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Summary. Concrete I1ariational formulas for self and mutual impedances of two
coupled antennas of unequal sizes are gil1en, based on a two-term current distribution.
The impedances are expressed in terms of tabulated functions.

1. Introduction

The variational method for determining the impedance of a thin, cylin-
drical symmetrical antenna was first presented by Storer.I.2 Some years later
Levis and Tai3 proposed an extension of Storer's variational method to the
treatment of two or more coupled parallel linear antennas of unequal sizes.
However, their approach was very general and no concrete final formulas
were derived. Moreover, these general formulas for impedances in the case of
two-term trial current included complicated complex determinants of the fourth
order, whose elements are not determined but only defined in the form of
integrals to be evaluated assuming a particular two-term trial current.

The aim of the present paper is to give a more concrete form to the
very general approach of Levis and Tai, and to present utilisable final formulas
for self- and mutual impedances of two parallel linear antennas of unequal sizes.

2. Integral equations and variational expressions for impedances

Let us consider two coupled linear antennas of unequal sizes, represented
III Fig. 1.

Owing to the linearity of Maxwell's equations the currents and voltages
at the antenna terminals satisfy the following relationships:

(1)

(2)

UI = Z11 II (0) + Z12 12(0),

U2 = Z21 II (0) + Z22 12 (0).
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The integral equations governing the current distributions along the two
antennas, co'rresponding to the feeding voltages UI and U2, are given by

hi

UI (J (z)
=

j'f} J II (z') Ku (z-z') dz'
4n

-hi
hz

+
j'f} J 12 (z') KI2 (z-z') dz',
4n

-hz
hz

U2(J(z)=j'f} J 12 (z')K22(z-z')dz'. 4n
-hz

hi

+ L!l
J II (z') KI2 (z-z') dz',

4n
-hi

(3)

(4)

(I)

I

I

Z=o ~U1

I 2b22

-h2

-h1 .

r
Fig. 1

Taking into account (1) and (2),

where II (z) and 12(z) are current
distributions along antennas 1 and 2,
and

'f} = (/-lo/Eo)t/2,

(J(z) - Dirac delta function
defined at z = 0,

(5) Kl1 (z-z')= Kl1 (z' -z)

(

1 i)2

)
e-jkrll

=k 1+---
k2i)z2 r '11

(6) rl1 = [bU2 + (z-z')2]t/2,

(7) k=2n/A=w(Eo//-lo)t/2.

Kernels K22 (z-z') and Kt2 (z-z')
can be obtained from (5) replacing
ru by r22 viz. rl2, where

(8) r22=[b2/+(z-z')2]t/2,

(9) rl2 = [bl22 + (Z-Z')2]t/2.

(3) and (4) may be rewritten as follows:
hI

[Zu II (0) + Zl2 12 (0)] (J (z) =
j 'f}

J II (z') Kl1 (z - z') dz'
4n

-hi
hz

+j'f} J12 (Z')KI2(Z-Z')dz',
4n

-hz

(10)
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(11)

h2

[Z12/1 (0) +Z2212 (0)] t5(z) =j"L

J 12 (z') K22 (z-z') dz'
4n

-h2

hI

+j'YJ

J II (z')KI2(z-z')dz'.
4n

-hi

Following Levis and Tai, let us multiply (10) by II (z) dz and integrate
from -hI to hI, multiply (11) by 12(z) dz and integrate from -h2 to h2, and
add the results. Thus we obtain the equation

(12) h, h,

ZI1/12(0)+2Z12II(0)/2(0)+Z22Il(0)=~: J J II (z) II (z')KI1 (z-z') dz' dz

-hI -hI

hI h2

+2 ~: J J II (z) 12(Z')KI2 (z-z') dz' dz

-h, -h2

h2 h2

+~: J J 12(z) 12(z')K22 (z-z') dz'dz,

-h2 -h2

which represents the basis of a variational solution for ZIP ZI2 and Z22' ZI1'
ZI2 and Z22 are calculated from three equations of the type (12), correspon-
ding to three different exitation conditions. Levis and Tai proved that impe-
dances thus obtained have the stationary property in respect to current distri-
butions, i. e. that

(13)

Hence, introducing reasonably good approximate current distributions in place
of the true distributions, the obtained values of impedances will be approxi-
mations of a higher order to the true values of impedances.

In this paper, in order to attain the final concrete formulas for impe-
dances, and to reduce calculating difficulties as much as possible, the following
three exitation conditions will be adopted:

1° 11(0)*0, 12(0)=0;

2° II (0) = 0, 12(0) *0; and

3° II (0)/12(0) = -(Z22/ZI1)I/2.

In the first case, the second and third terms on the left side of (12) are
Zero. What concerns the right side of (12), having in mind the process of its
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derivation, it is easy to show that a half of the second integral and the third
integral cancel, so that in exitation conditions 1° (12) becomes

(14)

hi hi

Zu /12(0)= ~: J J /1 (z) /1 (z') Ku (z-z') dz' dz

-hi -hi

In exitation conditions 2° (12) analogously becomes

(14a)

h2 h2

Z22// (0) = ~: J J/2 (z) /2 (z') K22 (z - z') dz' dz

-h2 -h2

hi h2

+~: J J /1 (Z)/2(Z')K12(z-z')dz'dz.

-hi -h2

In exitation conditions 3° the first and third term on the left of (12)
cancel, so that

(15)

hi hi

Z12/1 (0) /2 (0) =
j

'YJ

J f /1 (z) /1 (z') Ku (z - z') dz' dz
4:n .

-hi -hi

hi h2

+2~: J J /1 (Z)/2(Z')K12(z-z')dz'dz

-hi -h2

h2 h2

+~: J J/2(Z)/2(Z')K22(Z-z')dz'dz.

-h2 -h2

Naturaly, current distributions corresponding to the three exitation con-
ditions are different. However, since no possibility of confusion exists, the three
sets of current distributions will not be denoted differently.

3. Variational expressions for impedances using
Storer's two-term trial functions for currents

. In order to make use of expressions (14)-(15) for computation of
impedances, it is necessary to introduce some convenient trial functions for
currents /1 (z)and /2 (z). It was shown by Storer1 in the case of a single
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symmetrical antenna, and by Galejs4 in the case of two short strip antennas
of equal sizes, that the two-term trial function of the type

(16) I(z) =A sin k (h-I z I)+ B[l-cos k (h-I z I)]

leeds to very satisfactory values of impedances.
The same type of trial function for currents will be used in this paper, i. e.

(17)

(18)

II (z) = Al sin k (hi -I z I)+ A2 [1 - cos k (hi -I z )],

12(z) =A3 sink(h2-1 z I)+A4[l-cosk (h2-1 z j)].

It should be noted that complex current distribution parameters AI, .,. A4
are functions of the feeding conditions, as well as of the antenna system
geometry.

In introducing those expressions in (14)-(15) it is convenient to define
normalized distribution functions in respect to current II (0) or 12(0). For
example, in the case of eqn. (14) we put

II (z)
gl (z) = - = adl (z) + a212(z),

II (0)

12 (z)
g2 (z) = - = ad3 (z) + a4~ (z),

II (0)
where, for abbreviation,
(21)

(22)

(23)

(24)

(19)

(20)

1; (z) = sin k (hI -I z I),

12 (z) = I-cos k (hI-I z j),

1; (z) = sin k (h2-I z I),

~(z)= l-cosk(h2-lzl).

From (19) it follows that

a11; (0) + a21;.(0) = 1,
wherefrom

l-a11; (0)
a =---2

12 (0)
.

Taking into account feeding conditions 10, from (22) it follows that

a = -a
1;(0)

4 3
~(O)

.

Hence, for the particular feeding conditions 10, the normalized current
distribution functions (19) and (20) become

( I" ( I-al!; (0)
1 ((27) gl z)=aUI z)+ 2 z),

12 (0)

g2 (z) = a31; (z)-a3
13(0)

~ (z).
~(O)

(25)

(26)

(28)
.
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(29)

Introducing (27) and (28) in (14) we obtain

Z - 0 2 W + 2 0
1-01 h (0)

w +
[

1-01 h (0)
]

2
W11 - 1 11 1

12 (0)
12

12 (0)
22

1; (0) 1-01h (0)
+ 0103 W13-01 03 - W14+ 03--- W23

14 (0) 12 (0)

13 (0) 1-01 h (0)
-0- W3

~(O) fz (0)
24

where Wik stand for the following integrals

(30)

hm hn

Wik=~: f f !i(Z)lk(Z')Kmn(z--z')dz'dz,

-hm -hn
with

(31) m= {
1 for i=1,2

2 for i = 3,4

{

I for k= 1,2
n =

2 for k = 3,4
.(32)

In an analogous manner

Z 2 2
1-ad3 (0)

[
1-031; (0)

]

2
=0 W + a3 W + -- W22 3 33

14 (0)
34

14 (0)
44

h (0) 1-03h (0)
+03a1 w31-03a1-w41 +01---W32

fz (0) ~ (0)

11(0) 1-ad3 (0)
-a - ---w1

12(0) ~ (0) 42,

where coefficients a3 and a1 now represent parameters A3 and A1 normalized in
respect to 12(0).

In the case of exitation conditions 3°, (15) yields
hi hi

Z12=j1]
11(0)

f f g1(Z)g1(Z')Kll(Z-Z')dz'dZ
4n 12(0)

-hi -hi

hi h2

+ 2 ~: f f g1 (z) g2 (z') K12 (z-z') dz' dz

-hi -h2

h2 h2

+j1] 12(0)

f f g2(Z)g2(Z')K22(Z-z')dz'dz
4n 11(0)

-h2 -h2

(33)

(34)



(37)

(38)
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where again

(35) II (z)
gl (z) =-=alh (z) + a2h (z),

II (0)

12(z)
g2 (z) = - = a3!3 (z) + a4h (z).

12(0)

From (35) and (36) it follows that

but

(36)

l-alh (0)
a=--2

h (0)
,

l-ad3 (0)
a=--4

i4 (0)
.

Putting
II (0)/12 (0) = -(Z22/ZI1)I/2 = p,

and introducing (35)-(38) in (34), we obtain

(39)

4. Evaluation of coefficients al and a3 corresponding to
the three exitation conditions

4.1. Evaluation of al and a3 entering Z1I. Because of the
stationary character of (29), as shown in (13), we shall determine the coeffi-
cients al and a3 in (29) by differentiating (29) with respect to al and a3, and
requiring that

oZI1
= 0

oal
Hence we obtain

(40a)

1 [J.; (0) ]7;(ji) f.(O) W24-W23

al = J.;(0) J; (0) J; (0)J.;(0)
W --w ---w + w13

h (0) J4 fz (0) 23 fz (0)h (0) 24
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(40b)

2 [11(0)

] { It (0)

[It (0) ]
2

}~ -w -w -Q 2w -4-w +2 --- w
fz (0) fz (0) 22 12 1 1I

fz (0) 12
12 (0) 22

~= h~ It~ It~h~w --w --w + w13 f. (0) 14
12(0) 23

fz (0) f. (0) 2<

where

(41a)

(41b)

(41c)

(41d)

It (0) = sin khl>

1; (0) = l-cos kh"

13 (0) = sin kh2,

h (0) = l-cos kh2.

4.2. E val u a t ion 0 f a, and a3 en t e r i n g Z22' Requiring that Z22
given by (33) satisfies the conditions

OZ22
=0 and

OZ22
=0,

oa1 oa3
we obtain

(42a)

1 [I, (0) ]f:(O) h(O) W<2-W32

~= It~ It~ 1t~1t~w --w --w + w
3' fz (0) <I f. (0) 32

12(0) f. (0) <2

2 [It (0)

] { It (0) [It (0)

]
2

}- -w -w -Q 2w -4-w +2 - w
f. (0) J< (0)" 34 3 33 f. (0) 3< f. (0) «

al =
It (0) It (0) It (0) It (0)

w --w ---w + w31
J; (0) <I f. (0) 32

J; (0) f. (0) <2

It (0),... h(O) being given by (41a)--(41d).

(42b)

4.3. Evaluation of a1 and a3 entering Z12'
given by (34) satisfies the conditions

o Z12
= 0

o a,

Requiring that Z12

we obtain that a1 and a3 corresponding to these exitation conditions are to be
evaluated from equations

(43)
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and

o
{

w
_/3(0)W _/1(0)W +h(O)J;(O)

w
}

1
13!'4 (0)

J4
12 (0)

23
12 (0) 14 (0)

24

+0
{
~-

[
w -2J;(0)w +I/(O~ w

]}3
P

33
!'4 (0)

34
Ii (0)

44

IJ;~ I I J;~
---W - W --W +--W-

p!'42 (0)
44

P 14 (0)
34

h. (0)
23

fz (0) 14 (0) 24,

where h (0),
'"

,!'4 (0) are given by (41 a)-(41 d), and p= -(222/211)1/2.
Hence, for final determination of impedances 211' 222 and 212 according

to formulas (29) with (40 a)-(40 b), (33) with (42 a)-(42 b), and (39) with
(43)-(44), respectively, it remains only to evaluate the integrals Wik.

(44)

5. Evalution of integrals Wik

For evaluation of the w-integrals we shall make use of the following identity:1
Let

and suppose that
g (h) = 0

(corresponding to the condition that current at the antenna end vanishes), then

(45)

h

J ( I (2

)
e-jkr

k g(z) 1+- -- -dz
k2 0 Z2 ,.

o
h

=k J
e-jkr

(I +~ ~
)

g(Z)dZ
, k2 0 Z2

o

I

[
0 e-jkro e-jkrh e-jkro

]
+- g(O)---; ---g'(h)+-g'(O) ,

k 0z '0 'h '0
where

'0 = (b2 + z' 2)1/2,

'h = W + (h-Z')2]1/2.

By the help of the above identity, and having in mind that ji (z) are
symmetric functions, the general integral (30) can be transformed as follows:

(46)

(47)

hm hn

;; Wik = J Jji(z)/dz') Kmn (z-z') dz' dz

-hm -hn
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J
hm

J
hn

( 1 iP )
e-jkrmn

= k /; (z) fk (z') 1 + --~- - dz'dz
k2 j) Z2 rmn

-hm -hn

J
hn

[ J
hm

( 1 j)2

)
e-jkrmn

]= 2 k /; (z) 1 +
k2 j) Z2 rmn

dz fdz') dz'

-hn 0

J
hn

[ J
hm

e-jkrmn

( 1 j)2

) ]=2 k
rmn

1 +
F j)Z2

/;(z)dz fdz')dz'

-hn 0

J
hn

[
1 j) e-jkromn

]
+ 2 - Ii (0) --,- fk (z') dz'

k j)z romn
-hn

hn

+ 2 J [
~ Ii' (0)

e-jkr~mn

]
fk (z') dz',

k romn
-hn

where romn and rhmn are given by

(48)

(49)

rom~:[rmn]z~o
}

m= 1,2, n= 1,2.
rhmn - [rmn] z~h

m

Because of symmetry the integral involving Ii (0) wanishes. Therefore,
changing variable in the integral involving Ii' (hm), we obtain

(50)

- 2
Ii' (hm)

k

hn

4 Ii' (0)

J I'. ( ')
e-jkromn

d '+ - Jk Z -- z.
k romn

o
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Let us now calculate integrals Wik corresponding to the assumed Storer's
current distribution, where Ji (z), i = I, 2, 3, 4, are given by (21)-(24). Since
cases m = n can easily be obtained from cases m =1=n, only the latter will be
evaluated.

These four Wik will be evaluated in turn.

5.1. Evaluation of W13(=W31)' In the case i= 1, k=3, according
to (31) and (32), m = 1 and n = 2. From (21) and (23) it follows that

(51) Ji(z)=ft(z)=sink(hl-[zl),

(52) fk (z') = h (z') = sin k (h2-1 z' I),

so that, for z>O,

(
1 jP

)1 +- - Ji(z)=O.
k2 iJZ2

Hence, from (50),

(53)
4:n;
--:- w13 = 2
J'YJ

In what follows it will always be assumed that hI> h2.
Let us calculate first integral JI. Since for z' < hI

and for z'>hl

integration of JI will be performed in ranges (hl-h2)~z' <:hI and hI ~z' ~
<: (hI + h2):

(54)

Introducing a new variable, 1= kz', and putting

k r012= R012 = [12 + (kbI2)2P/2 ,
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JI becomes

(55)

Let us denote, as usually, integrals on the right side of (55) in the
following manners

(56)

kh

J
e~jRol2

Cb (h, 0) = 2 cos t - dt,
Rolz

o

(57)

kh

J
e~jRO\2

Sb (h, 0) = 2 sin t - dt.
ROI2

o

Cb(h, 0) and Sb (h, 0) m'lY be expressed in terms of tabulated generalized sine-
and cosine-integral functions6 and inverse hyperbolic sines7 as follows (refe-
rence 5, p.97):

(58) Cb(h, 0) = 2 [sh-I (hjb)-C(kb, kh)-Cc (kb, kh)]-j 2 Sc (kb, kh)

(59) Sb (h, 0) = 2 Cs (kb, kh)-j 2 Ss (kb, kh).

Integral Jz from (53) can be reduced to the form

(60)

kh2

f
e-jRol2

-4 cos khl cos khz sin t --- dt,. ROI2
o

in which again appear integrals (56) and (57).
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Therefore, according to (55)-(57) and (60), (53) becomes

4nWI3 = -sin k (hl-h2)[Cb (hi, O)-Cb (hl-h2, 0)]
j'YJ

(61)

+ cos k(hl-h2) [Sb(hi, O)-Sb (hl-h2, 0)]

+ sin k (hi + h2) [Cb(hi + h2, O)-Cb (hi 0)]

-cos k (hi + h2) [Sb(hi + h2, 0) -Sb (hi, 0)]

- 2 cos khl sin kh2 Cb(h2, 0)

+ 2 COSkhl COS kh2 Sb (h2, 0) .

5.2. E val u a t ion 0 f WI4 (= W41)' In this case, according to (31) and
(32), again m = 1 and n = 2, and from (21) and (23) now

(62)

(63)

Ii (z)= II (z) = sin k(hl-I z' I),

Ik (z') = h (z') = l-cos k (h2-1 z' I),

so that, for z>O,

( 1 (2

)1 +- - /;(z) =0.
k2 0 z2

(64)

h2

J
e-jkrol2

-4coskhl [1-cosk(h2-z')] --dz'.
'012o

In a quite similar manner as in the case of w13' (64) may be reduced to

(65)

khl .

J
e-JROI2

sint--dt
ROl2
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. kh2 .

J
e-JR012

-I- 4 COS khl cos khz cos t -~ dt
Rolz

o

kh2

J
e- jR012

-I- 4 COS khl sin khz sin t -- dt
R012

o

In (65) only the first two integrals are of a new type, usually denoted as5
kh

J
e- jR012

Eb(h,0)=2
.

-dt.

Rolz
o

(66)

Eb (h, 0) may also be expressed in terms of tabulated
cosine-integral functions6 and inverse hyperbolic sines7

5, p. 97):

(67)

generalized sine- and
as follows (reference

Eb(h, 0)=2[sh-1 (hjb)-C(kb, kh)]-j2 S(kb, kh).

Thus (65) can be written in the form

4n
---:-W14=Eb (hi -I-hz, O)-Edhl-hz, 0)-2 cos khl Eb (hz, 0)
JrJ

(68)

-cosk(hl-h2)[Cb(hl> 0)-Cb(hl-h2, 0)]

-sink(hl-h2)[Sb(hl> O)-Sb(hl-hz, 0)]

-cosk (hi -I-hz) [Cb (hi -I-h2) - Cb (hi, 0)]

- sin k (hi -I-h2)[Sb (hi -I-h2) -Sb (hi' 0)]

-I-2 COSkhl cos khz Cb (hz, 0)

-I- 2 COS khl sin khz Sb (hz, 0).

5.3. Evaluation of W23(=W32)' In this case againm=l andm=2,and

(69.)

(70)

J; (z) = Iz (z) = l--cos k (hi-I z I),

Ik (z') = 13 (z') = sin k (h2-j z' I),
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so that, for z> 0,

( 1 (2

)
.

1+ - - fi (z) = 1.
k2 0 Z2

Hence,

(71)

The second integral on the right in (71) can be readily expressed in
terms of Cb and Sb functions. The first, double integral is of a new type,
but can again be reduced to Cb, Sb and Eb functions, by changing variable
in the integral in braces, and by partial integration, as follows:

(72)

J
o

[

h

J
l-Z'

e-jkro12

]
= 2

'012-
dz k sin k (h2 + z') dz'

. -hz -z'

J
h2

[J
hl+Z'

e-jkrOl2
h

J
'-Z' e-jkr012

]
=2 --dz+ --dz ksink(h2-z')dz'

'012 '012
o Zl _Zl

h1-Z'

J
e-jkr012

I

z' = h=2cosk(h2-z')
.

-dz, 2

'012 z=O
-h,-z'
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h

J
2

[

e-jkrhl2 e-jkr-h12

]
-2 ---+-- cosk(h2-z')dz'

rhl2 r-h12
o

h2 .

J
e-Jkr-hl2

-2 cos k (h2-z') dz',
r-hl2

o
where

(73)

(74)

rhl2 = [bll + (hl-Z')2]1!2,

r-h12 = [bll + (-hl-Z')2]1!2 = [bll+ (hi + Z')2J1!2.

By changing appropriately the variable in the third and fourth integrals
on the right of (72), so that instead of rhl2 and r-h12 appear r012= (bll + Z'2)1!2,

those two integrals reduce to the types (56) ayd (57). Hence (71) becomes

4:n
;--W23=Eb(h)-h2, 0)+Eb(h)+h2, 0)-2coskh2Eb(hp 0)

i'YJ
(75)

+ cosk(h)-h2)[Cb (h), 0)-Cb(h)-h2, 0)]

+ sin k (h)-h2)[Sb (h), 0)-Sb(h)-h2. 0)]

-cos k (h) + h2)[Cb (h) + h2, O)-Cb (hp 0)]

-sin k (h) + h2)[Sb (h) + h2, O)-Sb (hI> 0)]

-2 sin kh) sin kh2 Cb(h2, 0)

(76)

(77)

5.4. Evaluation of W24(=W42)' Again m=1 and n=2, and

j;(z) = 12(z) = I-cos k(h)-[ z' [),

Ik (z/) = 14(z') = I-cos k (h2-1 z' I) ,
so that, for z>O,

(
1 iJ2

)1+ - - j; (z)= 1.k2 iJZ2
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Therefore, from (50),

(78)

h2

J e-
jk ro 12

-2 sin khl [1-cos k (h2-1 z' I)] --~ dz'.
'012o

Transforming the double integral on the right in the similar manner as
in the case of W23, it may de shown that (78) reduces to

(79)

-sink(hl-h2)[Cb(hI, 0)-Cb(hI-h2, 0)]

+ cos k (hI-h2) [Sb (hI, O)-Sb (hl-h2, 0)]

-sin k (hi + h2) [Cb(hi + h2, O)-Cb (hi, 0)]

+ cos k (hi + h2) [Sb (hi + h2, O)-Sb (hi, 0)]

- 2 sin khi Eb (h2, 0) + 2 sin khi cos kh2 Cb (h2, 0)

+ 2 sin khl sin kh2 Sb (h2, 0) .
5.5. Evaluation of Wik for m=n. According to (31) and (32).

to m = n correspond the following six Wik: Ww WI2( = W21)' W22and W33, W34( = W43)'
W44' It is evident that WII and W33are obtained from (61), replacing h2 by hi
and b12by bw viz. replacing hi by h2 and bl2 by b22: respectively. Also, W12and
W34 are obtained from (68) or (75), replacing h2 by hi and bl2 by bw viz. replacing

hI by h2 and b12 by b22, respectively. Finally, W22and W44are obtained from (79),
replacing h2 by hi and bl2 by bw viz. hi by h2 and bl2 by b22, respectively.

Hence, explicit expressions for all integrals Wik are found in terms of
tabulated functions.

6. Conclusion

This paper presents concrete variational formulas for self- and mutual
impedances of two coupled antennas of unequal sizes, based on two-term
Storer's trial current distribution. The three exitation conditions from which
the impedances are calculated are choosen for the most simple evaluation,
requiring only determination of three complex determinants of the second
orde'r. The impedances are expressed in terms of tabulated functions only.
As in the case of a single antenna, the method is applicable for hi, h2~3 J..f4.1
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