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AN IMPROPER INTEGRAL*
Radomir P. Ludi¢

Let us consider the integrals

(1) ! dx
(x—a)?*+b3)- - -((x—a,)*+b,)
where b, >0, a; real, k=1, ..., n; (ay, by) # (@, b)) for k+#m, and
J-§r@d
C .
where C=KU[—R, R] and K={z:|z|=RAIL.(z) >0, R>max /a2 +b3,
1
f@)=-,
H ((z—a)* + bkz)
Being
+R +R
I= lim ff(x)dx J= ff(Z)dZ+ ff(x)dx,
R—>+oo
K —R
lim [f()dz=0 and J=2i S resf(z), z=a +iby
R-—>4 o g K=1
we have
2) I=2mi 3 res f(z).
k=1
Since
resf(z)=-—— oy ——n—ld~ ,
2b,i H((akflbk~a,)2 bZ) 2bkiH(mj,k+inj,k)
i=1 j=1
j#k j#k

* Presented November 1, 1967 by D. S. Mitrinovi¢.
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where m; ;= (a;—a,)? +b;?—b%, n; . =2b, (ar—a;) and since the integral (1)
is real, it follows from (2) that

n
Re (H (mj,k+in,-,k))
j=1
W | 1 n .
_ . _ j#*k
Im'rrkzlb Re -———— —7't:kz1 . X
=R TTmye+inge) 5= b T (mys® + 00
j=1 j=1
j-k j*k
So, we have further
n-1
n 1 2-\
I=1 z n , , ZO (_I)P zn,’l’k PR n,-zp,k mjl,k “ee mj"_zp'k
= b [T mya? 40503 2=
j=1
J#k
where
Znil,k .o n,-zp,k mj k... mjn_zp,k
stands for the sum of all combinations of ithe form
Rik +-- nizp,k Mk «-- mj”_zp,k

in which i #j, and 1<{i, j,<<n excluding the cases i,=k and j,=k
(r=1,2, ...,2p; t=1,2, ..., n—2p).
In [1], the integral (1) has been considered in the cases when n=1, 2, 3.
For n=4, it follows that

My, My, My s, P T, Py P 1 M, T, 1,

I/w A
2 2
b, 110y, +m4°%)
j=2
+m1,2m3,2m4,2—m1,2”3,2”4,2—’”3.2”1,2”4,2—’"4,2”1,2”3.2
4
2 2
b, H (my, > +n;,,9)
j=1
i#2
+m1,3mz,sm4,3_m1,3”2.3"4,3_’"2,3”1,3"4,3—’"4,3”1,3”2.3

4
2 2
by [T (my, % +n;,5)
iy
J#3
+m1,4m2,4m3,4_m1,4 Ny, 4 M3, 4= My g Ny 43, 4— M3 40,4 N 4

3
by 1T (m, Lm0

j=1

In [2], the integral (1) has been considered in the cases when a; =0,
k=1,2, ...,n.
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