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o KOPHEBbIX rO,ZJ;OrPA«I>AX HEJIMHEMHbIX MMIIYJIbCHbIX
ABTOMA TMqECKUX CUCTEM*

A. H. KY3Heu,06**

PaCCMaTpHBaIOTCH C:rOC06bI nOCTpoeHHH KOpHeBblX rO,LJ;Orp:;UpOB HeJ1HHeH.-

IIbIX IIMnYJ1bCHbIX aBTOMaTWIeCKHX CllCTeM, ,LJ;IfHaMHKa KOTOpbIX OnHCbIBaeTCjJ

aJIre6paHqeCKHMH ypaBHeHlljJMH C KOMnJIeKCHblMH K03<P<PHIIHeHTaMH. )J,JIH noc-

TpOeHHH KOpHeBbIX rO,LJ;Orpa<pOB 3THX CHCTeM MorYT 6bITb npHMeHeHbI paHee

pa3pa6oTaHHbIe MeTO,LJ;H KOH<POpMHbIX npe06pa30BaHHH..

IIpo6JIeMa aHaJIll3a H CllHTe3a HeJIHHeUHbIX aBTOMaTHQeCKHX CHCTeM

(HMAC) npe,LJ;JIO)l(aeT OCTaBanCH aKTyaJ1bHOH. B TeopHH HeJIllHeHHbIX Henpe-

pblBHbIX CHCTeM nOJIyqHJIH paCnpOCTpaHeHHe, B qaCTHOCTH, MeTO,LJ;bI, OCHOBaHbIe

Ha qaCTOTHbIX KpHTepHHX YCTOHQllBOCTH HeJ1HHeHHbIX CHCTeM B. M. IIonoBA.

IIoJIYQeHHble B 3TOH 06J1aCTH pe3YJIbTaTbI n03B0J1HJIll B ,LJ;aJ1bHeHWeM pa3pa-

60TaTb MeTO,LJ;bI aHaJIll3a II CllHTe3a HeJIHHeHHbIX HenpepblBHbIX CHCTeM C HCnOJIb-

30BaHHeM aCHMnTOTllQeCKllX JIOrapll<pMWIeCKHX xapaKTepHCTIIK [1]. AHaJ10rI1:QHbIe

KpllTepHll YCTOH'II1:BOCTll 6bIJ1H BblBe,LJ;eHbI JI. 3. !J;bIITKHHbIM ,LJ;JIH HMAC [2].

O,LJ;HaKO ,LJ;aJIbHeHWee pacnpocTpaHeHHe 3THX qaCTOTHbIX MeTO,LJ;OB, aHaJ10rllQHblX

npllMeHHeMbIM B TeopHH JIHHeHHbIx H HeJIHHeHHbIx HenpepbIpHbIX cHcTeM, II

OCHOBaHblX Ha llCnOJIb30BaHHH rO,LJ;orpa<poB HAHKBHCTA H ,LJ;HarpaMM EO,LJ;E,

HaTaJIKHBaeTCH Ha 3HaqllTeJIbHbIe TPY,LJ;HOCTH, OqeBll)J;HbIe Y)I(e B npHMeHeHllll

3THX MeTO,LJ;OB K aHaJIll3Y HeJIHHeHHblx HenpepbIBHblX CHCTCM 11: KOTopble ewe

60JIee ycyry6JIHIOTCH npH npHMeHeHI1:H HX K I1:MnYJIbCHbIM CHCTeMaM. 3TH TPY,LJ;-

HOCTll CBO,LJ;HTCH rJIaBHbIM 06pa30M K TOMY, QTO nOCTpoeHHe rO,LJ;Orpa<pOBHAH-
KBHCT A H ,LJ;HarpaMM EO,LJ;E npH OrpaHllqeHllHX, HaKJIa,LJ;bIBaeMbIX Ha KJIaCC CI1:CTeM,

Tpe6yeT 3HaqllTeJIbHbIX H K TOMY)l(e npH6JII1:)I(eHHbIX paCqeTOB, He rapaHTll-

PYIOWHX O,LJ;HaKO ,LJ;OCTOBepHbIX pe3YJIbTaTOB, TpY,LJ;HO nOMaIOIIIHXCH OIleHKe.

TeM He MeHee MO)l(HO Ha,LJ;eHTCH, qTO nYTb K aHaJIH3Y H CI1:Te3Y HMAC

MO)l(eT 6bITb OTKpbIT nOCJIe pa3pa6oTKH aJIre6paHQeCKHX MeTO,LJ;OB aHaJIH3a H

CllHTe3a HeJIllHCHHbIX HenpepbIBHblX II IIMnYJIbCHbIX CllCTeM. pa3pa6oTaHbIX B

nOCJIe,LJ;Hee BpeW! M. CTOllqEM [3].

--
* CTaTbSl npeAJIOJKeHHa AJISI ony5mfiCOBaHHe M. PaKH1J:eM, 27. 9. 1967. r.

**
AHaTOJIHH WBaHOBH1J: KY3Heu;oB COTPYAHHK MocKoBcKoro EHepreTH1J:ecKoro HHCTIf

T)'Ta (MEW), MocKBa, CCCP.
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30 A. 11. KY3Hel\OB

llpo6JICMa aHaJUBa IIOBC~eHIDI CHCTeMbI aBTOMaTHqCqKOrO YIIpaBJICHHH B

3TOM CJIyqaC CBO~HTCH K aHaJUBY aJIrC6paHqCCKHX ypaBHcHHH, aHaJIOrHqHbIX

ypaBHcHHHM JIHHCHHbIX CIfCTeM. B TCOplfH JKe JIIfHCHHbIX CHCTCM, KaK H3BCCTHO,

O~HIfM H3 Half60JIec IIOJIHbIX, rlf6KHX If 3<P<PCKTHBHbIX HBJIHCTCH MCTO~ KOpHC-

BOrO ro~orpa<pa.

~-h~ T
PRC. 1. CTpYKTYPHaH cxeMa CRCTeMbI

KaK IIOKa3aHO B [3] HMAC MOJKeT 6bITb IIpe~CTaBJICHa CTPYKTypHOH
CXCMOH, 1f306paJKCHHOH Ha pHC. 1, H OIIlfcaHa aJIrC6paHqCCKlfM ypaBHeHlfeM C
KOMIIJICKCHbIMIf K03<P<PHIJ,HeHTaMH

(1) kNKoG* (z) + 1 = 0 .
EJIOK kN HBJIHCTCH JIHHeHHbIM KOMIIJICKCHbIM 3KBlfBaJICHTOM HCJIHHCHHOro 3JIC-

MCHTa, xapaKTcplfcTHKa KOToporo Y~OBJICTBOpHCT HcpaBcHcTBY

(2)
«D [x (n)]

kr< <
x (n)

IIPH aHaJIH3C YCTOHqlfBOCTM IIOJIOJKCHIfH paBHoBecMH, IfJIIf HepaBcHcTBY

IIPH OIJ,CHKC YCTOHqHBOCTH IIplflJ,cCca, H y~OBJICTBOpHCT TaKJKC ~pyrlfM 06blqHbIM

YCJIOBIDIM [2]. Bce~eM 0603HaqeHHe

(3) B=~.
k

iV iKV

U KU

PRC. 2. (a) N-OKPYJKHOCTH, (5) N-OKpYJKHOCTH B IIJIOCKOCTR KN

N-KOMIIJIeKCHaH <PYHKIJ,IfH, Y~OBJICTBOpHCIIJ,aH ypaBHeHHIO OKPYJKHOCTIf pHC. 2

(4)
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r,L(e

(5)

npH'leM napaMeTpbI OKPY:>KHOCTH onpe,L(eJUlJOTCH napaMeTpaMH H'"~JIHHeHOro :me-
MeHTa CJIe,L(YJOllIHM 06pa30M

(6) N =
1 + B

c 2'
I-Bp=~

2

KG * (" ) - K
hozm+hlm-I+... +hm- 'Ym(z) Ko z-o -.0
aozn + a]zn-l + . . . + an <I>n(z)

-nepe,L(aTO'lHM <PYHKI.(HHJIHHeHHOH HenpepbIBHoH 'laCTH CHCTCMbI, HBAAfOllIeHcH
paI.(HOHaJIbHOH <PYHKI.(HeH z H HMefOnreH KOHe'lHOe 'lHCJIO nOJIJOCOB H HYJIeH, H

nOJIY'leHHM nYTeM npHMeHeHHH z-npe06pa30BaHHH K G (s). Ko-K03<p<pHI.(HeHT
YCHJIeHHH JIHHeHHOH 'laCTH CHCTt'MbI. OTMeTHM cpa3Y, 'lTO KOpHH ypaBHeHHH (1) B
cJIyqae HaJIHqHH CKpbITbIX KOJIe6aHHH He CO,L(ep:>KaTBcex nOJIJOCOB nepe,L(aTOqHOH

<PYHKI.(HH 3aMKHYTOH CHCTeMbI, qTO O,L(HaKO He He 6bIBaCT qaCTO. B npOTHBHOM
CJIY'lae B MO,L(H<pHI.(HpOBaHOM z-npc06pa30BaHHH BbIXO,L(HOH BeJIHqHHbI nOHBJIH-
JOTCH ,L(OnOJIHHTeJIbHble nOJIfOca.

vb Bblpa:>KeHHH(7) H ypaBHeHHH (1) cJIe,L(yeT, npH Kok = K,

(7)

(9)

<I>n(z) + KN'Y m (z) = 0

KN= - <I>n(:L=/(z).
'Ym(z)

(8)
H

B OTJIH'lHe OT 06blqHbIX JIHHeHHblx CHCTeM KN eCTb KOMnJIeKCHaH <PYHKI.(HH.
ECJIH paccMoTpeTb KOMnJIeKcHYJO nJIOCKOCTb

(10) KN=KU+iKV

npH K MeHHJOnrHMCHOT 0 ,L(O 00, TO nOJIyqHM ceKTOp, B KOTOpbIH BnHcaHbI N

OKPYX(HOCTH, pHC. 26, npH nOCTOHHHOM B. 113MeHeHHe BeJIHqHHbI B npHBO,L(HT
K H3MeHeHHJOyrJIa pacTBopa ceKTopa iX, KOTOpbIH He MO:>KeTnpeBbIIlIaTb :::!::90°.

C 061l1eH TOqKH 3peHHH 3a,L(aqa CBO,L(HTCHK KOH<pOPMHOMY oT06pa:>KeHHJO
HeKoTopoH 06JIaCTH nJIOCKOCTH KN B nJIOCKOCTb

(11)
T.e.

Z=/-1 (KN),
HJIH

(,)
=

(,) (KN) .

HaCKOJIbKO HaM H3BeCTHO, B HOBoe BpeMH Ha nO,L(06HbIH no,L(XO,L( BnepBbIe

06paTHJI BHHMaHHe V. C. M. YEH [9]. REZA F. M. [4] OTMCTHJI, qTO B 60JIee
0606nreHHoM BH,L(e np06m"MbI, KOTopbIe MbI paccMaTpbIBaeM B paMKax TeopHH
KopHeBblx rO,L(orpa<poB, aKTHBHO paccMaTpHBaJIHCb MaTeMaTHKaMH Y:>KeB 19
BeKe. REZA F. M. paccMaTpHBaJI aJIre6paH'leCKHC nOJIHHOMbI C KOMnJIt'KCHbIMH
K03<p<PHI.(HeHTaMH, OTMeqM, qTO "HeBa:>KHO, qTO nO,L(06Hble CHCTeMbI B HaCTO-
HllIee BpeMH (1956 r.) He HMeJOT HH:>KeHepHOro 3HaqeHHH."
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(12)

3aIIHCbIBa~ BbIpa:>KeHHe (10) B BH~e:

'Ym(Z)
= -~ = I ~

I

eO +-2/)"-0<

<Dn(Z) KN IKN

H o6paIll,a~Cb K pHC. 2 3aMe'laeM, '�TO KOHiPopMHoe oTo6pa:>KeHHe ceKTopa B
IIJIOCKOCTH Z JIerKO Ha'iepTHTb, IIOJIb3Y~Cb MeTo~oM IIOCTpoeHM ro~orpaiPoB
IIOCTOHHbIX iPa30BbIX yrJIOB IX= Const, pa3pa6oTaHHbIM Y. CHU [5]. Ami IX = 0 MbI
IIOJIyqHM KOHiPopMHoe oTo6pa:>KeHHe BeIll,eCTBeHHoH OCH KU B IIJIOCKOCTH Z,

~BJIHIOIlI,eeCH 06bIqHbIM KopHeBbIM ro~orpaiPoM TEO~OPqHKA - 3BAHCA. IIpH

H3MeHeHHH IIapaMeTpoB HeJIHHeHHOro 3JIeMeHTa, Ha IIpHMep, IIPH YMeHbIIIeHHH
E, BeTBH KopHeBoro ro~orpaiPa 6Y~YT Bce 60JIee OTKJIOHHTCH OT ro~orpaiPa
JIHHeHHOH CHCTeMbI.

Ha OCHOBe IIoTeHI(HaJIbHOH aHaJIOrHH, IIOCTpOHB opTOrOHaJIbHYIO ceTKY
ro~orpaiPoB IIOCTOHHHbIX MO~YJIeH KOMnJIeKCHbIX K03iPiPHI(HeHTOB YCHJIeHHH H
iPa30BbIx yrJIOB HeTpY~Ho HaHeCTH Ha Hee IIO TOqKaM iPHrypy, B KOTOpylO
oTo6pa:>KaeTCH OKPY:>KHOCTb N IIPH HeKoTopoM 3HaqeHHH K. OTMeTHM, B qaCT-
HOCTH, qTO KOHiPOpMHbIMH oTo6pa:>KeHHHMH OKPY:>KHOCTeH 3aHHMaJICH MAK-
CBEJIJI [6].

06Il1,HH aHaJIHTHqeCKHH IIO~XO~ K IIOCTpoeHHIO o606Il1,eHHbIx KopHeBbIX

ro~orpaiPoB Ha OCHOBe TeopHH KOHiPOPMHMX oTo6pa:>KeHHH H aHaJIHTHqeCKorO
MeTo~a r. A. I>EH~PHKOBA H K. <1>. TEO~OPqHKA [7] pa3BHT B nOCJIe~Hee BpeMH
r. B. PHMCKHM [8]. B 3TOH :>Kepa60Te nOJIY'leHbI, B '�aCTHOCTH, aHaJIHTHqeCKHe
Bblpa:>KeHHH ro~orpaiPoB nOCTOHHoro MO~YJIH KOMIIJIeKCHOro K03iPiPHI(HeHTa
YCHJIeHHH H IIOCTOHHbIX iPa30BbIx yrJIOB.

,n:JI~ HaXO:>K~eHHH oTo6pa:>KeHHH OKPY:>KHOCTHKN B IIJICCKOCTb Z npOH3-
Be~eM IIO~CTaHOBKY (11) B ypaBHeHHe (9) H, BbmeJIHB MHHMYIO H BeIll,eCTBeH-
HYbI qaCTH, 3aIIHIIIeM

(13) E+i<uF+KN(P+i<uR)=O, r~e

(14)
L

E = Re <Dn(z) = L
IL~O

n-21L

L (-I)IL<u2ILC~'=-jajan-21L-j

j=O

(15)
L n-21L-l

<uF=Im<Dn(z)= L L (-I)IL<u21L+1C~'=-jlajan-2fl.-j-1

fl.~O j~O

(16)
M

P=Re'Ym(z)= L
fl.~O

m-2u.

L (-I)fl. <u21Lc;:_jbjam-2fl.-j
j~O

(17)

C; - 6HHOMHHaJIbHbIe K03iPiPHI(HeHTbl;

{

~
~JIH

L=
n-l
- ~JIH

2
n HeqeTHbIX,

n qeTHbIX,
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m

{

2
,D,JUI m 'IeTHbIX,

M= 1m-
2,D,JUI m He'leTHbIX.

nO,D,CTaBJUI.HB (13) N = U + iV H npHpaBHHBa.H HYJIlO MHHMYIO H BeIl.(eCTBeH-
HYIO 'IaCTH nOJIY'IHM

E = KUP-(UKVR = 0
(18)

F+KVP+(UKUR=O.

OTKY,D,a,C Y'IeTOM (5), HMeeM

EP+(U2FR
-

I 2 (U2(RE-PF)2
U = - K (P2 + (U2R2) - Nc::!: VP - K2 (P2 + (U2 R2)2

.(19)

3TO 06bI'IHOe BbIpa)KeHHe n03BOJI.HeT BbI'IHCJISlTb 3Ha'leHH.H U, YCTaHaBJIH-
BM COOTBCTCTBHe TO'leK B nJIOCKOCTH Z C TO'lKaMH nJIOCKOCTH KN B 06JIaCTH

onpe,D,eJIeHHSI <PYHK~HH U H I-I (KN). npe06pa3YSI paBbIe 'IaCTH (19) nOJIY'IHM
nOJIHHCMHaJIbHOe ypaBHeHHe DEH,D,PHKOBA-TEO,D,OP'IMKA, onpe,D,eJISIlOmerO HCKO-
Moe KOH<popMHoe oTo6pa)KeHHe

K2 (N2- p2) (P2 + (U2 R2)2 + KNc 2 (P2 + (U2R2) (EP + (U2F R)

+ (EP+ (U2FR)Z+ (U2(RE-PF)Z= O.

BbIpa)KeHH.H (19) H (20), O'leBH,D,HO, cooTBeTcTBYIOT BbIpa)KeHllSlM, nOJIY'IeHbIM
r. B. PHMCKHM, HO ,D,JISI OK'pY)KHOCTH, cMemeHHoH no BeIl.(ecTBeHHoH OCH.
no ypaBHeHHSlM (19) H (20), KY,D,a BXO,D,HT (U2, MO)KHO nocTpoHTb TpaeKTopHH
KopHeH, oT06pa)Ka1OII.(HX OKPY)KHOCTb KN. npOH3BO,D,SI nO.L\CTaHOBKY nOJIHHO-
MHaJIbHbIX BbIpa)KeHHH (14-17) B ypaBHeHH.H (19) H (20), nOJIY'IHM ypaBHeHH.H
DEH,D,PHKOBA-TEO,D,OP'IHKA B KaHOHH'IeCKOM BH,D,e. 3TH )Ke ypaBHeHH.H MorYT 6bITb
npHBe,D,eHbI K KaHOHlfLleCKOH <popMe H nYTeM paCJIO)KeHHSI <PYHK~HH <Dn(z) H

'¥ m (z) B p.H,D,bI TEHJIOPA C KOHe'lHbIM 'IHCJIOM 'IJIeHOB. O,D,HaKO ,D,JISI 60JIee

MaHHnYJISlTHBHOro aHaJIH3a npe,D,CTaBJISleTCSI pa~HOHaJIbHbIM CTpOHTb no B03-
MO)KHOCTH nOJIHYIO ceTb KOH<popMHoro oTo6pa)KCHHSI, KOTopaSi n03BOJISIeT Ha-
6JIIO,D,aTb 3<p<peKT OT H3MeHeHH.H Koe<P<PH~HeHTa YCHJIeHHSI H napaMC:Tpa B. Har-
JISI.L\HO3TH rO.L\Orpa<pbI MO)KHO npe,D,CTaBHTb B BH.L\e 06bI'IHOrO rO,D,orpa<pa JIH-
HeHHOH CHCTeMbI, Ha BeTBH KOToporo "HaHH3aHbI" oTo6pa)KeHHSI OKPY)KHOCTeH,
H3MeHSllOII.(He CBOIO <POPMY H MaCIIlTa6 npH H3MeHeHHH K. nOCTpOCHHe KOp-
HeBbIX ro.L\Orpa<pOB HI1AC TaKHM 06pa30M He BCTpetIaeT 3Ha'lHTeJIbHbIX TPY.L\-
HOCTeH.

(20)
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Summary

In this paper a method of obtaining the roots of nonlinear sampled-data
control systems is investigated. The dynamic of aforementioned system is des-
cribed by an algebraic equations with the complex coefficients. To obtain the
system root-loci one can applied up to now given methods, based upon the
application of conformal mapping.




