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INEQUALITIES FOR A SIMPLEX AND AN INTERNAL POINT*
A. Oppenheim

P is an internal point of the simplex Ay4, ... 4,; x;=PA;: A;P meets
opposite face in B;:PB;=y,. Inequalities are obtained between the sets x;
and y;. (CARLITZ for the triangle; GABAI for simplex; my results (independent
of GABAI's) overlap with his.)

P is also an internal point of the simplex B, ... B,. Let B,P meet the
opposite face in C;:PC;=z;. Then aplication of inequalities for x;, y; yields
inequalities for y;, z; and so new inequalities for x;, y;.

We know that
(1) LGty =y, O<ti<l, T=1
Hence

@ 2 Y= 4(x;+y) < (X t;) max (x;+ y;) = max (x; + ;) .

Syi< X x;- (CARLITZ for n=2.)

No improvement on (2) is possible. (Use CARLITZ’s example for n=2.
Take A4,, ..., 4, close to mid point of A4,4,; P at mid point. Then

> x;— X y;—~ 0 so that no inequality of type X x; > k> y, for fixed k>1 can
be valid.)

Theorem. For all positive e;

1
(3 T xie? 223 (yiy)? ee;.
Equality if the t;fe;\/y; are all equal.

1
The form 3 x£2—23 (3:7)? E;€; is non-negative definite.

Proof. X= 1=,

t . .
yi=>2y  (G#D).
i §
2 Ji P 2 : ;
Zxier=222 [—yielf+—ye; @E#D
t; t;
1
etc. =23 (ny)? ey,

* Presented November 1, 1967 by D. S. Mitrinovié.
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18 A. Oppenheim

Hence in particular
1

@ SEzn@+l)  (e=y ),

) Sx > 2z(y.yj)2 (e=1),
1

6 Zxiyi =223y (&=y2).

Note also that in (3) y; can be replaced by p; (perpendicular from P
on face opposite to 4;). Hence (4), (5), (6) with p; in place of y,.

Since the form > x£’—23> (y,y,)2 £ Ej is non-negative definite (indeed
in general positive definite) its principal minors are positive or zero. Thus e.g,

X1 X2 X3—2P1 V2 ¥3—X, YV, V3—X, Y3 )1—X3 1 Y2 = 0.
Hence also
63,,y; < ¥x,5,¥; (from (3) by appropriate choice of e;)
S XX, X3—2010, V3

so that x,x,x; = 8y, ¥,5;.
Other inequalities of this nature can be found in the same way.

N
Inegualities for Y (ﬁ) , k>0.
Ji

» (T 1

We have ——-Z ’> N L A _n(Ht)n 4 1‘7;

i J#i i tx
x:\ K k k1 '
Z(_'> >n([I)"(lee ) e+ ) =@+ 1)n-

Thus for k>0
N
%) z(i) > (n+ 1)nk;
Ji
equality if and only if P is centroid of 4, ... , 4,.
[Hence > exp (ﬁ) = (n+1)e and so on.]

i

Note also that from (7)

, X; k
(7) > (—) = n+1)nx (k>0)
Di
where p; is the perpendicular from P on face opposite 4,.
The simplex B, B, ... B,, P internal. B.P meets opposite face in C;: PC;=z,.

Relations between Xx;, y,, z,.
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If x,-' =.Bi.P, yi’ =PC,‘, then
’ ’ XiYi
8 X =y W=

Hence any statements which hold for x;,y; will also hold for x;/, y;/ and
therefore for
»; in place of x;; L P4 B place of y;.
(n—1) x;+ny,
Thus (4) yields

= (n—1) x;+ny; > n@msl)

Xi
and so
; 1
©) LD
X n

(Stronger than the inequality for n=2 obtained by CarLITZ). Equality at
centroid only.
[If we deal with homogeneous statements it is enough to replace x;, y; by
(n—1)x;+ny; and x; respectively.]

Thus (3) yields

1
(10) =1 x;+nyle? =23 (x;x;)% eie;
and in particular
(11) =) Zx?+nT x5y = 2T X;%;.

From (7) we get, for k>0,

(12) Z(n—l-kn&)k) (n+ 1) n*,
Xi

equality only at centroid.

Noteworthly also is
1

(13) (—1) Sx;+nSy =23 (nx)?.

Nk
Inequalities for X (Zi) , (k= 1).
_egaiiries JOU X
We know that

=1 N &
Hence 1
n Nk
1 Z(&) el s gz
n+17~0\x; n+1 X;

2%



20 A. Oppenheim

by (9). Thus .
(14) z(ﬁ) > @+ (k> 1)

equality holds if P is centroid of simplex.
This inequality does not necessarily hold if 0<k<C1.
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