PUBLIKACUE ELEKTROTEHNICKOG FAKULTETA UNIVERZITETA U BEOGRADU
PUBLICATIONS DE LA FACULTE D'ELECTROTECHNIQUE DE L'UNIVERSITE A BELGRADE

SERIJA: MATEMATIKA I FIZIKA —SERIE: MATHEMATIQUES ET PHYSIQUE

Ne 210 — Ne 228 (1968)

213. ON INEQUALITIES CONNECTING ARITHMETIC MEANS
AND GEOMETRIC MEANS OF TWO SETS
OF THREE POSITIVE NUMBERS, IL*

A. Oppenheim

1. In a note [1] with the same title I proved some inequalities about the
arithmetic means and geometric means of iwo sets of three numbers which
satisfy the following condition

H: ¢, ¢;, c; lie between the least and greatest of the three positive numbers
a,, ay, ds.

(Without loss of generality we can assume that
O<a,<a,<a;, 0<c<c<0y;

so that H means a,<c,, ¢;<as.)

I If ¢,+c¢,+c;=a,+a,+a,, then ¢, c,¢c;>a,a,a,; equality is possible
if and only if a;=c¢; (i=1, 2, 3).

II. If a,a,a,>¢ ¢, ¢5. then a;+a,+a,>c¢;+c,+ ¢y equality is possible
if and only if a;=¢; (i=1, 2, 3).

In this note I show that I can be strengthened but not II.

IIL. Suppose that 0 <n<2, that the c;, a; satisfy H and that ¢, +c,+¢;>
>a,+a,+ay. Then

(@, +a,+a)' ¢c;c03> (e + ¢, + ¢3) a; a, ay;

equality implies equality of the c¢; and a;.
For any n>2 the inequality fails for appropriately chosen a;, c..

* Presented January 5, 1968 by D. S. Mitrinovic.
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22 A. Oppenheim

1V. Let 8 be an arbitrarily small positive number. Numbers c;, a; satis-
fying H and a,a,a,>>c ¢,c, exist such that
(a,+ay+ az) (e ¢ 03 < (e + ¢, + ¢5) (a; a, a3)°
although (by II)
a,+a,+a,>=c,+c,+ e
2. The negative part of III is settled by the sets
(a)=(1, G—1,G), (c)=(1,G,G) (G=>2)

which satisfy H when we take G sufficiently large.

Let n=2+¢, £>0. Then

c 1
log {{a, +a,+a;)' c;c,e;/(c; + e, +¢)' aya, a3t = — E iy (EZ>< 0
if G is sufficiently large. -
To prove 1V take

(a)=(1,9, K), (c)=(2, 3, K) (K large).

a, -, - ay ( ‘1&33)8 _ ( . _5) (2>8 -1
ci+ceykey \ayayay K+5/13

for sufficiently large K.

Then

3. To prove III I assume I and use the inequalities below about two pairs
of positive numbers which throughout satisfy the conditions

0<a<bh, O0<a<pP.
Lemma 1. If ba>af, then
afy (a+ by = ab (x+B);
equality if and only if ba==af.
We have

of (a+ b)z—ab (+ByY=0bp—aa)(da—ah).
But bp—aa=bax—aB=0. The result follows.
Lemma 2. If ba>af and 2+ B8>a+b, then
B (a+b)' = ab (x+B)" O<n<2);

equality if and only if a=a, b=§.
For n=2 the result follows from Lemma 1 since ba>afB. For 0<n<?2
use o+ B>a-b. Equality occurs if and only if ba=af, a+B=a+b whence

a-o, b=
Lemma 3. If O<a<oa<P<b and a+B=a+b, then
of (a+b)' = ab (a4-B)" O<n<?2):

equality holds if and only if a=a, b=5.
The conditions imply that ba > a8 so that Lemma 3 follows from Lemma 2.
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4. Proof of 1II. Two cases arise according as

(i) co(m+a,+a)y=a,(c,+c,+¢y)
or
(i) clay+ayta)<ap(c;+ e+ ¢y).

If (i) holds we prove that ¢, +c¢,+¢;>a, + a,+ a, implies
(a,tay+aP eyc,05= (e +6,+63) a,a,a,

(which is stronger than the inequality in 1lI).
Consider the two sets b;, d; defined by

bi=a/(a;+a,+as), di=c;/(c;+c,+c5).

Plainly 0<b,<b,<b;, O<d<d,<d;, Eb;=2d;=1, d;<b; since
dy<a/Zc<a;/Za=b;, by<d, by the assumption (i).
Thus the b;, d; satisfy the conditions of 1 so that
did,d;> bbby, e (a+a,+a)’cic,e35 (0 +c,+ ) a,a,a,

as required.
We come now to case (ii). Here necessarily

@+ a)<a (e +e)<c (e +¢)
so that

@+ A<+ 03< G+ a;, a,<c,.

Thus the two pairs of positive numbers a,, a;; ¢,, ¢, satisfy the con-
ditions of Lemma 3 so that
¢, 03(a, Fa)' = ay a5 (e ¢3) (0<n<?2)

(with strict inequality since c¢,-+c,>a,+a;). We apply the inequalities to
appropriately grouped terms in expansion of

(a,+a,+- @) cicy 05— (ey+ 0, +¢3)*a a,a,= L+ M+ N,
where
L=cya (a,c,c;—c¢ a,as),

M=2c a {c,c;(a,+a)—a,a;(c; +c3)},
N=c c;,c;(a,+ a;)>—a, a, a, (¢, + ¢3)*

Then (using a; (c,+ c;)>¢; (a,+ay))

Lc,Fey)=cpaie{c,c5(a,+as)—a,a;(c,+¢;)} >0 (Lemma 3),
M >0 (Lemma 3),
N za {c,c5(a,+a5)?—a,a;(c, + ¢;)3 >0 (Lemma 3).

Thus case (ii) is settled: if ¢, (a; +a, +a;)<<a, (¢;+ ¢, + ¢;), then I holds
with strict inequality.
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5. An application of IlI.

Suppose that ABC, A'B'C’ are two triangles such that (i) the perimeter
of A'B'C’ is at least equal to the perimeier of ABC, (ii) the lengths of the
tangents from A’, B’, C’ to the incircle of A'B'C’ lie between the least and
greatest of the tangents from A4, B, C to the incircle of ABC.

Then
(1) inradius of A'B'C’ = inradius of ABC,

2) area of A'B'C’' = area of ABC.
Equality occurs if and only if ABC, A'B’'C’ are congruent.
Taking A'B'C’ to be an equilateral triangle of the same perimeter as
ABC yields the well-known inequality
$2>34/3A,

where S is the semi-perimeter and A the area of ABC.
Equality holds if and only if ABC is equilateral.
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