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247. THE STEFFENSEN INEQUALITY*

Dragoslav S. Mitrinovic

This paper concerns a general inequality due to J. F. Steffensen [1],
published in 1918. The Steffensen inequality does not appear in the work
Inequalities by G. H. Hardy, J. Littlewood and G. P61ya (Cambridge -
first edition 1934, second edition 1952), which assembled almost all important
inequalities.

In the Jahrbuch iiber die Fortschritte der Mathematik Steffensen's paper
[1] has not been reviewed, but G. Szego quoted the Steffensen inequality in
his review of papers [2] and [4] by Hayashi.

J. F. Steffensen returned to his inequality a number of times and gave
some generalizations, but only in 1959 did his article [7] from 1947 attract
the attention of R. Bellman, who in his paper [8) pointed out that Steffensen's
inequality is very general and implies many other inequalities which were
established during the period 1950-1959.

This paper gives a history of the Steffensen inequality and some critical
analyses, connects numerous isolated results, completes some proofs, and cor-
rects a number of mistakes found in articles related to this inequality. It is
interesting to note that some of these results have been rediscovered a number
of times.

One can hope that this review of Steffensen's inequality will also initiate
some new contributions.

The author wishes to thank Dr Roy O. DAVIES,Dr D. C. B. MARSH,
Dr M. MARJANOVICand Dr D. Z. DJOKOVICfor valuable discussions held
and suggestions made during the preparation of parts of this paper.

While collecting material for this article, the author encountered some
difficulties. Kobenhavns Universitets Matematiske Institut in Denmark, through
its secretary, Madame MARINADE VERSMANN,was of great help to the author,
sending him the necessary copies of articles published in Denmark and other
countries. It is a pleasure for the author to be able to thank the afore-mentioned
Institute.

We shall present the subject chronologically.
The following result and its proof were given by STEFFENSEN [1].

Theorem 1. Assume that two integrable Junctions J(t) and g (t) are deJined on
the interval (a, b), that J(t) never increases and that 0", g (t).;;; 1 in (a, b). Then

b b a+A

JJ(t) dt .;;;JJ(t) g (t) dt
'" J J(t) dt,

b-A
(1)

a a
where

(2)
b

A=Jg(t)dt.
a
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