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305. EXTREME PROPERTIES OF PROPER VALUES
OF UNITARY TRANSFORMATIONS*

A. R. Amir-Moéz, N. E. Keyton and J. S. McMath

In a paper of A. HORN and R. STEINBERG {2] a minimax principle
concerning a unitary transformation on a unitary space has been stated
without proof. In this article we supply a proof for a more general case of
the proposition and give other generalizations.

1. Definitions and notations. We denote by E, the unitary space of dimension

n. The inner product of two vectors will be indicated by (£, w). If &;, ..., &
are vectors, then [§;,...,&;] denotes the subspace spanned by them. If
{¢&,, ..., &} is an orthonormal set of vectors in E,, we write {§;} o.n. Two

linear transformations 4 and B on E, are said to be congruent if there exists
a non-singular linear transformation X such that B=X*AX,

If A is a linear transformation on E, and if M is a subspace of E,, we
define a transformation A|M on M as follows: if £E M, we let 4| M)E=
=PAPE, where P is the orthogonal projection on M.

We observe that if £ and % are in M, then

((4] M) &, 1) =(PAPE, ) = (4E, ).

We shall use the symbol (@) for the n-by-n matrix whose elements are
ay, i, j=1,...,n The determinant of (a;) will be denoted by det (ay); also
det A denotes the determinant of the linear transformation A.

2. Theorem. Let A be a linear transformation on E,. Then for any set of vec-
tors {&,, ..., &} in E, :
det ((4%;, 7)) =det 4 det (¢, ).

Proof. Let {a,, . .., a,} be any orthonormal basis in E,. Then we note that
A8, )= S [ (&, @) (B, am) (dog, am].
k=1 Ul=1

This implies that
det (A%, Ep) = det (z [z (&, o) (5, ) (Ao, akn}) — det 4 det (%, £)).

k=1\I=1

* Presented May 8, 1970 by D. S. MrrriNovié.
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3. Corollary. Let {£;, ..., %} be linearly independent and M=[E,, ..., &}
Let 4 be the transformation in § 2. Then

det ((4&;, &) =det (4]M) det (&, ).
Note that i and j run from 1 through k.

4. Theorem. If 4 is congruent to a unitary transformation U with proper values
U, ..., Uy and if O<argu, £ - - - sargu,<w then (A&, £)5£0 for all ££0 and
arg u;= inf sup arg (4§, §)= sup inf arg (4%, §),

dim £ S dim S E€ES
S=j E#0 =n—j+1 E£0

where S ranges over subspaces of E,.

Note that U is a congruent to itself. Therefore the above Iemma is
satisfied by replacing 4 with U. This theorem is due to A. HorRN and
R. STEINBERG [2].

5. Theorem. Let U be a unitary transformation on E, with proper values
Uy, ..., U, Such that O<argu, < ... Zargu,<w. Let 1£i,<.--<ipsn be
a sequence of integers. Then )

§)) argu, + - - fargu, = inf sup arg det (UE,, £)).
M c. QMg Ep&EMp
dim Mp=ip {é;) o.n.
Proof. Let {y,, ..., yo} be an orthonormal set such that Uy;=u;vy;, i=
=1,...,n Let My~[y,,...,vy,] and let {£,, ..., &} be any orthonormal
set with £, €M, for p=1,...,k Let M=[§,,...,&] and B=U|M. We

observe that the rank od B is k. Thus B on M is non-singular. Let B=

=) BB* V be the polar decomposition of B, where V is a unitary transforma-
tion on M. Then we observe that

arg det (UE;, E))) =arg det B=arg det V.
Let s, ..., 5 be proper values of V. Thus

(UE,] ’ gl) ¢ '(UEU Zk)
arg s, + - - - +arg sp=arg det : .
e, &) (UE, &)

Let §; be a proper vector of V such that V3;=s;8;, i=1,..., k. Then
((UlM)Si’ Si)Z(VEFV Si’ 8?}):Si (VEFS{, Si)’ i=1,...,k

Therefore
arg s;=arg (U M) 3, §,) =arg (U3, &)

By § 4 we have argu, sarg (U3;, 8;) <argu,. Thus
argu, sargs;sargu,,
where i=1, ..., k. So we can order s, ..., s in such a way that

O<args <. .- sarg sp<m.
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But
arg s,= inf  sup arg (UE, &)
NpCM ECSNp
dim Np=p E&=0
= sup arg (Ug, §)=argu,, p=1,..., k.
ECEys.--5Ep]
£E#0
Therefore
arguy;, + - - targu; =args; + - - - +argsy.

Thus the left side of (1) is no smaller than its right side.

Now let M;, 1=<j=<k, bc subspaces such that M, C...CM; and
dim M,=i,, p=1,..., k. Let Np=I[vi,, Yip+1>---,Yal, P=1,..., k. Then
dim N,=n—i,+1 and N, D-..-DN;. By HORNs theorem [1, § 2.2] there
exists a subspace M spanned by an orthonormal set {£,,..., &} where
£, €M,, and M is also spanned by another orthonormal set {B,, ..., B}

where 8, €EN,, p=1,...,k Let B=U|M and let B=}BB*V be the polar
decomposition in B, where V is a unitary transformation on M. This implies that

arg det (UB;, [3]-)) =arg det (UE;, Ej)) =arg det B=arg det V.
Let b,, ..., by be proper values of V. Then
arg det (UE,, E.j))=arg b+ - - +argh;.
But by § 4 we have
arg b;= sup inf arg(UE, &)
NcME|N

dimN EEM
=j—1 E£#0

= inf arg (UE, &)
EL[Brs ... 81l
E£0

= inf arg (UE, §)=argu;, j=1,...,k.
EEN]
££0

Therefore

argu; + - - - +argu; <argh, + . . . +arg by.

Thus the left side of (1) is no larger than its right side. Thus the 'proof is
complete.

6. Theorem. Let U be a unitary transformation on E, and A be a linear

transformation congruent to U. Let u,, ..., u, be proper values of U such that
O<argu <-..=argu,<w and 1=i,<-..<ig=n a sequence of integers. Then
argu; + - - - targuy = inf sup (arga,+ - - - +argag),
MiC. - CMg 5 EMp
dim Mp=ip
where {£,, ..., £} ranges over linearly independent sets of vectors and a,,. .., a

are proper values of the matrix ((A%;, Zj))- Moreover the value (arga, + -+ + +
+arg ay) depends only on [E,, ..., &
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Proof. 1f A is congruent to U, then there exists a non-singular linear
transformation X such A=X*UX. This implies that

(X*UXai s E.rj) = (U")i s 7]1)3

where, for example, v; = XE&;. Therefore the set {n, ..., ngs linearly inde-
pendent, and we see that

det ((4%;, &) =det U det ((n:, wy))-
Since the matrix ((;, n;)) is positive
arg det ((4%;, Ej)) =arg det U.

Therefore by applying previous theorem the proof is complete.

7. Theorem. Let U be a unitary transformation on E, and A be a linear trans-

Sformation congruent to U. Let u,,...,u, be proper values of U such that
O<argu, < - -sargu,<w and 1<i, <. - <iy=n a sequence of integers. Then
arg u; + - - - +arguy = sup inf (arga,+ - +argay)

M;D---DMk EpcMp
dim Mp=n—ip+1

where {&,, ..., &g} is linearly independent and a,, ..., ay are proper values of
the matrix ((A%;, E,-)). Moreover the value (arga,+ - - - +arg a,) depends only
on [&, ..., Exl

Proof. The proof of this theorem is similar to the proof of theorem 6.

8. Definition. If j,<i, for p=1,..., k, we write (ji, ..., je)= (i1, .., ix)-
Given any sequence i, < - - - < of integers such that i,=p, p=1,...,k, let
(i1, ..., ix) denote the strictly increasing sequence of positive integers such that
(a) (il,...,ik)é(il,...,ik),
ORI CRNNY SETCTIN A
wherever (j,, ..., ji) is a strictly increasing sequence of positive integers
which is less than or equal to (i, ..., iy). We observe that (i1, ..., @) is
given by the formula
i =iy
i,=min (ip, ipn—1), p=k—1,..., 1.
9. Theorem. Let U be a unitary transformation on E, with proper values
U, oo Uy Such that O<argu, < - - Zargu,<m. Let i, < .- . Zi; be a sequence
of positive integers less than or equal to n such that i,=p.
Then
argu; + - - - +argu; = inf sup arg det (U, £)))

MyC:.--CMk EpEMp
dim Mp=ip {£p} o.n.

where (i1, ..., i) is the sequence defined in § 8.
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Proof. For subspaces M, C.-.C M; with dim M,=i,, p=1,...,k
there exists subspaces M{ C...C M;’c with M, C M, and dim M,',=i;. Thus
by § 5

sup arg det (U§,, E,)) = sup arg det (UE;, E;))

M, .
AR e
{€p) o.n.
= arg ui:+ -+ targ u,,’c,
Now let N.=[o, ..., ), r=1,...,n where {«;} is an orthonormal

set of proper vectors of U corresponding to {i;}. Choose an orthonormal set
{8,,...,8} with §,€N,,, p=1, ...,k such that

‘p>

arg det (U3, 8)) =  Sup arg det (g, &)

{&i} o.n.
By lemma 2.8 [1] there exists an orthonormal set {u,, ..., w;} such that
Np € Ny, and

arg det ((Usi’ 8.7)) =arg det ((U"“, nj))
But in § 5 we have proved that

sup arg det ((U £ Ej)) =arg u,: + ... targ "iilc'
E..pGNi,
{Ep} o.n.
Therefore

inf sup arg det (U%;, ﬁj)) <arg det (U3, 8,))
M,c.--CMig EpEMp
dim Mp=ip  (Ep} o-n.

=arg det (U, 'qj))garg ui:+ .+« +arg u,-;.
Thus the proof is complete.

10. Corollary. Let U satisfy the hypothesis of § 9 and let 4 be congruent to
U. Let i< -.-=i; be a sequence of positive integers less than or equal to
n such that i, =p. Then

arg ui: + ... 4arg uil'c= inf sup (arga, + - - - +arg ag),

Myc---CMk EpEMp
dim Mp=ip

where {€,, ..., &} ranges over linearly independent sets of vectors, a;, i=
=1,...,k are proper values of the matrix ((4%,;, £)), and Gty ..., 0x) s

the sequence described in § 8. Moreover the values of (arga,+ - - - +argay)
depends only on [&,, ..., &l

Proof. We obtain 10 from 9 the same way as 6 was obtained from 5.

11. Theorem. Let U be a unitary transformation on E, and A be a linear
transformation congruent to U. Let u,, ..., u, be proper values of U such that
O<arguy,<--.=argu,<m. Let ij, ..., iy be a non-decreasing sequence of
positive integers such that iy<n—k+p, p=1,..., k. Then

arg u,;’ + .. +arg u,;' = sup inf (arga, + - - - +argay),
Mi>-- DMk EpEMp
dim Mp=n—ip+1
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where {&,, ..., &} is linearly independent, a, ..., ay are proper vahies of
the matrix ((A%;, £)), and (iv,...,ix) is the smallest strictly increasing
sequence of integers which is = (i, ..., iy) in the sense of § 8.

12. Remarks. The above pro-‘pésiti'ons will be true if the strict inequality < changes to <m.

Consider a unitary transformation U for which the condition O<argu,<... <argu,<m
is not satisfied. Here u,, ..., u, are proper values of U. Suppose U does not have a proper
value equal to 1. Then. one can consider the unitary transformation ¥ with proper values of
Vi, ..., ¥, where some of the v’s are the same as u’s and other ¥’s are the same as u’s
such that O<argy,<...<argv,<m Then all the propositions may ba stated and proved for
V. Thus a set of theorems can be obtained for U. The case the u,=1 can be studied sepa-
rately. We shall omit it.
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