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06 OJl,HOM CIfCTEME <1>YHKQIfOHAJIbHbIX YPABHEHIfM
0606IU;AIOIU;EIf <1>YHKQIfOHAJIbHOE YPABHEHIfE

JI,. C. MMTPIfHOBlfqA 1f3yqEHHOE TAK)J(E ~. AQEJIbEM

OKma6uaH 3M. reop2uy

(I1ocTynHJIO I-II 1960)

1. B 1956 rom If c. MumpuHo6uIJ [3] BCTpenlJI II 113yqHJ14>YHK~IIO-
HaJ1bHOe ypaBHeHHe

(1)

)J)UI KOToporo ,L(aJ1oo~ee perneHHe 'fepe3 HenpepbIBHbIe H ,L(H4><pepeH~HpyeMbIe
<PYHK~IIH.

B O,L(HOHCTane BbIrne,L(rneH B 1958 ro,L(y 9. A~e/lb [2] Ha CTp. 97, §5,
CHOBa pacCMOTpeJ1 <PYHK~IIOHaJ1bHOeypaBHeHHe 1(, c. MumpuHo6uIJa (1) H B
OQeHb rnHpoKllx YCJ10BlljlX, He npe,L(nOJ1arajl HIIQerO 0 QeTbIpex 4>YHK~IIHXH3 (1),
,L(aJ1oo~ee perneHHe COCTaBJ1eHHOeH3 ,L(Ba ceMeHcTBa perneHHH

(2)

(3)

FI (x) = a, G1 (y) = b G2 (y) - a, F2 (x) = b, G2 (y) = npOH3B0J1bHajl,

FJ (x) = d F2 (x) - c, GJ (y) = c, F2 (x) = npOH3B0J1bHajl, G2 (y) = d,

r,L(e a, b, c, d CYTb npOH3B0J1bHbIe nOCTOjlHHbIe BeJ1HQHHbI.

2. B HaCTOjl~eH 3aMeTKe paCCMaTpHBaeM CJ1e,L(YIO~YIO CHCTeMY <PYHK~H-
OHaJ1bHMX ypaBHeHIIH

(4)
Al (x) + C1 (y) = A2 (x) C2 (y) + k B2 (x) D2 (y),

BI (x)+D1 (y) =A2 (x) D2(y) +B2 (x) C2(y)- "AB2(x) D2 (y),

KOTOpajl cO,L(epX(HT BoceMb BeilleCTBeHHbIX <PYHK~HH O,L(HOH nepeMeHHoH H ,L(Be

npOH3B0J1bHbIe nOCTOHHHbIe BeJ1HQHHbI k H "A.CeMeHcTBa perneHHH CHCTeMbI (4)
B CMbICJ1e 9. A~e/lba [2] OTJ1HQaIOTCH no npe,L(n0J10)KeHIIHM

"A2+4k>O, "A2+4k=O H "A2+4k<O.

qTOOM BII,L(eTb 3TO npHBO,L(IIM CHCTeMY (4) K paBHOCHJ1bHOH eH CIlCTeMe

1
HJ (x) + Kl (y) = H2 (x) K2 (y) + ~ ("A2+ 4k) B2 (x) D2 (y),

4(5)



(IV)
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r,L\e MbI 0603Ha'lI1,JIH

(6)

3. B npe,L\nOJIO)l(eHHH )..2+ 4k =
p2

> 0 BBO,L\HM I!>YHKIIHH

1 I
MI (x) = HI (X) + -pBI (x); NI (X) = HI (X) -- pBI (X),

2 2

1 1
M2 (x) = H2 (x) +

T pB2 (x); N2 (x) = H2 (x) -2PB2 (x),

(7)
Ip] (y) = KI (y) + -~ PDI (y);
2

1
P2(y) = K2 (y) +- pD2 (y);

2

1
QI (y) = KI (y) - -2 P DI (y),

1
Q2 (y) =K? (y) -TpD2 (y)

MI (x) +PI (y) = M2 (x) P2 (y),

NI (x) + QI (y) = N2 (x) Q2 (y).

CHcTeMa (8) nOBTopHeT I!>YHKIIHOHaJIbHOeypaBHeHHe (1) H ,L\onycKaeT B O'leHb
IIIHpOKHX YCJIOBHHXB CMbICJIe 9. A~e/1ba, CJIe,L\YIO~He ceMeiicTBa B KaqeCTBe
o6~ero pellIeHHH:

(8)

(1)
MI(x)=a; P](y)=bP?(y)-a; M2(x)=b; P2(y)=npoH3BOJIbHaH,

NI (x) = 0(; QI (y) = ~Q2(y)-0(; N2 (x) =~; Q2(y) = npOI13BOJIbHaH;

MI(x)=a; Pdy)=bP2(y)-a; M2(x)=b; P2(y)=npoH3BOJlbHaH,

NI (x) = ~ N2 (x) - ,; QI (y) = ,; N2 (x) = npOH3BOJIbHaH; Q2 (y) =~;
(11)

(lIl )
MI(x)=dM2(x)-c; PI (Y)=C; M2 (X) = npOH3BOJIbHaH; P2(y)=d,

NI (x) = 0(; QI (y) = ~ Q2 (y) - 0(; N2 (x) =~; Q? (y) = npOH3BOJIbHaH;

MI (x) = d M2 (x) - C; p] Y = C; M2 (x) = npOH3BOJIbHaH; P? (y) = d,

NI (x) = ~ N2 (x) - 'r; QI (y) = 'r; N2 (x) = npOH3BOJIbHaH; Q2 (y) =~,

r,L\e a, b, c, d, 0(, ~, 'r, ~ CYTb npOH3BOJIbHbIe nOCTOHHHblC BeJlH'IHHbI.

B03Bpa~aHcb 'Iepe3 (7) H (6) K nepBOHa'laJIbHblM I!>YHKIIHHMAi (x), Bi (x),
Ci (y), Di (y), (i = 1,2) HMeeM CJIe,L\YIOIU:He ceMeil:cTBa 06IU:HX pellIeHHH B npe,L\-
nOJIO)l(eHHH )..2+ 4 k =

p2
> 0:
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4. B npe));nOJIO)l(emlH ,,2 +-4k = 0 CHCTeMa (5) npHHHMaeT BH));

(9)
HI (X) + KI (y) = H2 (X) K2 (y),

BI (X) + DI (y) = B2 (X) K2 (y) + H2 (X) D2 (y).

BBO));R ));yaJIbHbIe c}>YHKnHH O));HOH Belll,eCTBeHHOH nepeMeHHoH

(10)

MI (x) = HI (X) + t BI (X),

M2 (X) = H2 (X) + t B2 (X),

PI (y) = KI (y) + t DI (y),

P2 (y)=K2 (y) + tD2 (y),

r));e t eCTb rHnepKOMnJIeKCHaR e));HHHua 3. CiUlOgu [4], Y));OBJIeTBOpRlOllI,aR
xapaKTepHCTHqHOM ypaBHeHHIO t2 = 0, TOma H3 (9) nOJIyqaeM ypaBHeHHe

B ));yaJIbHbIX c}>YHKnHRX (l0). OOlll,ee pelUeHHe B CMbICJIe H. At4eAba norD
c}>YHKnHOHaJIbHOrO ypaBHeHHR B ));YaJIbHbIX c}>YHKnHRXeCTb

(V)
MI(x)=a+t(X;

M2 (x) =b+ t~;

PI(y)=(b+ t~)P2(y)-a-t(X:

P2 (y) = npOH3BOJIbHaSI;

MI (x) = (d+ ta) M2 (x) -c-q; PI (y) = c + ty;

M2 (X) = npOH3BOJIbHaR; P2 (y) =d+ta,

r));e a, (x, b, ~, c, y, d, a CYTb Belll,eCTBeHHble nOCTOSIHHbIeBeJIliqHHbI.

(VI)
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B03Bpall.l,aHCb K nepBOHaqaJIbHblM $YHKUHHM H3 CHCTeMbl (4) HMeeM

CJIe~YIOUlHe ceMeikTBa. Bell.l,eCTBeHHblX pemeHHH B npe~nOJIO)KeHHH A2
+ 4 k = 0:

A A
A l (X) = a +-IX; BI (X) = IX; A9 (X) = b +-~; B 2 (x) = ~;

2 - 2

( A

)

A2 A
'Ct<y) = b + 2 ~ C2 -4~D2-a- 21X; C2 (y) = npOH3BOJIbHaH;

DI (y) = ~C2 (y) +
\
b - ~.. ~) D2 (y) -IX; D2 (y) = npOH3BOJIbHaH;

( A )
A2 A

Al (x) = ,
d +-- a A2 (x) -- aB2 (x) -c-- y; A2 (x) = npOH3BOJIbHaH;

2 4 2

B} (X)=aA2(X)+(d -
~

a)B2(X)-Y; B2 (x) =npOH3BOJIbHaH;

A A
CI (y) =c+- y; C2 (y) = d+ -a;

'2 2

DI (y) = y; D2 (y) = a.

5. B npe~nOJIO)KeHHH A2+ 4k = _p2< 0 BBO~HM KOMnJIeKCHbIe $YHKUHH

BemecTBeHHoH nepeMeHHoH

MI (x) = HI (x) + i LBI (x),
2

( 11)

M2(x) = H2(x) + i L B2 (x),
2

PI (y) = KI (y) + iL DI (y),
2

P 2 (y) = K2 (y) + i L D2 (y).
2

H CHCTeMa (5) CBO~HTCH K O~HOM $YHKUHOHaJIbHOM ypaBHeHHIO BH~a (1)

OOll.l,ee KOMnJIeKCHOe pemeHHe ,3Toro $YHKUHOHaJIbHOrO ypaBHeHHH eCTb

(VII)
MI (x) = a+ ilX; PI (y) = (b+ i~)P2(y)-a-ilX;

M2 (x) = b + i~; P2 (y) = npOH3BOJIbHaH;
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(VIII)
/'v/] (X) ~ (d ~ il) /'v/ 2 (X) - C - i':; p] (y)

= C I- i,;

/'v/?(X) = ni=0H3BOJlbHa»; P2 (y) =d + ia,

r.L\C a, "-, b, ~, c, ':, d, I) CYTb BClIJ,CCTBCHHblC nOCTO»HHbIC BCJII1'HlHbI.

B03BjJLlIJ,l»Cb K <PYHKII.I1aM Al (x), A2 (x), Bj (x), B2 (x), C1 (y), C2 (y), DI (y),

D2 (y) HMCCM CJlC.L\YlOlIJ,I1C CCMcHcTBa BellJ,CCTBCHHblX PCWCHHH B npc.L\rrOJlO)f(CHHH

!\2-i 4 k = -
p2 < 0:

AI (x) n a +

7°

P

2,,- 2~
Bl (x) = -

; B? (x) = ,
p P

C] (y)= (b -+ .~~ )C2(y)-+- 2k~D2(Y)noa-o~'-,,-,
p p P

C2 (y) = rrp0I13BOJIbHa»; D2 (y) = npOlf3BOJlbHa»,

AI (x) = (d + 2. a
) A2 (x) +

2k
a B2 (x) - COn2.,:; A2 (x) = rrpOH3BOJlbHa»;

p p P

Bl (x) =
2a

A2 (x) + (d - _? a
) B2 (x) - ~r; B2 (x) = rrp0I13BOJIbHa»;

p p P

A A
"-C1 (y) = c -I - ,; C2 (y)

= d + - 15;
P P

2'1 21)
Dl (y) =0' ; D2 (y) = -- ;

p p

6. B 3aKJlIO'ICHHl1, Cl1CTCMa <PYHKII.110HaJlbHbIX ypaBHcHHH (4) COCTaBJICH-

Ha» OT .L\BYX <PYHKII.HOHaJlbHbIX ypaBHeHHH C B:)CCMblO HC3HaKOMblX BClIJ,eCTBeHHblX

<PYHKII.HH O,lJ.HOH Belll.eCTBeHHoH nepeMeHHOH, IfMelOllI.HH B CBoeH CTPYKType H

,lJ.Be Belll.eCTBeHHbie nOCTO»HHble BeJII1'1l1Hbl, If MeeT B O'leHb llI.HpOKI1X YCJIO-

BH»X OTHOCHTeJIbHO HeH3BeCTHbiX <PYHKlI.lfH, KOpO'le B CMbICJIe J/. A~eJ/ba, BoceMb

ceMeHCTB 05ll1.HX pemeHHH: 'IeTblpe ceMeHcTBa B fHrrep50JIFI'IeCKOM npe.L\no-

JIO)f(eHl1l1, ,lJ.Ba ceMeHcTBa B napa50JII1'1eCKOM npe.L\nOJIO)f(eHHIf If ,lJ.Ba ceMeHcTBa

B 3JIJll1rrTI1'1eCKOM npe,lJ.llOJIO)f(eHl1l1. Ka)f(,lJ.oe ceMeHcTBo cO,lJ.ep)f(I1T KpOMe Belll.e-

CTBeHHbIX nOCTO»HHbIX ellJ,e no ,lJ.Be rrp0113BOJIbHbie Belll.eCTBeHHble <PYHKII.I1I1

O.L\HOH BellJ,eCTBeHHOH rrepeMeHHOH.

TUMUUloapCKUU nOllUmeXHU'IeCKUU uHcmumym

PYMblHcKafl HapogHafl Pecny5J1uKa
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RESUME

SUR UN SYSTEME D'EQUA TIONS FONCTIONNELLES QUI GENERALISE
L'EQUATION FONCTIONNELLE DE D. S. MITRINOVITCH, ETUDIEE

AUSSI PAR J. ACZEL

O. E Gheorgiu

L'autcur etudie Ie systeme d'equations fonctionneJles (4), qui rcpre3entc
une generalisation matricieHe de l'equation fonctionnelJe (I) de D. S. Mitrinovitch.

On trouve trois groupes de solutions, suivant que Ie binome '}.,2+ 4 k
est positif (I ° - 4°), nul (5° - 6°) ou negatif (7° - 8°). Ces famiJIes de solutions
contiennent des constantes arbitraires et des fonctions arbitraires. La methode
utili see est celle de la reduction du systeme (4) a l'equation fonctionneJle (1),
pour laqueJle on ecrit la solution d'apres J. Aczel.
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