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INEQUALITIES FOR A SIMPLEX AND AN INTERNAL POINT*

A. Oppenheim

P is an internal point of the simplex AoAI
'"

An; Xj=PAj: AjP meets
opposite face in Bj: PBj = Yj. Inequalities are obtained between the sets x j
and Yj. (CARLITZ for the triangle; GABAI for simplex; my results (independent
of GABAI'S) overlap with his.)

P is also an internal point of the simplex Bo ... Bn. Let BjP meet the
opposite face in Cj:PCj=Zj. Then aplication of inequalities for Xj, Y/ yields
inequalities for Yio Zj and so new inequalities for

x" Yj.
We know that

(I)
Hence

LYj= L tj(x/+ Yj) ~ (L tj) max(Xj+ Yj)= max (Xj+ Yj).

LYj< LXj"(CARLITZ for n=2.)
No improvement on (2) is possible. (Use CARLlTZ'S example for n = 2.

Take A2, ... , An close to mid point of Ao AI; P at mid point. Then
LXj-LYj->O so that no inequality of type LXj~kLYj for fixed k>1 can
be valid.)

Theorem. For all positive ej

(2)

The form

I

L x/ej2 ~ 2 L (Yjyii ejej.

tjfe, VYj are all equal.
I

L Xj~?- 2 L (Yjyif ~j~j is non-negative definite.

1- tj tj
Xj=-Yj=L-Y/

tj tj

(3)

Equality if the

Proof.

etc.

2 (tj
2

tj
2)LXje/ = L L - Yjej +- Yjej

tj tj

I

~ 2 L (Y,Yjff eje}t

(i =1=j)

* Presented November 1, 1967 by D. S. Mitrinovic.
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18 A. Oppenheim

Hence in particular

(4)
X.

L --'- ~ n(n+ I)
Yi

1

(ei=Yi 2),

(5)
1

L Xi ~ 2 L (YiyJf2: (ei = I),

1

LXiYi ~ 2 LYiY} (el=Y?)'

Note also that in (3) YI can be replaced by Pi (perpendicular from P
on face opposite to AI), Hence (4), (5), (6) with p, in place of Yi'

1

Since the form L Xi~i2 -2 L (YIYj)"2 ~i~) is non-negative definite (indeed
in general positive definite) its principal minors are positive or zero. Thus e.g.

XtX2X3-2YtY2Y3-XtY2Y3-X2Y3Yl-X3YtY2 ~ O.

(6)

Hence also
6YtY2Y3 ~ LXtY2Y3 (from (3) by appropriate choice of ei)

~ XtX2X3-2YtY2Y3

so that XtX2X3 ~ 8YtY2Y3'

Other inequalities of this nature can be found in the same way.

Inequalities for L c:r, k>O.

n (ITt})-t.
1 1

W h Xi "tj 2 .ofti

IT - -1--e ave-=L.,-:?" J -n( tj)ntl n;
Yi jofti ti ti

k k 1

L C:f ~ nk (ITt})" (IT ti-k- -;)n+ 1 (n + 1)
= (n+ I) nk.

Thus for k>O

L ( ;:r ~ (n + I) nk;

equality if and only if P is centroid of Ao, ... , An.

[Hence L exp (;:)
;? (n + I) en and so on.]

Note also that from (7)

(7)

L (;;f ~ (n+ I) nk

where Pi is the perpendicular from P on face opposite AI,
The simplex BoB. ... Bn>P internal. BiP meets opposite face in C,:PCi=ZI'

Relations between XI' Yi, Z,.

(7') (k>O)
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If X;'=BiP, y;'=PCi, then

(8) x;' = Yio
, XiYi

Yi = .
(n-1) Xi+ nYi

hold for Xj,Yi will also hold for x;', Y;' andHence any statements which
therefore for

Yi in place of Xi; -
XiYi in place of Yi.

(n-1)xi+nYi
Thus (4) yields

z:
(n-1)xi+nYi:;;::, n(n+ 1)

Xi
and so

(9) Y . 1
Z:--!..:;;::'1+-

Xi n

(Stronger than the inequality for n = 2 obtained by CARLlTZ). Equality at
centroid only.
[If we deal with homogeneous statements it is enough to replace Xi' Yi by
(n-l)xi+nYi and Xi respectively.]

Thus (3) yields
1

(10)
and in particular
(11) (n-1) Lx?+nZ:xiYi:;;::' 2Z:XiXj.

From (7) we get, for k >0,

(12) L (n-l +n ::f:;;::, (n+ l)nk,

equality only at centroid.
Noteworthly also is

(13)

Inequalitiesfor L (::f,
We know that

(1 N

)
1 I N

- La;' r:;;::'- Lai
N i=1 N i~1

(k:;;::' 1).

(a,>O, r:;;::'1).

Hence 1

[
~ i (Yi )

k

]

k
>- ~ L Yi

n + 1 i=O Xi
:;0--

n + I Xi
(k:;;::, 1)

>-
I

:;0---
n

2*
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by (9). Thus

(14) L c:r > (n+ I)n-k

equality holds if P is centroid of simplex.
This inequality does not necessarily hold if O<k< 1.

(k > I);
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