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A SPECIAL CYCLIC FUNCTIONAL EQUATION*
Dragomir Z. Djokovic¢

1. Introduction. — Let F;(x,y), i=1, ... , m+n be unknown real valued
functions of two real variables, which sat'sfy

m+n

(N S Fi(xi+ X1+ - - F Xieme1> Xitm+ Xigmr1+ - - T Xipman—1) =0,

i=1

where x;, i=1, ..., m+n are independent variables and X, ,=X;, i=1,
2, ... In [2] the general cont'nuous solution of (1) is found. But, the argument
given there is valld only if the greatest common divisor of m and n is
(m,n)=1. The general case is not solved, which will be done in this paper.

2. A Correction. — Let us restate the theorem from [2] in the correct
form.

Theorem A. The general continuous solution of (1) if (m,m)=1,
m+n>2, m>0, n>0, is

() Fi(x,y)=(x—my) f(x+y)+ & (x + ), i=1, ..., m+n;
m--n
3 > 8i(x)=0,
i=1
where f(x) and g;(x), i=1, ..., m+n—1 are arbitrary continuous functions.

The proof of Theorem A which is given in [2] is valid since (m, n) =1
implies that the variables

ms .
H=Xi+ Xig 1+ T X — i=1, ..., m+n—1;
m+n
and
S=X;+Xo+ -+ Xpyin

are independent. In order to prove their independence we can use instead of

4, i=1, ..., m+n—1 and s the variables
“) Ti=Xi+ Xt + - - -+ Xitm—1s i=1, ..., m+n
since
m+n 1m+n
ti:Ti—' ZT,', I:I,,m+n——1, S:—*zTi
m-+n i) m =1

* Presented March 20, 1965 by D. S. Mitrinovié.
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and
ms .
T,=t;+ s i=1, ..., m+n—1;
m-+n
ms
Tosn=—M+t+ - +lpiny) +- .
m-+n

The determinant D of the system (4) of linear forms is a circulant whose

first rowis 1,1, ..., 1,0,0, ..., 0.
Hence,
D=a(l)a(e)a(e?)- - -a(emtn1)

where

m_] 2mi

oc(x):1+x+x2+---+x'”—1:x , s=exprll—,

x—1 m+n
D will vanish if and only if for some k=1, ... , m+n—1 we have ekm =1,
i.e. if and only if (m,n)>1. Hence, if (m,n)=1 the variables T;, i=1, ...,
m+n are independent and so are the variables ¢, i=1, ..., m+n—1ands.

A minor completion of the proof in [2] furnishes the following

Theorem B. The most general solution of (1) if (m,n)=1, m+n>2,
m>0, n>0, is

&) Fi(x, )= (nx—my) f(x+Y) + 8 (x+), i=1, ..., mtmn
m+n
6) S 8,0 =0,
i=1
where f(x) and g;(x), i=1, ..., m-+n—1 are arbitrary functions and ¢ (x)
is the general solution of the Cauchy functional equation
(7) e(x+p)=e(®+o().
Remark. We can write the solution also in the following form
Fi(6) =0 f(x+y)+& (x+y), i=1, ..., m+n;
m+n

> g (X)) =—mo () f(x).

i=1
Corollary 1. The most general solution of the functional equation
m+tn
(8) S Gt Xyt Xty XitXa o X)) =0

i=1

if (imyn)=1, m+n>2, m>0, n>0, is

©) G, )= (M) fO) - =1, oo mtns
(10) - S a0 =—me» 1 0).

where f(y) and g;(y), i=1, ..., m+n—1 are arbitrary functions and o (x)
is the general solution of (7).
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Corollary 2. The most general solution of the functional equation

m-+n
(11) > Hi(Xi+t Xppr - A Xipe 1, X Xg+ 0+ X i)
i=1
=H(x +X2+ -+ - +Xpin)
if (mny=1, m+n>2, m>0, n>0, is

(12) Hix, )=o) fO+g0), i=1,...,m+n;
(13) S e ()= H®—me () £,
i=1

where f(y) and g, i=1,...,m+n—1 are arbitrary functions and ¢ (x) is
the general solution of (7).

Proofs. Corollary 1 follows by putting G;(x, y)= F;(x, y —x). Corollary 2
follows from Corollary 1 by introducing G;(x, ¥) = H;(x, y)—H (¥)/(m + n).

3. Main Results. — Firstly we prove

Theorem 1. The most general solution of the functional equation (8),
if (m,n)=d>1, m/d=p, n/d=v, u+v>2, is

(14) Gld+](x’y)Z(P](x)fI(y)+gl](y)3 i:O,ly"‘ ,“.—FV—I, ]:11 sd9
d

(15) > H()=0;

y'+v_1 . N jzl . .
(16) > &EO)=H»—w/ WMy, Jj=1,...,d,

i=0
Where fj(y)9 j=15"' s d’ Hj(y)1 J: 1’ LA | d—l; gij(y)5 j=13'-' s d’
i=0,1,...,p+v—2 are arbitrary functions and ¢/(y), j=1,...,d are the

general solutions of (7).
Proof. Let us introduce the new variables

a7 Vi=Xpt Xpp 4 o F Xipglgs I=1, oo, mEn (Vipmtn= D)
and
(18) Z=X1+Xo+ +** +Xpin.

.

They are not independent since

wt+v—1

(19) > Yasi=2, j=1,...,d.
i=0
The variables y;, i=1, ..., m+n—d, and z are independent since it is easy
to see that the rank of the matrix of linear forms determining them is
m+n—d+ 1. In the sequel we shall use all variables (17) and (18) but we
must have allways in mind that (19) holds. The equation (8) is now
m+n

Z Gi(Vi+Yigat -+ +Vir-14a> 2)=0.

i=1
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It can bz rewritten in the form

z_l ptv -1
S0 > G Wiasj+Yasrnasi v 0+ Varu-natj 2)=0.
=1 i
If we sct here

Vigr =0, i=0,1,. ..., 0+v—2,j=1,2,...,r—1,r+1,...,d;

Yuiv—1yd+j= 2, j:1,2, ey r—l, r+—1, ceey d,
we gct
ntv—1
z do+r(.})I‘LH»r+y(i‘?l)di‘r+ e +y(i+u~l)d+r’ Z):Hr(z)9 r=1 5 vt s dy
i=0
and

d
z H"(2)=0.
r=1
Remembering that (w,v)=1 and by using Corollary 2 of Theorcm B we get
Gid+r(x’y)chr(x)fr(y)+gir(y)7 ’:05 1 LR “‘+V—17 r=1 s vee s d’

utv—1

> g M=H @)—po' WO r=1,...,4d,
i=0

where /7 (), r=1,...,d; g"(»), i=0,1,...,u+v—2,r=1,...,darearbi-
trary functions and ¢"(y), r=1,...,d are the general solutions of (7).
Converszly, any system of functions G;(x,y), i=1, ..., m+n defined
by (14), (15), (16) satisfies (8). This completes the proof.
Corollary 1. The most general solution of (1) if (m,n)=d>1, m/d=y,
nld=v, u4+v>2, is ‘

(20) F,d+](x,y):ij(x)f](x+y)—|‘g,j(x+y), l:()’ 1 EERELEAES ] H+V""la ]: 1 3 e 9d;

d
21 HI(»)=0;
j=1
utv—1 . . . .
22) > & =H M-/ WS, j=1.....4d,
i=0

where f1(y), j=1,...,d; H ), j=1,...,d—=1; g/, j=1,...,d,i=0,1,

., w.+v—2 are arbitrary functions and o' (x), j=l,...,d are the general

solutions of (7).
Proof. Put F;(x,y)=G;(x, x+).
The exceptional case m=mn is solved by
Theorem 2. The most general solution of (8) if m=n is

(23) Gi(x,y), i=1, ..., m, are arbitrary;
(24) Gy (N =Hi ()—Gi(y—x, p), i=1,...,m
(25) S Hi(7) =0,

=1

where H;(y), i=1, ..., m—1 are also arbitrary functions.
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Proof. Putting in (14)
Vi=Xi+t X+ o X1, =1 o0, my =X X4 Xy,
we get

[Gi(Vis W)+ Cti (y—yis M]=0.

L

i=1

[

It follows that
m
G N+ GCuti Y=y )=Hi(y), i=1,...,m S H((»=0.
i=1
This proves the theorem.

Corollary 1. The most general solution of (1) if m=n is

(26) Fi(x,y), i=1, ..., m are arbitrary;

(27) Fm+i(xay)=Hi(x+y)_—Fi(y’ x)s i=1, ..., m
m

(28) > Hi(x)=0,
i=1

where H;(x), i=1, ... , m—1 are arbitrary functions.

Proof. Put F;(x, y) =G;(x, x+).
Remark. The general continuous solutions are given by the same formulae with the

additional condition that all the arbitrary functions are continuous and that ¢ (x) and ¢ (x)
should be replaced by x.

4. Some Applications. — It is clear that the functional equation

m+n
(29) S oaif (it X+ A X1 Xitmt Xigmir+ o+ Xirman—1) =0
i=1
(some a;#0),

is a special case of the equation (1). The last equation with a minor unes-
sential modification was considered by Jong [1]. The results of Jong are
easy consequences of our theorems. We shall show this in the case m=n. By
Corollary 1 of Theorem 2 we have

(30) a;fC,y)=F(& ¥y, i=1,...,m;

E2)) At i f (6 V) =H; x+9)—F; (3, %), i=1, ..., m;

(32 S H@-o.

From (30) and (31) we get =

(33) i fxV+a, f(y, x)=H;(x+y), i=1, ..., m
I Case: a;=a,,,;, i=1, ..., m

Summing (33) over i and taking (32) into account we find
S(f @ 9+ (3 %)=0 (S= > @)
i=1

4 Publikacije
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If S%0 then f(x, »)+f(y, x)=0, i e

(34) Fo,9)=A4x, y)—A(y, x),

where A4 (x,y) is an arbitra:ry function. If S=0 we get from (33) that
N +f(,x)=2B(x+y), i.e.

(35) Fx,¥)=Bx+y)+Cx, »)—C(y, %),

where B(x) and C (x, y) are arbitrary functions. The general solution is given
by (34) and (35).

Il Case: —a;=a,.;, i=1, ..., m.

From (33) interchanging x and y we get H;(x +y)=0. Hence, f(x, y)=
=f(y, x), i. e.
(36) f(x,y)=A(x,y)+A(y, X),

where A4 (x, y) is an arbitrary function.
Il Case: a;#a,.; and —a;+#a,,; for some i and j.
From (33) we have
Qi i S (% Y)Y+ @ [ (9, X)= Hi (x+),
A1 f (0, )+ a; f(x, ) =H; (x +),
@m+i—a) (f (%, )—f(y, x))=0,
- - S ) =Sy, %)
If z a;# 0, summing (33) over i and using f(x, y)=f(y, x), we get
i ’

i=1

37 ' f(x y)=0.
2m
If > a;=0 then f(x, y) =f(y, x) and (33) gives

i=1
(38) S (x,y)=B(x+Y),

where B(x) is an arbitrary function. The general solution of (29) in this case
is given by (37) and (38).
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