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232. A GENERALIZATION OF A LINEAR FUNCTIONAL EQUATION

l. K. long

1. D. S. MITRINOVIC and D. Z. DOKOVIC [1] have proved that the general
differentiable solution of the functional equation

(1)

n

+ .L (-1 )k+1 f(xI,
Xl' . . . , Xk -I- Xk+I' . . . , Xn' Xn+l) = °k~1

is given by

(2)

n-I
+ .L

(-l)k+1 F(xI' Xl"'" Xk+Xk+l,"" Xn-l' Xn),
k~1

where F (xu Xl' . . . , Xn-I) is an arbitrary differentiable function.
In this paper we consider the generalization of the linear functional

equation (1):

(3)

n

+.L
(-I)i+1 Fi(x" Xl"'" Xi+Xi+I"'" Xn' Xn+l) =0,

i~1

where Xt (i = 1, . . . , n + 1) are independent variables and Fi (XI' Xl' . . . , Xn)

(i = 1, . . . , n + 2) are the required functions.

We obtain the

Theorem. All differentiable functions Ft(xI,
Xl"'" Xn) (i= 1,2, ..., n+2)

satisfying the functional equation (3) can be written in the form

FI (XI' Xl' .., , xn) =Al1 (Xl +Xl' X3, .., , Xn)-A12 (XI' Xl +X3, X4, .. ., Xn)

+ . . . + (-I)n (AI n-I (XI' Xl' . . . , Xn-I + Xn)
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14 J. K. Jong

F2 (Xl' X2' ..., Xn) =AI1 (Xl +X2, X),..., xn)-(A12-A22) (Xl' X2 + X),
X4"'"

Xn}

+. . . ,(-l)n(Aln-I-A2n-l) (Xl' X2' ..., Xn-l +Xn)+

F) (Xl' X2"'" Xn) =A12 (Xl -+-X2, X3,' .., xn)-(A12-A22) (Xl' X2 +X3,
X4"'" Xn)

+ . . . + A13 - A23 + A33) (Xl' X2' X) + X
4'

. . . , Xn)

+ . . . + (-l)n (Aln-l-A2n-1 -+-A)n-l) (XI' X2' . . . , Xn-I -+-Xn)

-+-(-l)n+l (AI n-A2n + A3n) (XI' X2, . . . , Xn-l)

(4)

= Ali-l (Xl -+- X2' X)' . . . , Xn)-(Al i-I-A2i-l) (Xl' X2 + X3, X4, . . . , Xn)

+ (Ali-I-A2i-1 + AJi-I) (Xl' X2, X) + X4, . . . , Xn)-' . .

-+-(-I)i(AIH-A2H+... +(-I)iAHH)(xl'X2' ""Xi-I+Xi, ""XnJ

+(_l)i+l (Ali-A2i+ .' . +(_l)i+IAii) (Xl' X2, ..., Xi-+-XUI' ..., Xn)

-+-(-I)i+2(Ali+I-A2i+1 +... -+-(-I)i+IAiiCl)
(XI"'" Xi+l +Xi+2"'" Xn}

+ (-l)n (AI n-I-A2n-1 + . . . + (_l)i+l Ain-a (XI' X2, . . . , Xn-I + xn)

+(-I)n+I(Aln-A2n+... +(-I)i+IAin)(XI'
X2"'" xn-I)

Fn(XI' X2"'"
xn)

= Aln-l (Xl -+-X2' X), . . . , Xn)-(Al n-I-A2n-l) (Xl' X2 + X3, X4, .. . , Xn}

-+- . . . +( -l)n(Aln-I-A2n-1 + . . . -+-(_l)n Ann-l)(XI, X2, ..., Xn-l +XnJ

+ (_l)n+l (Aln-A2n+
'"

+(-I)n+1 Ann)(XI' X2"", Xn-l)

Fn+! (Xl' X2' . .. , Xn)

=Aln(XI+X2, X3,"', xn)-(Aln-A2n) (X], X2+X),
X4"'" Xn)

-+-. . . +(-l)n(Aln-A2n+. .' -+-(-I)nAn_]n) (XI' X2. ..., Xn-l +Xn)

-+-(-l)n+l (Aln-A2n + . . . + (_l)n+l Ann) (Xl' X2"'" Xn-l)

+ . . . + (_l)n Cn (Xl. X2' . . . , Xn-l -+-Xn)

+(-I)n+1 Cn+! (Xl' X2"'" Xn-l)-Cl (X2' X), ..., Xn)'
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where
def

(Alj-A2j+' . . +(_l)i+1 Aij) (XI' X2' ""
, xn-I)=Alj(XI, X2, ..., Xn-I)

-A2j(XI' X2"'" Xn-I) + . .. +(_l)i+1 Aij(xI' X2, ..., Xn-l),

Aij(xI, X2' ..., Xn-I) (i, j= 1, 2, ..., n, i<.j),

and
(i = 1, 2, ..., n + 1),

are differentiable arbitrary functions.
For the sake of simplicity we carry through the proof in

3, 4, but in a manner valid also in the general casel.
Hereafter let us denote

o Fi (XI' X2' . . . , xn) <i<of
I' ( )

- Ji Xl ~ Xl' . . . , Xn
OXI

the case n = 2,

and

(5)

In the case n = 2 we prove that

FI (Xl' X2) = All (Xl + XJ-AI2 (XI)-C[ (X2)'

F2 (X], X2) = All (Xl + x2)-(A12-A22) (xJ-C2 (X2)'

F) (XI' X2) = Al2 (XI + x2)-(AI2-A22) (x[)-C) (X2),

F4 (XI' X2) = C2 (XI + X2)-C) (Xl)-CI (X2)'

2.

are the general differentiable solutions of the functional equation

(6)

In order to obtain (5) we take derivative of (6) with respect to X] and
we get

(6.1 ) I) (XI' X2) + J; (x) + X2, X)-/2 (XI' X2 + x) = O.

By putting Xl = 0 and integrating (6.1) we get

FI (X2' x) = All (X2 + x)-Al2 (X2)-C[ (x),(6.2)

where

x

A] i (x) = Jh+l
(0, t) dt (i = 1, 2).

Xo

1 L'auteur n'a demontre que Ie resultat enonce relatif a I'equation fonctionnelle (3)
pour les cas paticuliers n ~ 2, 3, 4. II reste donc a demontrer Ie resultat en question pour n
quelconque.

En ce qui concerne Ie cas n ~ 2, M. Hosszu (On a class of functional equations, Pub!.
Ins!. Math. Beograd 3 (17) (1963), 53-55) a resolu 1'equation correspondante n'impo~ant
aucune hypothese aux fonctions f1>f" f3, f4 (Observation du Comite de redaction).
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Putting (6.2) into (6.1) we get

13(XI, X2)+all(Xl+X2+X3)~a12(x1+X2)~/2(Xl' X2+X3)=0.

Putting X2 = 0 and integrating, we get

F2 (XI' X3) = All (x,'-- x3)~A12 (XI) + A22 (x,)~C2 (X3)'

where A22 (x) = F3 (x, 0).

Putting (6.4) into (6.3) and integrating we find

(6.5) F3(xI, x2)=AI2(XI+X2)~A]2(Xl)+A22(xd-C3(X2)'

(6.3)

(6.4)

Putting (6.2), (6.4) and (6.5) into (6), we obtain

F4 (X2, X3) ~ C2 (X2 + X3)~C3 (X2)-C, (X3)'

Thus we have proved that (6) implies (5).

3. In the case n = 3 we prove that

F](x], X2, x3)=All(XI+X2, x3)~AI2(XI' X2+X3)+A13(XI, X2)-C, (X2' X3),

+ (A13~A23) (XI' X2)~C2 (X2, X3)'

F3 (XI' X2, X3)= AI2 (XI + X2, X3) ~(AI2 --A22) (XI' X2 + X3)

(7) + (Aw-A23 + A33) (XI' '\2)-C3(X2, X3),

F4(x" X2' x3)=A13(XI+X2' x3)~(A]3~A23)(X" '\2-+-X3)

+(A13-A23+A33) (XI' X2)-C4(X2' X3),

Fs(x" X2' X3)=C2(XI+X2' X3)~C3(X" X2+X3)+C4(XI' X2)-CI(X2, '\3)

are the general differentiable solutions of the functional equation

(8) - F4 (XI' X2' X3) ~ Fs (X2, X3, X4) + FI (x) + X2, X3, X4)

~F2(XI' X2+'\3, x4)+F3(XI, X2' X3+X4)=0.

By taking derivative of (8) with respect to XI we get

(8.1) ~/4(X" X2' x3)-'-/1(XI+X2, X3, X4)

~
12 (XI' X2 + X3, X4) + 13 (X" X2' X3 -+ X4) = o.

Putting Xl = 0 and integrating, we get

(8.2) FI(X2, X3, X4) = All (X2+X3, x4)~A12(x2' X3+X4)

+A13(X2' X3)~CI (X3' X4)'
where

Xl

Al i (x" X2) = Jfi+1 (0, t, xz) dt (i = 1, 2, 3).
Xo
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(8.3)

Put (8.2) into (8.1)

-/4 (XI' X2' xJ) + all (XI +X2 + xJ, x4)-aI2 (XI +X2, XJ +X4)

+al3(xJ, x4)-/2(XI, X2+XJ, X4)+};(X» X2' XJ+X4)=0.

Putting X2 = 0 and integrating, we find

F2 (XI' XJ, X4) = All (XI + xJ, x4)-(AI2-A22) (XI' XJ + X4)

+ (Al3-AJJ) (XI' xJ)-C2 (xj, X4),

(8.4)

where A2( (XI' X2) = FHI (XI' 0, X2)

We put (8.4) into (8.3):

(i = 2, 3).

(8.5)

+al2 (XI' X2 + XJ + x4)-a22 (XI' X2+ XJ+ x4)-aIJ (XI' X2+ xJ)

+ a2J (XI' X2 + xJ) + h (XI' X2, XJ + X4) = O.

Putting xJ = 0 and integrating, we get

(8.6)

+(Al3-A2J+AJJ) (XI' X2)-CJ(X2' X4)

where AJJ (XI' X2) = F4 (XI' XJ, 0)- AI3 (XI + X2'
0).

Putting (8.6) into (8.5) and intcgrating, we obtain

(8.7) F4(xI, X2, XJ) = AI3 (XI+X2' XJ)-(AIJ-A23)(XI' X2+XJ)

+ (AI3-A23+A33) (XI' X2)-C4(X2' X3)'

We put (8.2), (8.4), (8.6) and (8.7) into (8) and we get

(8.8) F5 (X2' xJ, X4)= C2 (X2+ X3, X4)-C3 (X2' X3 + X4) + C4 (X2, xJ)-CI (X3, X4)'

Thus (8) implies (7).

4. In the case n = 4 we prove that

FI (XI' X2, X3, X4) = All (XI + X2' X3' x4)-AI2 (XI' X2 + X3, X4)

+AI3(XI, X2, X3+X4)-AI4(XI' X2' X3)-CI(X2, X3, X4),

(9)

F2 (XI' X2, X3, X4) = All (XI + X2' X3' X4) -(AI2 - A22)(XI' X2 + XJ, X4)

+ (Al3-A23)(X» X2, X3 + x4)-(AI4-A24)(XI, X2' X3)

+ (AI3-A23 + AJ3) (XI' X2, X3+X4)

-(AI4-A24+A34) (XI' X2' xJ)-C3(X2' X3, X4)'

2 Publikacije
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+ (A13-Az3 + A33) (XI' Xz, X3 + X4)

-(AI4-Az4+A34-A44) (XI' XZ' X3)-C4(Xz, X3, X4)'

(9)

+ (AI4-Az4 + A34)(XI> XZ' X3 + X4)

-(AI4-Az4+A34-A44)(XI' XZ' X3)-CS(Xz, X3 X4)'

F6(XI, Xz, X3, X4)=CZ(XI+XZ, X3, X4)-C3(XI' XZ+X3, X4)

+C4(XI, Xz, X3 + X4)-CS (XI. Xz. X3)-CI (xz, X3, X4)

are general differentiable solutions of the functional equation

(10)

In fact, differentiation of (10) with respect to XI leads to

(10.1) fs(xl, Xz. X3, X4)+h(XI+XZ, X3, X4' xs)-fz(xl' XZ+X3, X4' Xs)

+.t;(XI> XZ' X3+X4, xs)-f4(Xj, Xz. X3' X4+XS)=0.

Putting Xl = 0 and integrating, we get

(10.2) FI(XI, Xz, X3, x4)=AII(XI+XZ, X3' x4)-AIZ(XI, XZ+X3, X4)

+ A13 (Xl' Xz. X3 + x4)-AI4 (XI' XZ' X3)-CI (xz, X3' X4)'
where

Xl

Al i (Xl' XZ, X3) = JIi+l (0, t. Xz. X3) dt

Xo

(i= 1,2, 3, 4).

Put (10.2) into (10.1)

(10.3) fs(xI, X2, X3' X4)+all (Xl+XZ+X3' X4' xs)-al2(xI+xZ' X3+X4, xs)

+a13 (Xl +Xz, X3' X4 +XS)-aI4 (Xl +Xz, X3, x4)-fz (Xl' Xz +X3, X4' Xs)

Putting X2= 0 and integrating, we find

(10.4) Fz (Xl' X3, X4, Xs) = All (Xl + X3, X4' xs)-(AI2-Azz) (Xl' X3 + X4' Xs)

+ (A13-A23) (XI> X3, X4 + XS)-(AI4-Az4) (XI> X3, X4)
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Put (10.4) into (10.3)

(10.5) Is (Xl' X2' X3, X4)-aI2 (XI + X2' X3 + X4, XS) + 013 (Xl + X2, X3, X4 + XS)

-014 (Xl +X2, X3' X4) + (012-022) (Xl' X2 +X3 +X4, XS)

-(013-023) (Xl' X2 + X3, X4 + XS) + (AI4-A24) (Xl' X2 +X3, X4)

+/dxl' X2' X3+X4, XS)-/4(Xl, X2' X3, X4+XS)=0.

Putting X3 = 0 and integrating, we get

(10.6) F3(Xl, X2' X4, XS)=A12 (Xl+X2, X4, XS)-(AI2-A22) (Xl' X2+X4, XS)

+ (A13-A23 + A33) (Xl' X2' X4+XS)

-(AI4-A24+A34) (Xl' X2, X4)-C3 (X2, X4, Xs),

where A3i (Xl' X2' X3) = Fi+1 (Xl' X2' 0, X3)- Al i (Xl + X2' 0, X3)

Put (10.6) into (10.5)

(i = 3, 4).

(10.7) 15 (Xl' X2' X3, X4)+013(Xl+X2, X3, X4+XS)-014(Xl+X2, X3, X4)

-(a13-023)(Xl, X2+X3, X4+XS)+ (AI4-A24)(XI' X2+X3, X4)

+ (A13-A23 + A33)(XI, X2' X3' X4+xs)-(AI4-A24+A34)(Xl, X2, X3+X4)

-/4 (Xl' X2' X3, X4+XS)=0.

Putting X4= 0 and integrating, we get

(10.8) F4(Xl, X2' X3, XS) =A13 (XI +X2, X3' XS)-(A13-A23)(Xl' X2+X3, xs)

+ (A13-A23+ A33)(Xl, X2' X3+XS)

-(AI4-A24+ A34-A44)(XI, X2, X3)-C4(X2, X3, xs),

+ (A14-A24)(Xl, X2+X3, 0).

Put (10.8) into (10.7)

15 (Xl' X2' X3, X4)-OJ4 (Xl + X2' X3' X4) + (014-024) (Xl' X2 + X3, X4)

-(014-024+034)(Xl, X2, X3 + X4) + (014-024+034-044)(Xl, x2, X3)=0.

Integrating

(10.9) FS(Xl, X2' X3, x4)=AI4(Xl+X2' X3, x4)-(AI4-A24)(Xl> X2+X3' X4)

+ (AI4--A24 + A34)(Xl, X2' X3+X4)

2.
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Putting (10.2), (1004), (10.6), (10.8) and (10.9) into (10), we get

(10.10) F6 (Xl' Xz, X3' X4)
"'"

Cz (Xl + Xz, X3, X4)-C3 (Xl' Xz + X3>X4)

+C4(XI' Xz, X3+X4)-CS(XI, Xz, X3)

-CI (Xz, X3, X4)'

Thus (10) implies (9).
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