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311. A NOTE ON PATHS IN THE p-SUM OF GRAPHS*

Dragos M. Cvetkovi¢

The number of the paths of length £ in the p-sum of graphs is deter-
mined in this paper.

In this note we consider undirected graphs without loops or muitiple
edges.

In [1] the p-sum (p=1, ..., n) of graphs G,, ..., G, is defined. The
set of vertices of the p-sum is the Cartesian product of the sets of vertices
of graphs G,, ..., G,. If x; and y; are vertices of graphs G;(i=1, ..., n),
the vertices of the p-sum (x,,..., x,) and (¥, ..., y,) are adjacent if, and
only if, exactly p of n pairs (x;, y)) (i=1, ..., n) are the pairs of the adja-
cent vertices in corresponding graphs and if for the other n—p pairs holds
X;=¥;. If p=n the p-sum is called the product of graphs and in the case
p=1 the sum of graphs.

The adjacency matrix A=||ayl|]i' of graph G with m vertices, is the
matrix whose element a;; is equal to 1 if the vertex i is adjacent to the vertex j
and is equal to zero in the opposite case. The spectrum of the graph G is
the set of solutions {)\, ..., A,} of the characteristic equation det (A—AI)=0
of the matrix A, i.e. the set of the eigenvalues of A.

It was noticed in [2], that the adjacency matrix of the product G, x G,
of graphs G, and G, is equal to the KRONECKER’s product 4, ® 4, of the
adjacency matrices 4; and 4, of the graphs G; and G,. In [3] the adjacency
matrix of the sum G,+ G, was determined; it is of the form 4, ® I, + I, ® 4,,
where I, and I, are the unit matrices of the same order as A4, and 4, respec-
tively. ’

Let 4;,..., 4, be the adjacency matrices and {Ais}, ..., {Ms,} the
spectrums of the graphs G,, ..., G,.

We have noticed in [4], that the adjacency matrix of the p-sum of graphs
G, ..., Gy is given by the expression

1 A=A4,0- -Q4p, 1, ®- -,
+4,®-- -®Ap_1®1p®Ap+1®Ip+2®- eI+
+L®-- °®In—p®An—p+1®' - QA4,.
* Presented February 5, 1970 by H. SacHs (Germany).
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In this note we determine the number of paths of the p-sum of graphs.
The result is similar to the one which appears in Lemma in [5].

We denote with {X} the sum of all the elements of the matrix X, with
/¥y the number of the paths of length &k in the p-sum and with N;:, ..., N
the numbers of the paths of length &k in the graphs G,, ..., G,.

It is known, that the number of paths of length &£ in a given graph can
be determined by the use of the k-th power of the adjacency matrix of the
graph (see, for example, [1] p. 127), so that the following formula holds:

) A ={A% .

Matrix (1) represents the sum of q=(") summands (we denote them
p

by B, ..., By, which are, according to [5], called the normal summands.
With each normal summand B, we associate the expression S,. S, contains as
a factor the expression A if and only if B, contains 4; as a factor of the
KRONECKER’s product. S, has no other factors.

In the same way as in [4] we have

() A=(B+ - +BY= S k! B/'. . .BJ

in,---,.iqjl!.”jq!
k! I In . .
— z — ,‘Al Q- Ay (J1+"'+Jq:k)s
Jieee-sigdtss el
where /; is the sum of those numbers j, ..., j, which are in the expression

B{t.. -Bq]" exponents of those normal summands which contain 4; (i=1,...,n)

One may easily verify that {X ® Y}={X}-{Y} holds and from (3) we
obtain

= > ol
J1s+4-sJq ]l!"']q!
ie.
k! n
(4) C/)/k:: . Z . R N’lx"'N’n'
jl,...,qul!.“]q!

In the special cases n=2, p=1 (sum of graphs) and n=2, p=2 (pro-
" duct of graphs) we have

korky 102 1 ar2
&) = Z (]_)Nij—j, ANx=Ni Nk
j=0

The number of paths of length &k in a graph can always be representex
in the form Nk=ZC,7\sk, where C, are constants and A, are eigenvalues o
s
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the adjacency matrix 4. Let N;;=2Cis,-7\is,-k, (=1, ..., n) be the numbers of
Si

paths of length k£ in the graphs G,, ..., G,. Then (4) becomes

C/yk = z _L z C, 51 A s,ll L Z C,,snk,,sn’"
51 Sn

s O P T
]1,...,1q]1' Jg*

fl

Jisveesighitedg

k! 1 [/
Z Clsl‘ : 'Cns,, Z T .. 7\1.\'11' o )\ns,,n
Stren-sSn !

k! - ;
D Cig - Cngy 2 ———8P .8/
S1seens Sy j

J1se-e2Jg jx!"'jq!

I

2 Cig Cugp(Si+ -+ +S)F
SiseeesSn
1.e.
(6) C/ykz z Clsl‘ ° ‘Cns,, (7\1:1' * 'lpsP‘l' ¢ +)\n—p+l sp—p+1°° ’7\ns,,)k,
SpseeesSy

where the bracket contains the elementary symmetric function of » variables
7\1s1, ey )\nsn'

Some of these results can be easily extended to a larger class of graphs
or to some operations on the graphs, which are not contained in the p-sum
of graphs, but corresponding adjacency matrices can be expressed in terms
of normal summands.
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