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A GENERALIZATION OF A PROBLEM OF L. CARLITZ*
Radovan R. Janié

L. CarLITZ [1] proposed the following problem:

Let P be an interior point of a triangle ABC. Let x, y, z denote the
distances from P to the vertices of ABC and let p, g, r denote the perpendi-
culars from P to the sides of ABC. Let «, B and v denote the angles of 4BC.
Show that

e Y

.o . .
xsm-—+4ysm-—+zsin-—=p+qg+r,
2 2 2

with equality only if P is the incenter of ABC.

In this Note we shall prove a more general result.

Let P be an arbitrary interior point of the convex polygon 4,4, ... 4,.
Let x; denote the distance from P to the vertex 4;. Let p, denote the per-
pendicular from P to the side ApyA4;.;. Let o be the angle of the polygon i.e.,
oy = @: Ak'—lAkAk-l-l . Then
z xksin?i> Z Pk »
k= 2 k=1
with equality holds if and only if all sides of the polygon are tangent to a
circle with center P.
Proof. Let B;= < PAyA,.,. From the triangle PA.P;,

where P, is the feet of the perpendicular on the side
Ay Ap, from P (see Figure), we obtain

1

¢))] DPr. = X5, sin By k=1,...,n).
From the triangle PA. P, we get
@) Pe=Xkt 80 (py;—Bry)  (k=1,...,n-1),

3) Pn=X;sin (¢, —B,)) .

* Presented November 1, 1967 by D. S. Mitrinovié.
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Adding together (1), (2) and (3), we have

n

25 pe=3 x(sin (e—By) +sin Bo),

k=1 k=

-

. O 42
X, SIn — CoS [ —— .
. sin % ( - Bk)

i [\/1=

@ 25 p-

k=

1
Using cos (»—ak)<l (4) gives

n
.o
< Z X, sin —=
1 k=1 2

T

The equality holds if and only if cos (%—pk)=1, ie., ax=2B. This

condition is satisfied if the sides of the polygon are tangent to a circle with
center P.
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