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SOME FORMULAS FOR THE GENERALIZED
LAGUERRE POL YNOMIALS*

s. K. Chatterjea

1. In a recent paper [I], we have defined the generalized Laguerre
polynomials T~~) (x, p) by the Rodrigues' formula

00 1 k k(1. I) Tkn (x, p) = n!
X-IX ePx Dn(xa+n e-Px ),

where k is a natural number. The polynomial T~~) (x,p) is of exactly degree kn.
In [I, p. 186] we notice that

(m+n ) (IX)
rnin~,kn)

xr (lX+n+r) (IX)
(1.2)

m Tk(m+n)(x,p)=
r~

rIT(m-r) (x,p)DrTkn(x,p).

In an earlier work [2], we defined the polynomials T~~ (x) by the
Rodrigues' formula

(1. 3)

Thus when p = I, Tk~)(x, p) - T~~)(x). In fact, when p = I, we have

(m+n )T
(IX) (x) --

rnin~. kn) xr
T

(IX+n+r)(x) D r T
(IX)

(x)k (m+n) - L.., - k (m-r) kn.
m r=O r!

(1.4)

Subsequently in a paper [3] we have found operational derivation of the
following results for T1~)(x, p):

(1.5) ~ T~~ (x, p) tn = (1- t)-IX-I ePxk {I-(I-tj-k}
n=O

(1. 6) ~ T~~-n) (x, p) tn = (1 + t)1XePxk {I-(I+t)k}
n~O

m~Jm;n) T1IX{m+n)(x, p) tm = (1-t)-IX-n-1 ePxk{I-(l-t)-k} T~~)
C~t ' P )

1(m+n )T~IX(;'~n)(x, p) tn=(1 + t)1X ePxk {I-(I-t)k} T~~ (x (I + t), p)
n=O m

. Here we shall show that the results (1.7) and (1.8) can be obtained by
usmg (1.2) and the analogous formula (2.3), derived in the next section.

( 1.7)

(1.8)

--
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2. First we shall derive (1.7) from (1.2). It follows from (1.2) that
GO

(m+n ) (0<)

m~o n
Tk(m+n) (X, p)tm

kn (
t)'

00

= .L~ Dr Ti~ (x, p) .L Ti~+n+') (x, p) tm
,~o r. m~O

kn (xt ) r

= .L - Dr Ti~ (x, p). (1 - t)-o<-n-r-1 eP;ck{1-(I-t)-k}
,~o r!

1-
(

k }
kn

( xt )'
1

= (1- t)-o<-n-1 ePX'",1-(I-t)-
.L - - D' Ti~) (x,p).

,=0 1-t r!

Now

T(O<)(~ P)=Ti~) (x+~, P)= ~ (~ )
r

~D'Tk~)(x,P).kn
1-t' 1-t,::o 1-t r!

Thus we obtain

(2.1) ~ (m + n)TiO<lm+n)(x, p) tm = (1- t)-o<-n-1 eP;ck{I-(I-t)-k} Ti~ (~, P),
m=O m 1-t

which is (1.7). Conversely (2.1) implies (1.2).
Next to derive (1.8) we require an analogous formula of (1.2). It may

be noted here that (1.2) is equivalent to the following formula:

(2.2) (m+n ) (0<) min(lf~ km)
x' (o<+m+,) , (0<)

m
Tk(m+n)(X,p)=

,~o
-;tTk(n-,) (x,p)D Tkm(x,p).

Now we shall prove that

(m+n ) (o<-n)
min(n.km)

x' (o<.-n+r) r (0<)
Tk(m+n)(x,p)= .L ~h(n-r) (x,p)D Tkm (x, p).

m r~O r .
(2.3)

In proving (2.3) we make use of the result [1, p. 183]

(2.4)
n n xr

IT (xD-pkxk + oc + j) Y =n! .L~ TiO«~~,) (x, p) Dr Y.

j=1 r~or.

Thus we obtain
m+n

(m+n)! Ti(;;;~n)(x,p)= IT (xD-pkxk+oc-n+.j).l
j~1

n m

= IT(x D - pk Xk + oc- n + j) IT(x D - pk Xk + oc+ i). 1
j=1 i~1

n

= m! IT(x D -pk Xk+ oc-n + j) Ti~ (x, p)
j=1

n xr (o<-n+r) r (0<)
= m ! n! .L- Tk (n-r) (x, p) D Tkm (x, p)r~Or!
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which implies that

( m+n ) (o<-n)
min(n,km)xr

(o<-n+r) r (0<)

.

Tk(m+n) (x,p)= L: - Tk(n-r) D Tkm (X,p).
\ m r~O r !

Now we shall deduce (1.8) by using the formula (2.3).
We have

n~J
m: n) T~O«~'Zn)(x, p) tn =

r~
(:~)' Dr T~~ (x, p)

n~o
T~~-n) (x, p) tn

= 2:
(xl)' Dr T~~ (x, p). (1 + t)o<ePxk {i-(1+t)k} .

r=O r!
But

T (O<)( ( 1 ) ) - T (O<)( ) - ~ (xt)r
D r T

(O<)( )km X +t,p - km x+xt,p - L., km x,p.
r~O r.

it follows thatThus

(2.5) "" (m+n )n~o m
T~O«~'Zn)(x, p) tn = (1 + t)o<ePxk {i-(1+t)k} T~~ (x (1 + t), p) ,

which is (1.8). Conversely (2.5) implies (2.3).
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