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325. ON AN INEQUALITY INVOLVING SYMMETRIC FUNCTIONS*

Behdzet Mesihovic

Inequality (1) was proposed in, 1968 at a Student's Competition in Hungary.
Professor D. S. MITRINOVIC has drawn my attention to it and has sug-
gested to me to generalize it. Realization of his advice is the subject of this
paper.

nonnegative numbers ai, . . . , an we haveFor any

(I)
n n n n

(n-I) 2ain+nTIai> 2at-12ai.
i=1 i~1 i=1 i~1

In order to prove (I), we shall find it convenient to introduce the fol-
lowing notations:

r

S~= 2ain,
i=1

r

S;k= 2ain,
i=1
i#k

r

Pr = n ai,
i~1

Pr,k= fI ai,
i=1
i#k

and to prove the following Lemma:

For all natural numbers rand n we hawe
r(r-I)S;+1 + S;-1 (Sr)2;;;;2(r-I)S; Sr+ S;-1 S;.

Proof of (2). Suppose that (2) holds for any r nonnegative numbers
ai, . . . , ar and for every natural number n. Then, (2) also holds for r non-
negative numbers a1,..., ak-l' ak+l' . . . , ar, ar+l and for every n, i. e., we
have
(3) r(r-I)S;:N.k+S;;I~ k (Sr+l. k)2~ 2(r-l) S~+I,k Sr+l. k+S;;l. k S;+l.k

for k=l, ..., r+1.
Since

(2)

r+1 r+1

2 ~:l.k = 2 (S~:l-akn+l) = rs;:l,
k=1 k=1

r+1 r+1

2 s~;l. k (sr+l. k)2 = 2 (S~;l-akn-l)(Sr+l-ak)2
k=1 k=1

( n-1 ( ) 2 n
S S n-1 S

2
S n+1

= r-2)Sr+1 Sr+12+ Sr+1 r+l + r+1 r+l- r+1,
---
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r+ 1 r+ 1

2 S;+{\I S!+1.k= 2 (S:+tl-l-akn-HI)(S!+I-akJ)
k=1 k=1

=(r-I)S;+{+lS~+I+S;:/ forj=I, ..., n,

adding inequalities (3) for k= 1, ... , r, r+ 1, we get

(r -2)(r+ 1) rS;tll + (r-2) 8;+1 (Sr+l)2~ 2 (r-2) r~+1 SrH + (r-2) s;+l S;+I

i. e., inequality (2) holds for r + 1 if it holds for some r> 2.
For r = 1 or r = 2, inequality (2) is true, as it reduces to an equality.

For r = 3 it is equivalent to

R = a1n-l(al-a2)(al-a3) + a/I-l (a2-a1) (a2-a3) + a3n-l(a3 -al)(a3 -a2) ~ 0

which is SCHUR'S inequality (see, for example [1], pp. 119-121).

Proof of (1). Suppose that inequality holds for any n numbers ai' . . . , ak-I'
ak+\>. . . , an, an+l' i. e., that the following inequalities hold

(4k) (n-I)S::+I.k+nPn+l,k~S::+LkSn+l.k (k=l, ..., n+l).

Multiply (4k) by ak and add. We get

n+1 n+1 n+l

(n-I) 2 akS::+I.k+n 2 Pn+l ~ 2 akS:+l.kSn+J,k'
k=1 k=1 k=1

which is equivalent to

(5) (n-1)S=+1 Sn+I-(n-I)Sztf + n(n + I)Pn+J

1 (S ) ' S n-l S
2

S
n

S S n+J
~"n+1 n+1 -- n+1 n+l- n+l n+l+ n+l.

From inequality (5) we obtain

(6)

However, inequalities (6) and (2) for the case r = n + I, yield

which completes the inductive proof of inequality (1).
Notice that equality holds in (1) if and only if n;;' 2

for n~3.

Generalization. For any r nonnegative numbers al,..., ar and for every na-
tural number n;;' r, the following inequality holds

(7) (r- 1)S: +

(: )
a; ~ S;-1 Sr
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where
n

<J~ = 2: TI aij,
ijE Nr j=1

Nr={l, 2,
'"

, r}.

Again we shall first prove the following:

If O<a~x, then

(8)

A special case of (8) will be used in the proof of (7).

Proof of (8). Suppose that (8) holds for any r nonnegative numbers
at. Then we have

(9) (S X!2 )2
S x-a S

a
S

x
r+l,k ~ r+l,h r+l,k ~r r+l,k, k= 1, . . . , r+ 1

r+l r+l r+l

2: (S:!;l, k)2 ~ 2: S:;I~ k s;.'+l, k ~ r 2: S:+I, k
k=1 k=1 k=1

(r-l)(S:t21)2 + S:+1 ~ (r-1)S:;1 S~-H+ S:+1 ~ r2S:+1

(r -1)(s:!;d ~ (r-1)S:;1 S~+1~(r2-1)S:+1

where each of the above inequalities implies the next. This sequence of implica-
tions is obtained in the following order: 1) summation of inequalities (9) for
k= 1, ... , r+ 1; using the formula

r+l

2: S~+l.k S;+l.k=(r-l)S~+1 S~+I+S~t;
k=1

with 2) u=v=x/2, 3) u=x-a, v=a, 4) u=x, v=O (S~=r).
From the last two inequalities it follows that (8) is true for r + 1 num-

bers at if it is true for any r>l numbers a., ..., ak-l' ak+p ..., ar+l'
For r = 1, inequalities (8) are true, as they reduce to equalities.
For r = 2, we get from (8)

(alX!2 + a2x!2)2 ~ (a1X-<l+ a2X-<l)(at+ a2a) ~ 2 (a1X +a2X),

which is equivalent to

which means
proof of (8).
for n~2.

(al (x-a)!2a2 a!2 -a1 a!2 a2(x-a)!2)2 ~ 0 and (a1xl2-a2X!2)2 ~ 0,

that inequalities (8) are true for r = 2. This concludes the inductive
Equality holds there if and only if r = 1, or a1= a2= . . . = an

Proof of (7). Suppose that (7) holds for any r nonnegative numbers af.
Then we have

(10) ( I)Sn +
r n ~Sn-l S fork=I,..., r+l,r- r+l,k

(:)<Jr+l'k- r+l,k r+l.k



46 B. Mesihovic

where
n

a~+1. k = L: TI a~
ijE:Nr+1.k j=1

Nr+l. k = Nr+l '" {k}.

Adding inequalities (10) for k = 1, . . . , r + 1, and taking into account
equalities

r+1

L: S~+I. k = rS~+I,
k=1

r+1

L: S~+l.k Sr+l.k=(r-l)s:+l Sr+l+S~+I,
k=1

r+1

L: a~+I.k=(r+ I-n)a~+I'
k=1

we get

(11) S n r(r+ 1) n ( )S n-1 ) nr2 r+1 +
_

1)
ar+1 ~ r-l r+1 Sr+l + (r + 1 Sr+1.

c:
Inequality (11) and the second inequality of (8) for x = n, a = 1 to-

gether yield

which means that (7) holds for r+ 1 numbers ai if it holds for any r num-
bers ai'

Applying now the same method as in the proof of (1), we see that
this induction proof is also completed.

The author wishes to thank J. D. KECKIC who has helped him to com-
plete the final version of this paper, and to P. M. VASIC for his comments.
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COMMENT OF THE REDACTION COMMITTEE

It would be interesting to connect inequality [1] with the following ine-
quality of G. KOBER:

Ii n n

(n-l) L: ain + n TIai ~ 2 L:
(aiaj)n/2 + L: ain

i=1 i~1 l;;i;;i;;i;;j;5;n i=1

For this inequality see H. KOBER: Proc. Amer. Math. Soc. 9 (1958),
452-459, or [1], pp. 379-380, Section 3. 9. 70.


