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232. A GENERALIZATION OF A LINEAR FUNCTIONAL EQUATION

J. K. Jong

1. D. S. MitriNovi¢ and D. Z. Pokovi¢ [1] have proved that the general
differentiable solution of the functional equation

(1) (D" feys X35 oy X)) =S (X2, X3, 005 Xpay)
+ 2 (= DFF (o, Xgy oy X Xpags s Xy X)) =0
k=1

is given by

2) S, Xy, oo, X)) = (=12 Fx, x,, 00, X ) —F(xg, x5, 0.0, Xp)
n—1

T (= DFF(Xy, Xy ooy Xt Xpats s Xpop, X)),

k=1

where F(x,, x,, ..., x,,) is an arbitrary differentiable function.

In this paper we consider the generalization of the linear functional
equation (1):

(3) (=" Fpoy (X1, Xp5 ooy X)) = Fria (X2, X5, .00, Xp1y)
+ Z (=P Fi(Xy, Xpy ooy Xy Xy - oy Xy, Xgay) =0,
i=1
where x;(i=1,...,n+1) are independent variables and F;(x;, x,, ..., X,)
(i=1,...,n+2) are the required functions.

We obtain the

‘Theorem. All differentiable functions F;(x,, x,,...,x,) (i=1,2,...,n+2)
satisfying the functional equation (3) can be written in the form

Fi(xg, Xp0 oo s X)) = Ay (X + X5, X3, 0 ooy Xp)—Ap (X, X+ X3, Xy, 000y Xp)
o (=D (A (o, Xy, ., Xp—1t Xp)
(D" Ay (5y, X5 ooy X)) —C (g, Xys v, Xp),
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14 J. K. Jong

Fo(x), X0 oy Xp) =Ay (61X, X35 0005 X)) —(Apy—Apy) (6, X5+ X3, Xygpe v oy Xp)
do s (=D (A — Ay ) (X, Xy e, X F X))
(=1 (A —Arp) Oy Xay ooy X)) —Co (X5, X3y ooy X)),
Fi(x, Xy, o ooy Xp) = A (X X0, X3y ooy Xp)—(A1z—Azp) (X1, X+ X3, Xy, o oo, X))
+oo e+ Aps— Ay As) (X, Xy X3+ X4, o e, Xy)
+ o (D (A — Ay F Asp) (X, Xy oy X+ Xp)
H(—1) (A, — A+ Asy) (X0, X5y« o oy Xpey)

—Cy(xy, X3, . ... Xp),

Fi(xy, x5, ..., xp)
= Ay (e %, Xay ooy Xp)—(Aym — Az i) (X, X3+ X3, Xy, o0y Xp)
+ (Ao — Ay F Az ) (X, Xy X3+ Xy, o, X)) — - -
(=D (A — Ay (DA ) (o Xy o Xy X, e, XY
(@) (=D (A —Ay i+ (DAY (o, Xy ey XX o ey X))
F(—D2 (Ao — Ay + - - (=D A ) (5, ooy X T Xpigs e oo s Xp)
H(=D" (A —Appr + o (D A ) (X, Xos e, X Xy,)
H (=D (A, — A+ - - (=D A (), x5, o, X))

—Ci (X5, X3, .00y Xp)s

Fp(xy, x5, .00y Xp)
=Aypy (X X0, X35 oo X)) —(Ay gy — A ) (X1, Xo 4 X3, Xy ooy Xy)
Foo (DA — A+ (=D A ) (X, Xy e X X))
+ (=D (A4, — A+ (=D A (X, X, e, X))
—Cp Xy, X35 .. o, Xp),

Foi (1, X5 o ooy Xy)
=Ai g (X0, X3, oo, X)) — (A pg— Ao ) (X015 X+ X3, Xgy oo oy Xp)
+o (=D (A — Ay (DA ) (X, X e, X X )
+ (=D (A, — A, - (=D A (X, Xy ey X))
—Cpi1 (X5, X35 -+ o5 Xp),

Fro (1. %5, oo s X)) =Co (1 + X5, X3, oo, X)) —C5 (X, X+ X3, X4y o ooy Xp)

+ (DG (X, Xy, -y Xy T Xy)

F (=D Cpyy (), Xpy oo v s Xy ) —Cr Xy, X35« 00y X)),
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where
def

(Alj_A21+ vt +(——l)i+l Ai]’) (xla Xyy eonnsy xn—1)=A1j(xl’ Xoy o v s Xn—l)
_AZj(XI’ Xys vves xn-l)+ T +(“1)i+1 Az'j(xl, Xay oo v xn—l)a

Aij(xl’xz""’xn—l) (i, j:I, 2’ L. By l<])’
and
Ci (X145 X5y o+ vy Xp—y) (i=1, 2, ..., n+1),
are differentiable arbitrary functions.

For the sake of simplicity we carry through the proof in the case n=2,
3, 4, but in a manner valid also in the general case!.

Hereafter let us denote

OF; (X1, X5y ooy Xp) def
’i( 15 V2> aJ”:f%(xquz’..‘,Xn)

0x,

and
def

()A‘(x X X
iJ Iy 29 « « 5 Ap—]
aij(xl’ X35 oo e ;‘n—l)

0Xx,

2. In the case n=2 we prove that
Fi(x, x) =4, (x; +x,)— A4, (x)—C, (x),

(5) Fy (x5, %) = Ay (%1 + %) — (A1, — 4y) (x)— G, (),
Fy(x;, x,))=A, (x, +x,)—(4,—A45,) (x)—C5 (x,),
Fy(x;, x))=C, (x; + x,)— C3 (x,) - C, (x3),

are the general differentiable solutions of the functional equation

(6) Fy(xy, x))—F,(x;,, x3) + F, (x, + x5, x3)—F, (x, x,+x3)=0.

In order to obtain (5) we take derivative of (6) with respect to x, and
we get

(6.1 S3 (xps X))+ [ (e + x5, x3)— (X, X, +x3)=0.
By putting x, =0 and integrating (6.1) we get

(6.2) Fi(x,, x3)=A, (x; + x5)— A, (x,)—C, (x3),

where

Ay ()= [fer 0, ) dt (=1, 2).

! L’auteur n’a démontré que le résultat énoncé relatif a I'équation fonctionnelle (3)
pour les cas paticuliers n=2, 3, 4. Il reste donc & démontrer le résultat en question pour n
quelconque.

En ce qui concerne le cas n=2, M. HosszU (On a class of functional equations, Publ.
Inst. Math. Beograd 3 (17) (1963), 53—55) a résolu 1'équation correspondante n’imposant
aucune hypothése aux fonctions f,, f5, f;, fs (Observation du Comité de rédaction).
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Putting (6.2) into (6.1) we get
(6.3) [ (xy, xy) 4+ ay; (X4 X5 + X3) —ag, (X + x,)—fH (%), X, +x3)=0.
Putting x, =0 and integrating, we get
(6.4) Fy (x5 x3) = Ay (X) 4+ x3) — Ay, (X)) + Apy (%) — G, (x3),
where A4,,(x) = F;(x, 0).
Putting (6.4) into (6.3) and integrating we find
(6.5) Fy(x), x,) = A, (x] +x,))— A, () + 4y, (x)—C; (x,).
Putting (6.2), (6.4) and (6.5) into (6), we obtain
F,o(x3, x3)=C, (%, +x3) —C5(x,) —C, (x3).
Thus we have proved that (6) implies (5).
3. 1In the case n—=3 we prove that
Fi(xg, X, X)) = A, (X1 + x5, X)) — A (X, X, +X3) + Az (X, ) —C, (x,, X3),
Fo(xy, x5, x3)= A (x;+ x5, X3)—(A;,—A45,) (X1, X5+ X3)
+(A3—A4,3) (xg, x,)—C, (x5, X3),
Fi (X1, Xy, X3) = A (X7 + %5, X3)—(A;,—A4,5,) (X1, X5+ X3)
(7 (A Ay + Ayy) (X, ) — G5 (X, x3),
Fy(xy, x5, X3)= A3 (x +X,, X3)—(A4,3—A4,3) (x;, x5 +X;)
+ (A3 —Ay -+ Ay3) (3, x,)—C, (x5, Xy),
Fs(xp, x5, x3) =C, (x;+ X, x3)—C5 (X, x5+ x3) + Cy (X, x,)—C; (x,, X3)
are the general differentiable solutions of the functional equation
8) —F, (x;, x5, x3)—F5 (x5, x5, x,)+ F, (x;, + x5, X3, X4)
—F, (x;, x;+x5, x)+ F(x;, x5, X3+x,)=0.
By taking derivative of (8) with respect to x, we get
(8.1) —fa (X1, X5, X3) + (X + X5, X3, X))
— o (X1, X, + X3, Xg) +f3(X), X3, X34+ x4) =0,
Putting x, =0 and integrating, we get
(8.2) Fi (x5, x5, X) = Ay (%5 + X3, X)) — A (65, X3+ X4)

+ A3 (x5, X3)—C (x5, Xy),
where

Ay (x5 x,) :ffiﬂ O, ¢, x,) at (=12, 3).

Xo



A generalization of a linear functional equation 17

Put (8.2) into (8.1)
(8.3) —fa(Xys Xy, X3)+ @y (X Xy + X3, Xg)—a15 (X, + X5, X3+ X,)
a3 (X3, Xg)—f2 (X1, X+ X3, X))+ f3 (%), X5, X3+x,)=0.
Putting x, =0 and integrating, we find
8.4 F, (%), x3, x3)= A}, (1 + X3, x)—(A,—A4,,) (x5, X3+ x,)
+ (Aiz—433) (x5 x3)—C; (x3, Xy),
where 4,;(x,, x,)=F. (x,, 0, x,) (1=2, 3).
We put (8.4) into (8.3):
(8.5) —Jfa Oy X5, X3) — @y, (X1 + X5, X34+ X))+ a3 (X, + X5, X3)
+ay, (X, Xy X3+ X4)—ay, (x;, X, + X34+ X)) —ay; (X, X+ X3)
+ @5 (X, Xa+X3)+ 15 (X1, X5, X3+ Xx4) =0,
Putting x;=0 and integrating, we get
(8.6) Fs (xy, x5, x4) = Ay, (x;+ x5, x)—(A1,— Ay) (X1, X5+ x,)
+ (Apy— Ay + A4s3) (x4, x,)—C5 (x5, X,)
where Ay (x;, x,)=F,(x;, X3, 0)— A3 (x; + x,, 0).
Putting (8.6) into (8.5) and integrating, we obtain
(8.7 Fy(xy, X5, X3) = A3 (x4 X5, x3)—(A13—Ay3) (X1, X2+ X3)
+ (Aj3—Ass+ As;) (X1, X,)—C, (x5, X3).
We put (8.2), (8.4), (8.6) and (8.7) into (8) and we get
(8.8)  Fs(xy, X3, X3) = C, (X2 4 X3, X3)—C;3 (X5, X3+ %)+ C4 (X5, x3)—C, (x5, x,).
Thus (8) implies (7).
4. In the case n=4 we prove that
Fy(xyy Xy, X3, X)) = Ay, (X + X5, X3, X)— A, (%1, X3+ X3, X4)
+ A3 (X, X5, X3+ %) — A, (X, X5, X)—C, (x;, X3, X,),
Fy (x;, x5, X3, X)) = Ay (X, + X3, X3, X)) —(A;3—Ay,) (X, X, + X3, X4)
9) +(A;3—Az) (X1, X, X34+ %) —(A1,— A,0) (X1, X5, X3)
—C, (x5, X3, X,),
Fy(xp, X5, X3, X)) = A1y (x4 X5, X3, %) — (A1, —A45,) (%1, X, +X3,%,)
+ (A3 — Ay + Ay (X4, Xy, X3+ X,)
—(Aja— Ay + A3 (X1, X5, X)—C5 (X5, X5, X,),

2 Publikacije



18 J. K. Jong

Fy (X1, X5, X3, Xg) = A3 (X + X5, X3, X)) —(A13—Ay3) (Xy, X5+ X3, X,)
+ (A3 — Ay + A33) (%1, X5, X3+X,)
—(Arg—Apy+ A3y—A4y) (X1, X35 X3)—Cy (%,, X3, Xy),
(9)  Fs(x1, x5, X3, Xg) = A14 (X1 + X3, X3, X)—(A14—Azq) (Xg, X+ X5, Xp)
+(Ayy— Apa+ Ayy) (x5 X35 X3+ Xy)
—(Ay— Apa+ Azg— Ayg) (X1, X5, X3)—Cs (X5, X3 Xy),
Fo (%1, X5, X3, X)) =C5 (X1 + X5, X3, X)—C;3 (X, X3+ X3, X4)
+Cy (X1, Xz, X3+ X)—Cs (X1, X, X3)—C (X5, X3, X,)
are general differentiable solutions of the functional equation
(10) Fs(xy, Xy, X3, X)— Fg (x5, X3, X4, X5) + Fy (X1 + X5, X3, Xy, X5)
—F, (%1, X5+ X3, Xg5 Xs)+ F3 (X1, X5, X3+ X4, X5)—F, (%), X3, X3, X3+ X%5)=0.
In fact, differentiation of (10) with respect to x; leads to
(10.1)  f5(x1, X5 X3, X+ 11 (X1 + X, X3, Xy, Xs)—1f3 (X1, Xp+ X3, X4 X5)
+ 13 (%1, X2, X3+ X4, X5)—Ff3 (X1, Xz, X3, X4+ X5) = 0.
Putting x; =0 and integrating, we get
(10.2) F, (X, X5, X3, X)) = Ay (1 + x5, X3, x)— Ay, (X1, X3+ X3, X4)

+ Ais (Xq5 Xy, X3+ X)) — Ay (X1, X3, X3)—C, (X2, X3, X),
where

X3
Ay (X1, X5 x3)=ffi+1 O, t, x,, x;) dt (i=1, 2,3, 4).

X0

Put (10.2) into (10.1)
(10.3) Js (X15 Xy, X35 Xg) + a1y (6 + Xy + X3, X4, Xs)—ay, (X + X, X3+ X, Xs)
+ay3 (% + Xy 5 X35 X4k Xs5)— Q14 (X) + Xz, X3, Xg)— [ (%15 X3+ X35 X4, Xs)
L3015 Xy X3+ X4y Xs)—f4iX1s Xpy X35 Xg+X5)=0.
Putting x,=0 and integrating, we find
(10.4) Fy (X1, X35 X4, X5) = Ay (X, + X3, X4, X5)—(A1a— Apy) (X1, X3+ X5, X5)
+ (A3 —Ayz3) (%15 X3, X4+ x5)— (A1 y—Ay) (X1, X3, X4)
—Cy (X3, X4, X5),

where A,;(x, X5, X3)=Fy1 (%1, 0, x5, x3) (=2, 3, 4).
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Put (10.4) into (10.3)

(10.5)  f5 (X1, Xp, X3, Xg)— 15 (X) + X5, X3+ X4, X5)+ a3 (X + X5, X3, X4+ X5)
— @y, (X, + X5, X3, Xg) + (@12—a23) (X1, Xy + X3+ X4, Xs)
—(a3—ay3) (X1, X+ X3, X4+ X5} + (Ars—Azg) (X1, X, + X3, X,)

+ 3 (x5 Xy, X34 X4, X5)—F3 (Xp5 Xy, X3, X4+ X5)=0.
Putting x,=0 and integrating, we get
(10.6) F;(x;, X,, X4, X5) = Ay (X1 + X3, X4, X5)—(A13— Ay3) (X1, X5+ X4, X5)
+ (A3 — Ay + As3) (x4, x5, X4+ X5)
—(Ayy— Ay + Asg) (x5 X35, X)—C3 (X3, X4, X5),
where A;; (%), x,, X3) = Fpy (X1, X3, 0, Xx3)— A (x;+%,, 0, x5) (=3, 4).
Put (10.6) into (10.5) '

(10.7)  fs(xys X5, X3, Xg) +a;5(x; + X5, X3, X4+ X5)— 14 (X, + X5, X3, X,)
—(a13—ay3) (X1, X+ X3, X4+ X5)+ (A, — Ayy) (X1, X5+ X3, X,)
+(Az—Axy+ Asz) (X1, X5, X3, X4+ x5)—(Ayy— Ay + A3,) (X1, Xy, X3+ X,)
—fa (X1, X5 X3, X4+ X5) = 0.

Putting x,=0 and integrating, we get
(10.8)  F, (X1, X5, X3, X5) = Ay3 (X1 + X35 X3, X5)—(Ay3— Ays) (%, X, + X3, X5)
+ (A3 — Ay + A33) (X1, X5 X3+ X5)
— (A — Ay + Azy— AL) (%1, X5, X)—Cy (X5, X5, X5),
where A;, (%), X3, X3) = Fs (%), X;, X3, 0)—A4,, (x, + %3, X3, 0)
+ (Ajy—Ay4) (X1, X+ x5, 0).
Put (10.8) into (10.7)
S5 (X1 X5, X3, X)—a3, (X + X5, X3, X,) + (@14—a04) (X1, Xy + X3, X,)
(14— g+ A34) (X1, Xy5 X3+ Xg) + (A 14— Aog + Ayq—A4s) (X1, X5, X3)=0.
Integrating
(10.9)  Fs(xy, x5, X3, X)) = A4 (%, 4+ %5, X3, X)) —(A14—Ay) (X1, X3+ X3, X,)
+ (A= Aps+ A30) (X1, X3, X3+ X,)
F (A — Ay + Asy— Ay (x15 X5, x3)—C5 (X525 X5, X,).

2%



20 J. K. Jong

Putting (10.2), (10.4), (10.6), (10.8) and (10.9) into (10), we get
(10.10)  Fg(x;, X, X3, %) =C, (X, + X3, X3, X,)—C3(x;, X5+ X3, X,)
+ Cy (X1, X5, X3+ Xx)—Cs5(x15 X5, X3)
—C, (x5, X3, Xy).
Thus (10) implies (9).
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