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ON CERTAIN TRIANGLES INSCRIBED IN A GIVEN TRIANGLE*

O. Bottema

On the sides BC, CA, AB of a given triangle ABC we take the points
A', B', C' so that BA'=CB'=AC'=x. The case x~min(a, b, c) has recently
been considered by Z. ZIVANOVIC[1], who arrived at an inequality for the
area 0' of the triangle A'B'C'. We make here some remarks on the case
that x is unrestricted, so that one or more vertices of A' B' C' may lie on the
extended sides of ABC.

If 0 is the area of ABC then

0' =0
[

1- x(c-x)- x (a-x) x (b-X)
]ac ba cb

(1)

or

(2) O'=~'Q(X)
4R

where
(3) Q (x) = (a+ b + c)x2-(bc+ ca+ab) x+abc.

If Q<O we have 0'<0, which means that the orientation of A'B'C' is
opposite to that of ABC; if Q = 0 the points A', B' and C' are collinear. The
discriminant D of Q reads

(4) D ==b2c2+c2a2+a2b2-2a2bc-2ab2c-2abc2.

If D<O the function Q is positive definite and all triangles A'B'C' have the
same orientation as ABC; if D = 0 there is one (positive) value of x for which
A', B' and C' are collinear; for D>O there are two (positive) values of x,
let us say Xl and x2' for which A', B' and C' are collinear and for XI<X<X2
A'B'C' has an orientation which is the reverse of that of ABC.

All three cases occur: when a=b=c then D<O; a:b:c= 1 :4:4 implies
D=O; when a:b :c= 1: 5: 5 we have D>O.

If the sides of a triangle are p, q, rand F is its area then

16F2 = _p4-q4-r4 + 2q2r2+ 2r2p2+ 2p2q2.(5)
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Having compared this with (4) we conclude: if a (real, non-degenerated)
triangle with the sides ..jbC, ..;ca and y ab exists, then D< 0; if one of these
lines is greater than the sum of the other two, then D>O.

A triangle will be called special if D = O. If a?;;b?;:;c then the triangle
is special if y ab = ..J7iC + y ca .

If an equilateral triangle PIPZP3 i" given and a, b, c are the barycentric
coordinates of a point P with respect to this triangle, then P will be called
the image point of the triangle ABC the sides of
which are proportional to a, band c. The image
points of real, non-degenerated triangles are inside
the triangle P/ Pz' P/, the vertices of which are the
midpoints of PZP3' P3PI, PIPZ (fig. 1).

D = 0 is the equation of a curve K of the
fourth order and it is easily seen from (4) that it
has cusps in the points PI, Pz and P3, the cuspidal
tangents being b = c, c = a and a = b. Moreover, if
we write
(6) D=(bc+ca+ab}Z-4abc(a+b+c),

we see that K is tangent to the line at infinity
(a + b + c = 0) at the isotropic points of the plane.
In view of a theorem of CREMONA [2], these characteristics are sufficient
to conclude that K is STEINER'S hypocycloid. Hence the theorem: the locus
of the image points of special triangles consists of the three arcs of Steiner's
hypocycloid which lie inside the triangle P/ Pz' P3'.

K is a rational curve. A representation in parametric form reads

(7)

which obviously satisfies
(8) Ybc :i: y ca :i: yab = 0 .

P,

P,

fig.l

The two real points of intersection of K and P/ Pz' (a + b-c = 0) are given
by the roots tl and tz of t + t-I = y2 + 1, those of K and Pz'P3' by t; (tj_1)-I,
those of K and P3'PI' by I-t;.

The midpoints of the three arcs are (1, 4, 4), (4, 1, 4) and (4, 4, 1);
they correspond to the only isosceles special triangles.
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