+x2)e -x.

10° x4y"+(a2-6x2)y=0, with a:;l:O.

y = C1 [~ x2 cos ( : + C 2)+ ( 1- 3;2) sin ( : + C2)] .

11° xSy" +X2y' +(1-2x)y=0.

12° xSy" +x4y' + (2X3+x2-4x-l)y = O.

y=x exp(I/2x2) (Cl + C2 Jexp (_1
;::X) dX).

13° xSy"-x2y' +(2x+ l)y=O.

t

f f ( 1 2 )
J

--
exp -+-

y = xe xCI + C 2 ~:
x

dx .

14° x5y" +(-2x4+X3+X2)y' +(2x3-x2-4x-l)y=0.

y =x exp(I/2x2) (Ct + C2 Jexp( -~:22X) dX).

15° (-3x5 +X4)y" + (4X2_9x3)y' + (9x2-10x + 3)y= O.

~
(C + C r

exp (2jx) (1-3x)2
d )y =xeX 1 2 X .

. x'

16° (XS_2X4)y" + (4x'-3x2)y' + (-4X2 + 6x-l)y= O.

~
(c C

J

~

x-3/S exp(-lj2x)
d )y = xeX 1 + 2 4 X .

(2-x) y2-x

17° x6y" _4x3y' + (6x2 + 4)y = O.
y = exp( -1/x2) (C1x + C2).

18° x6y" +4x3y' + (4-6x=)y= O.



Some additions to Kamke's treatise 41

19° x6y"-2ax3y' +(2ax2+a2)y=0.

y=xexp(a/2x2)
{
Clch(ya/x)+C2Sh(Yf1/X) for a>O,
Clcos(y-a/x)+C2sin(..J a/x) fora<O.

20° x6y" +xSy'-(x4+a)y=0.

y=
{
Clxcos(y-a/2x2) +C2x sin (..J -a/2x2) for a<O,
Clx ch(y-a/2x2)+C2xsh{y-a/2x2) for a>O.

21° x6y" +x2Y'_(X2+3x+ l)y=O.

( 1 + 3X2
) ( J 1 ( 1 + 6X2

) )y=xexp - Cl+C2 -exp -- dx .
3X3 X2 3X2

22° 4x6y" -(8xS + 4X3)y' + (8x4 + 4X2+ l)y = O.

y=x2eXP(-1/4x2)(Cl exp : .Jf+C2exp-: .Jf).
23° x9y" + (X4_XS)y' + (3x4-x3-l)y = O.

y=x exp( -1/3x3) (Cl +C2 J~2
exp C;;::) dX).

24° x9y" +(XS+X4)y' + (1-x3-3x4)y =0.

y = x exp(1/3x3) (CI + C2 J~ exp (3-4X )dx ).
X2 12x'

2. Since the general solution of the differential equation

(1) j2Fy" -(2fI'F + j2F')y' + (21'2F +ff'F' -ff"F)y=O

is given by

(2)

where Cl, C2 are arbitrary constants, then starting with the solution (2) and
taking particular forms for f and F, one can always construct an equation of
the form (1) so that (2) is its general solution.

(Naturally, one cannot write an arbitrary linear differential equation of
second order

Ay" +By' +Cy=O

in the form (1), since one first has to solve the same differential equation

Af" +BI' +Cf=O,

in order to obtain f which appears in (1).)

However, taking

f(x) = P(x) exp (Q(x», F(x) = Sex) exp (R(x»,

where P, Q, R, S are rational functions, the coefficients of equation (1) will
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always be polynomials in x. This is the case with the above equations. The
only exception is equation 16, but again it is not difficult to see that sometimes
if P, Q, R, S are algebraic functions one can also arrive at an equation whose
coefficients are polynomials.

For example, let
Qx+b 1P(x) = xP, Q(x)=kxtl, R(x)= and S(x)= .

cx2+dx+fAx2+Bx+C

Equation (1) then becomes

x2p(Ax2 +Bx+C) (ex2 +dx+ f)2y" - {2(pXP-l +kqxp+q-l)(Ax2 +Bx+ C)

x (ex2 +dx+ f)2 +x2p(Ax2 +Bx+ C) [a(ex2 +dx+ j)-(2ex + d) (ax + b)]

-x2p(2Ax+B)(ex2 +dx+ jf}y' + {2(pXP-l +kqxp+q-l)2(Ax2 +Bx+C)

x (ex2+dx+ f)2+Xp(pXP-l + kqxp+q-l) (Ax2 +Bx+ C)[a(ex2+dx+ f)

-(2ex + d)(ax + b)] -xP(pXP-l + kqxp+q-l) (2Ax +B) (ex2 + dx + /)2

-xP[p(P-l)XP-2 + (2kpq + kq2_kq)xp+q-2 + k2q2 Xp+2q-2]

x (Ax2+Bx+C) (ex2+dx+ f)2Jy =0,

and it contains equations 4, 6, 8, 11, 12, 13, 14, 17 and 18 from the above
list, as well as equations 2.47, 2.50, 2.136, 2.181, 2.202, 2.347a, 2.349a, 2.351,
2.404 and 2.405 from [1].

In the same way it is possible to construct an equation which will con-
tain all the above equations (and many more equations from [1]) as special
cases. That equation and its solution would be too complicated to be of use.
Indeed, even the above simple example contains 11 arbitrary constants.

Remark. We have heard later from A. M. EisINSKIlthat A. M. MIKENBERGand A. M. Ei-
SINSKIl[3] considered the following differential equation

s'ry" -r(rs" + 2r's')y' + (-r"s'r + 2r'2s' + s"r'r) y+ r3s'3
q) (:) = 0,(3)

where s, r, q) are sufficiently differentiable functions, stating that the substitution
y=r(x)K(s(x» reduces it to an integrable form.

Put q)
(:)=0, r=f, s'=F. We obtain a differential equation wich differs from (1) only

in the coefficient of y". In order to examine why these equations differ in the first coeffi-
cient apply the transformation y = rex) K (s(x» to the differential equation

s'yay" -r(rs" +2r's')y' + (-r"s'r + 2r'2s' + s"r'r)y + r3s'3 q) (:) = 0,

to obtain

which shows that the only possible value of Q is Q= 2. Therefore, owing to a misprint, equa-
tion (3) is not correct.
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*
* *

Part 1 of this paper is due to A. M. EiSINSKIi, and Part 2 to J. D. KEC-
KIC. They were unified and written in this form as a result of a suggestion of
Professor D. S. MITRINOYIC,for which the authors thank him.
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