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EIGENVALUES, EIGENFUNCTIONS AND GREEN’S
FUNCTIONS ON A PATH VIA CHEBYSHEV
POLYNOMIALS

E. Bendito, A.M. Encinas, A. Carmona

In this work we analyze the boundary value problems on a path associated
with Schrédinger operators with constant ground state. These problems in-
clude the cases in which the boundary has two, one or none vertices. In
addition, we study the periodic boundary value problem that corresponds to
the Poisson equation in a cycle. Moreover, we obtain the Green’s function for
each regular problem and the eigenvalues and their corresponding eigenfunc-
tions otherwise. In each case, the Green’s functions, the eigenvalues and the
eigenfunctions are given in terms of first, second and third kind Chebyshev
polynomials.

1. INTRODUCTION

In this work we analyze linear boundary value problems on a finite path
associated with Schrodinger operators with constant ground state. These problems
model for instance the equations of motion for a finite atom lattice with nearest—
neighbour interactions, see [11]. In that context, the Green’s function contains
all the physical information of the system and it admits an interpretation as an
input—output response function, see [9].

In spite of its relevance the Green’s function on a path have been obtained
only for some boundary conditions, mainly for Dirichlet conditions or more gen-
erally for the so—called Sturm-Liouville boundary conditions, see [1-5, 7, 8, 10].
Moreover, a wide variety of techniques is used among which we mention the dis-
crete Fourier transform, eigenvalues and eigenfunctions or contour integration. In
some cases a closed—form of Green’s functions has been obtained using Chebyshev
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polynomials. In this work, we concentrate on determining explicit expressions,
via Chebyshev polynomials, for the Green’s function associated with any regular
boundary value problem on a path. Our study is similar to what is known for
boundary value problems associated with ordinary differential equations, [6, Chap-
ters 7,11,12]. When the boundary value problem is singular, the eigenvalues and
eigenfunctions can be seen as eigenvalues and eigenfunction of the combinatorial
Laplacian with the same boundary conditions. So, we take advantage of the pre-
vious study to determine the eigenvalues and eigenfunctions in term of Chebyshev
polynomials. It is worth to mention that in the discrete setting, a similar structure
to the continuous and non-selfadjoint case appears; that is, there exist boundary
value problems without eigenvalues and problems for which any complex value is
an eigenvalue.

The boundary value problems here considered are of three types that cor-
respond to the cases in which the boundary has either two, one or none side. A
preliminary study of two—side regular boundary value problems on a path was de-
veloped by the authors in [4] under the denomination of two—point boundary value
problems. In each case, it is essential to describe the solutions of the Schrondinger
equation on the interior nodes of the path. We show that it is possible to obtain
explicitly such solutions in terms of second kind Chebyshev polynomials. As an
immediate consequence of this property, we can easily characterize those boundary
value problems that are regular and then we obtain their corresponding Green’s
function, as well as the eigenvalues and the eigenfunctions for the non-regular case,
in terms of Chebyshev polynomials. We also deal with the Poisson equation on
a cycle and we show that this problem can be seen as a two-side boundary value
problem on a path by introducing the so—called periodic boundary conditions.

2. THE SCHRODINGER EQUATION ON A PATH

Our purpose in this section is to formulate the difference equations related
with Schrédinger operators on a connected subset of the finite path of n+2 vertices,
Pr42. We can suppose without loss of generality that the set of vertices of Py, o is
V ={0,...,n+ 1} and we define F as the subset of vertices F' = {1,...,n}.

For any s € V, e stands for the Dirac function on s. Moreover, C(V) is the
vector space of functions u: V' — C. For each ¢ € C, the operator L,: C(V) — C(V)
defined as

Lq(u)(0) = (2q — u(0) — u(1)
Lq(u)(k) =2qu(k) —u(k+1) —u(k—1), kEeF,

(1) a
Lq(u)(n+1) = (2¢ — Du(n + 1) — u(n),

is called a Schridinger operator on P2 and the value 2(¢ — 1) is usually called
the potential or ground state associated with £,. Observe that the Schrodinger
operator with null ground state is nothing else but the combinatorial Laplacian of
Pr+2 and, in this case, we omit the subindex.
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For each f € C(V), we call a Schridinger equation on F with data f the
identity L,(u) = f on F. In particular, £,(u) = 0 on F, is called a homogeneous
Schrodinger equation on F.

If u,v € C(V) the Wronskian (or Casoratian) of v and v, which is denoted
by wlu,v] € C(V), is defined as

(2) wlu, v](k) = uwk)v(k +1) —u(k+ Dv(k), k=0,...,n

and wlu, v](n + 1) = wlu, v](n), see [1, 10].

The following results are the reformulation for the Schédinger equation on a
path of some well-known facts in the context of difference equations and they will
be useful throughout the paper, see [1, 10].

Lemma 2.1. The set of solutions of the homogeneous Schrodinger equation on F
is a two—dimensional vector space. Moreover, if u,v € C(V) are solutions of the
homogeneous Schrédinger equation on F then wlu,v] is constant on V and this
value is non—zero iff u and v are linearly independent.

To end this section, we describe some basic properties of the so—called Cheby-
shev Polynomials that will be useful in this work; see [12]. A sequence of complex

polynomials {Q,,};7>° __ is called a Chebyshev sequence if it satisfies the recurrence
law
(3) Qnt2(2) = 22Qn+1(2) — Qn(z), for each n € Z.

The recurrence law (3) shows that any linear combination of Chebyshev sequences
is a Chebyshev sequence and that if {Qx}%2 .. is a Chebyshev sequence, then
{Qr—m 3 _, also is, for any m € Z. In adddition, any Chebyshev sequence
is uniquely determined by the choice of the corresponding zero and one order
Chebyshev polynomials. In particular, the sequences {7}, },7>° _, {U,}/>°  and
{V, 322 of first, second and third kind Chebyshev polynomials are obtained by
choosing To(z) = Ug(z) = Vo(z) = 1, Ti(2) = 2, U1(2) = 2z and Vi(2) = 2z — 1,
respectively. The different kinds of Chebyshev polynomials are closely related.
Moreover, these relationships display the relevance of the second kind Chebyshev

polynomials.

Lemma 2.2. For anyn € Z and any z € C, T,41(2) = 2Up(2) — Up—1(2),
U_n(2) = =Up—2(2) and Vi, (2) = Up(2) — Up—1(2). In particular, for any z € C,
U_1(z) =0 and for any k,m,r € Z

Um_H«(Z)Uk_T(Z) — Um(Z)Uk(Z) = Ur—l(Z)Uk—m—r—l(Z)-

Lemma 2.3. For each n € N* the roots of the n-th order Chebyshev polynomial
km

of second kind are q, = cos (m), k=1,...,n. Moreover, T,+1(2) = 1 iff
Z=qo, k=0,..., [%—" and for any m € Z and k = 1,..., {g—‘, Un—m(qr) =
(=D Um—1(qr) and Totz—m(ar) = (—=1)*Tn-1(qx)-
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The close relationship between the homogeneous Schrédinger equation on F'
and Chebyshev polynomials is well-known and has been widely used either expli-
citly or implicitly at previous works, see for instance [3, 5, 8]. This relation appears
clearly from the Equality (3) and it is contained in the following result.

Lemma 2.4. A function uw € C(V') is a solution of the homogeneous Schrédinger
equation on F iff there exists a Chebyshev sequence {Qr}3_ .. such that u(k) =
Qr(q) for any k € F. In particular, if for any k € V we define u(k) = Uk_1(q)
and v(k) = Ug—2(q), then wlu,v] = 1 and hence {u,v} are a basis of the space of
solution of the homogeneous Schrodinger equation on F. Moreover, any solution
of the Schrédinger equation on F with data f € C(V) is determined by u(k) =

k
y(k) + . Us—k—1(q) f(s), k € V, where y is a solution of the homogeneous Schrd-
s=1

dinger equation on F.

3. TWO-SIDE BOUNDARY VALUE PROBLEMS

Our aim in this section is to analyze the boundary value problems on F =
{1,...,n} associated with a Schrédinger operator. As a typical boundary condition
involves vertices at each side of the path, namely the vertices 0, 1,7 and n+1, these
problems are generally named two-side boundary value problems.

Given a,b,c,d € C non-simultaneously zero, the linear map B: C(V) — C
determined by the expression

(4) B(u) = au(0) + bu(l) + cu(n) + du(n+ 1),  for any u € C(V)

is called linear two-side boundary condition on F with coefficients a,b,c and d.
If By, By are the boundary conditions on F' with coefficients c¢11, ¢12, ¢13, 14 and
€21, Co2, Ca3, C24, Tespectively, then for any u € C(V) it is verified that

o[8[ 23 5]
BQ(U) Co1 C22 u(l) Co3 C24 u(n + 1)
and B, and B, are called boundary conditions determined by the matriz C' = (¢;;).

C1;  Cij

In addition, if for any 1 < i < j < 4 we consider the matrix C;; = [ o e
2i €25

and d;; = det Cj;, then the polynomial

B
(6) R.(2) = d1aUn(2) + (diz + d24)Up—1(2) + da3Uy—2(2) + di2 + d3s
is called boundary polynomial determined by C.

Lemma 3.1. If By and By are the boundary conditions determined by the matriz
C € Myx4(R), then they are linearly independent iff rank C = 2; that is, iff di; # 0
for some 1 <i<j<d4.

In the sequel we suppose that the boundary conditions (5) are fixed and
rank C = 2. Then, a boundary value problem on F consists in finding u € C(V)
such that
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(7) Ly(u)=f, on F,  Bi(u)=g1 and By(u) = g2

for given f € C(V) and g1, g € C. The problem is called semi-homogeneous when
g1 = g2 = 0 and homogeneous if, in addition, f = 0. We say that the boundary value
problem (7) is regular if the corresponding homogenous boundary value problem
has the null function as its unique solution. It follows by standard arguments that
the boundary value problem (7) is regular iff for any data f € C(V), ¢g1,92 € C it
has a unique solution. The following result shows that we can restrict our analysis
of two—side boundary value problems to the study of the semi—-homogeneous ones.

Lemma 3.2. Consider a,3,7,6 € C such that cjia + cjof8 + cjz37 + ¢jud = gj,
j=1,2. Then u € C(V) wverifies that Ly(u) = f on F, Bi(u) = g1 and B2(u) = go
iff the function v = u — agg — Be1 — yen, — Oeny1 verifies that Ly(v) = f+ (o —
2qB)e1 + PBez + Yen—1 + (6 — 2q7y)en, on F and moreover that By (v) = Bz(v) = 0.

A pair of boundary conditions (By, Bs) determined by C € M4 (C) is called
equivalent to the pair (B, Bs2) if there exists a non-singular matrix M € Ms(C)
such that C = MC. Clearly P (z) = (detM)R,(z), Lemma 3.1 implies that By and
B are linearly independent and moreover, a function v € C(V) verifies By (v) =
Bo(v) = 0iff By (v) = By(v) = 0. Therefore, the semi-homogeneous boundary value
problem £,(u) = fon F, By (u) = Ba(u) = 0is equivalent to the semi-homogeneous
boundary value problem associated with (7), since both have the same solutions.
As a consequence a boundary value problem is regular iff any equivalent boundary
value problem is also regular.

Our first objective is to obtain the solution of any regular semi-homogeneous
boundary value problem by considering its resolvent kernel. Specifically, if we
suppose that the boundary value problem (7) is regular, then for any f € C(V),
the function G, € C(V x F) characterized by

(8)  Lo(Gylns)=e, on B, Bi(Gy(-5) = Ba(Gyl-5) =0, s€F

is called Green’s function for the boundary value problem (7). Then, if f € C(V)
the function u(k) = i Gy(k,s) f(s), k € V, is the unique solution of the semi-
homogeneous boundz;r;lvalue problem with data f.

Theorem 3.3. The boundary value problem (7) is regular iff R.(q) # 0 and then
its Green’s function for any 1 < s <mn and any 0 < k < s is given by

G(k, 3) - %@ [d14Un—s(q) + d13Un—s—1(q)] Uk—l(q)
+ le(q) [d24Unfs(q) + d23Un7571(q)] Uk—2(q) — Bii?é) Uk—s|-1(q)
and for any 1 < s<mnand any s <k<n-+1 by
Glk.) = G5 [aliams(0) + dalicis (@] Vs (0
+ Pcl(q) {d24Un7k(Q) + d23Un7k71(Q)i| Us—2(q) — ch(z) Uk—s|-1(q)
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Proof. Throughout the proof we systematically use the last identity in Lemma
2.2.

If w(k) = Uk—1(q) and v(k) = Ug_2(q), applying Lemma 2.4, a function
y € C(V) is a solution of the homogeneous boundary value problem iff y = au+ Sv

where a, 8 € C verify
23 20](3]- (1
By(u) Ba(v) || B 0]
Therefore, the boundary value problem is regular iff By (u)Ba(v) — Ba(u)Bi(v) # 0
and hence, the first claim follows from the identity R, (¢) = By (u)Bz(v)—Ba(u)B1 (v).

For a fixed s € F, from Lemma 2.4 we get that for any k € V,

0, if £ <s,
G( _yS +ZUT k— 1 ) y (k)+{ Uvs_k_l(q)7 ikaS,

where y, satisfies that £,(ys) = 0on F and B;(ys) = ¢jsUn—s—1(¢)+¢jaUn—s(q), j =
1,2. Hence, if ys(k) = a(s)u(k) + b(s)v(k), it holds

i =l i ][ ettt o)

and therefore

P()(Q)a(s) = dlSUn—s—l(q) + d14Un—s(q) - d34Us—2(q)a
R (q)b(s) = dagUp—s—1(q) + d2aUpn—s(q) + d3aUs—_1(q).

Consequently, we obtain that
R.(q)ys(k) = (d13Un—s-1(q) + d1aUpn—(q))Ur-1(q)
+ (dasUn—s—1(q) + d2aUpn—s(q)) Ur—2(q) — d3aUs—i—1(q).
On the other hand, for k > s

R.(q) (ys (k) 4+ Us—p—1( )—d13(Un s=1(QUk=1(q) = Up—1(q)Uk—s-1(q))

+ d14 (Un—s(Q)Ur-1(q) — Un(q)Ur—s-1(q))

+d23(Un s-1(q)Ur=2(q) = Un—2(q)Ux—s-1(q))

+ d24 (Un—s(Q)Ur—2(q) = Un—1(q)Ur—s-1(q))
+d12Us—x-1(q)

= (d13Un—1-1(q) + d14aUn—1(q))Us—1(q)

+ (dngn—l—k(Q) + d24Un—k(Q))Us—2(Q)
—d12Uk—s-1(q)

and the expression for the Green’s function follows. (]
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In view of the above result, we say that ¢ € C is a regular value of the
boundary value problem (7) if R.(¢q) # 0 and a singular value of the boundary
value problem, otherwise. Observe that ¢ is a singular value iff 2(1 — ¢) is an
eigenvalue of the following boundary eigenvalue problem

(9) L(u)=Au, on F; Bi(u)=Bs(u)=0.

If A € C is an eigenvalue, the dimension of its associated eigenfunction subspace
is either 1, in which case A is called a simple eigenvalue, or 2, in which case A is
called a double eigenvalue.

Proposition 3.4. If A =2(1 — q), A is a double eigenvalue of (9) iff

ci1 = c13Up—2(q) + c1aUn—-1(q),  ci2 = —c13Un—1(q) — c14Un(q),
ca1 = c23Up—2(q) + c2aUn—1(q),  c22 = —c23Upn—1(q) — c24Un(q).

Therefore, R.(z) = daa (Un,g(q)Un(z) —2U,-1(qQ)Un—1(2) + Upn(q)Up—2(2) + 2),
dsq # 0 and hence the pair of boundary conditions are equivalent to

z§1 () = Up—2(q)u(0) — Up—1(q)u(1) + u(n),
Ba(u) = Up—1(q)u(0) — Un(@)u(1) + u(n + 1).

Proof. It is clear that A = 2(1 — ¢) is a double eigenvalue of (7) iff any solution
of the homogeneous Schrédinger equation, £4(v) = 0 on F', verifies the boundary
conditions. Therefore, if u(k) = Ui_1(q) and v(k) = Uk_2(q), then X is a double
eigenvalue iff By (u) = Ba(u) = B1(v) = B2(v) = 0, which imply the identities for
the coefficients of the boundary conditions. These identities imply that dio = d34,
dig = doa = —d3aUp—1(q), dia = d3sU,—2(q) and daz = d34U,(q), and hence
dsa ;éAO since rank C' = 2. The last conclusion follows taking into account that B;
and By are the boundary conditions determined by the matrix C’3_416’ . (]

Proposition 3.5. If A = 2(1 — q) is a simple eigenvalue of (9), then
u(k) = c21Ux—1(q) + c22Ux—2(q) — c23Un—x-1(q) — c2aUn—x(q)
v(k) = c11Uk—1(q) + c12Ux—2(q) — c13Un—-1(q) — c14Un—1(q),

are linearly dependent eigenfunctions corresponding to A\. Moreover, u is non—null
except when co1 = co3Upn—2(q) + c24Un—1(q) and coa = —co3Un—1(q) — c24U,(q) in
which case v is non—null.

Proof. If we consider z1(k) = Ur_1(q) and z2(k) = Ug—2(q), then u = Az, + Bz
verifies By (u) = Ba(u) = 0 iff

no w35 ]-10]

The above matrix is singular since B, (¢) = 0 and non—null since 2(1 — ¢) is a
simple eigenvalue. When the first row is non—null, if we can choose A = —B;(z2)
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and B = By(#1), then w is a non—null eigenfunction, whereas when the second row
is non—null, the choice A = —Bs(22) and B = Ba(z;) determines that u is non—null.
Taking into account the identities

Bi(z1) = ci2 + c13Un—1(q) + 14U (q), Bi(22) = —c11 + c13Un—2(q) + c14Un—1(q),
Ba(z1) = ca2 + ca3Un—1(q) + c24U,(q), Ba(22) = —ca1 + ca3Un—2(q) + c24Un—1(q),

when either Ba(z1) # 0 or Ba(z2) # 0, we obtain that

u(k) = c21Uk—1(q) + c22Ur—2(q) + c23(Un—1(q)Ur—2(q) — Un—2(q)Ur—1(q))
+ 24 (Un(@)Ur—2(q) — Un—1(9)Us—1(q))
= c21Uk—1(q) + c22Ux—2(q) — c23Un—1-1(q) — c2aUn—1(q)-

When either Bi(z1) # 0 or Bi(z2) # 0, the same reasoning determines the
expression for the non—null function v(k) = —B1(22)Uk—1(q) + B2(21)Uk—2(q). O

Our next objective is to determine the different eigenvalues and eigenfunctions
for the eigenvalue problem (9) for each pair of boundary conditions. So, we classify
the boundary conditions depending on whether they involve vertices on the interior
or exterior boundary of F. The inner boundary and the outer boundary of F are
defined as §_(F) = {1,n} and §,(F) = {0,n + 1}, respectively. Then, we say
that the pair (By,Bs) is of inner type iff there exists an equivalent pair whose
boundary conditions involves only vertices in d_(F); we say that the pair (B, Bs)
is of outer type iff each boundary condition of every equivalent pair involves the
value of functions in at least one vertex of 6, (F), and we say that the pair (B, Bz)
is of in—outer type, otherwise.

Proposition 3.6. The following results hold:

(i) The pair (B, Bs) is of inner type iff C14 = 0 and hence it is equivalent to the
pair

Bi(u) =u(l) and Ba(u) = u(n).

(ii) The pair (B1, Bs) is of outer type iff d14 # 0 and then, there exist a,b,c,d € C
such that it is equivalent to the pair

Bi(u) = u(0) + au(1) + bu(n) and Ba(u) = cu(1) + du(n) + u(n + 1).

(iii) The pair (B, Bs) is of in—outer type iff C14 # 0 but dig = 0. Then, there
exist a,b,c,d,a, f € C with (Ja| + |d|)(|a] + |8]) > 0 and such that (By, Bz) is
equivalent to the pair

By (1) = au(0) 4 bu(1) + cu(n) + du(n +1) and Ba(u) = au(1) + Bu(n).

Proof. The pair is of inner type iff there exists a non singular matrix M such
that MCp4 = 0; that is, iff Ch4 = 0. Moreover, in this case necessarily do3 # 0,
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since rank C' = 2 and hence El and gg are the boundary conditions determined by
Cp'C.

If dy4 # 0, then, for any non singular matrix M, we get that det (M Cy4) # 0,
which implies that each row of M (4 is non null and hence the boundary condition
are of outer type. In addition, [3\1 and gg are the boundary conditions determined
by C'C.

Conversely, if di4 = 0 but Cy4 # 0, then there exists a non singular matrix M
such that the second row of M (44 is null and hence the pair (By, By) is of in—outer
type and moreover gl and gg are the boundary conditions determined by MC. [

Proposition 3.7. The eigenvalues of the inner boundary eigenvalue problem
Lu=Au, onF, u(l)=u(n)=0
are simple and given by A\; = 2(1 — g;) where g; = cos (Ll) ,j=1,...,n—2.
n—
Moreover, Ui_2(q;) is an eigenfunction associated with \;, for anyj=1,...,n—2.

Proof. The expression of the eigenvalues is a straightforward consequence of being
U, —2(z) the boundary polynomial of the inner boundary value problem. Moreover,
applying Proposition 3.4, \; is simple since 0 = ca2 # —ca3Un—1(¢j) — c24aUn(gj) =
—Un—1(gj) = (—1)’*'. Finally, the expression for the eigenfunction follows from
Proposition 3.5. U

Proposition 3.8. Given a,b, c,d € C, the eigenvalues of the outer boundary eigen-
value problem

L(u) = onF, u(0)+au(l)+bu(n) =cu(l)+du(n)+u(n+1)=0
are {2(1 — q;)}}—, where qj, j = 1,...,n are the zeros of the polynomial
P(z) =Un(2) + (a+ d)Up-1(2) + (ad — bc)Up—2(z) + b+ c.
Moreover, the following properties hold:
(i) A = 2(1 — q) is a double eigenvalue iff Un—2(q) # 0 and moreover b = ¢ =

_ o Un(g)
Un—2(q) and a =d = Un—2(q) "

(ii) There exists at most a unique double eigenvalue except when a =d =0 and
either b = ¢ = —1, in which case 2 — QCOS(ZJTW) , 7 =1,..., Ln_l

J are
. . . (2j — r

the double eigenvalues, or b = ¢ = 1, in which case 2 — 2cos (T)’

j=1,..., {

(iil) If A = 2(1—q) is a simple eigenvalue, then Ux_1(q) + aUk_2(q) —bUpn—_1—1(q)
is a non—null eigenfunction corresponding to A\, except when U,_2(q) # 0, b=

m and a = —g::;gg; in which case Up—_k(q) + dUp—k—1(¢) — cUr—2(q)

18 a non—null eigenfunction corresponding to .

— 1—‘ are the double eigenvalues.
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Proof. Note first that P(z) is the boundary polynomial corresponding to the outer
boundary value problem.

(i) From Proposition 3.4, A = 2(1 —q) is a double eigenvalue iff 1 = bU,,_2(q),
a = —bUp_1(q), 0 = dU,—2(q) + Upn—1(q) and ¢ = —dU,,_1(q) — Uy(q), which is
b=c

) 1 Un-1(g)
lent to be U, _ 0, = U nda=d=—7—"3.
equivalent to be 2(q) # Un_a(g) ¢ ¢ Un—2(q)

(ii) If 2(1 — ¢) and 2(1 — §) are two double eigenvalues, from (i) we get
that Up—2(q) = Upn—2(¢) and Up_1(q) = Up—1(g). In addition, P(q) = P(§) = 0
imply that U, (¢q) = U,(§). Therefore, by applying the equation (3), it is verified
that 2(¢ — ¢)Un—1(q) = 0. Hence, either ¢ = § or U,_1(¢q) = 0. In this case,
Un—2(q) = £1 and hence the result follows.

(iii) Taking into account the identities obtained in part (i), the result is a
straightforward consequence of Proposition 3.5. [l

Proposition 3.9. Given a,b,c,d, o, 8 € C such that (|a|+|d])(Ja| +|8]) > 0, then
A =2(1 — q) is an eigenvalue of the in—outer boundary eigenvalue problem

L(u)=Au onF, au(0)+bu(l)+ cu(n) + du(n+ 1) = au(l) + Bu(n) =0,

iff (af — da)U,—1(q) + (b8 — ca)Un—2(q) + ace — d = 0. Moreover, the following
properties hold:

(i) All eigenvalues are simple except when either a = d, b = —(c + 2dg) and
a = —f, in which case 2 — 2 cos (%), j=1,..., {n_2J are the dou-
ble eigenvalues, or a = —d, b = ¢+ 2dq and o = 3, in which case 2 —

2 cos (M), j=1,..., [n ; 2-‘ are the double eigenvalues.
n—

1

(i) If2(1—q) is a simple eigenvalue, then aUy—2(q) —BUn—k—1(q) is a correspond-

ing non—null eigenfunction, except when q = cos % ,i=1,..., VL ; 2J
and o = =3, in which case (a — d)Ur_1(q) + (b+ ¢+ 2qd)Ur_2(q) is a non—
null eigenfunction, or ¢ = cos ((2]7;%)” ,i=1... [%721 and a = (3, in
which case (a+d)Ui—1(q) + (b—c—2qd)Ui—2(q) is a non—null eigenfunction.
(iii) If a8 —da =0 and b3 — ca # 0, then all eigenvalues are simple, there exist at

most n — 2 different eigenvalues and the boundary conditions are equivalent
to

B (u) = au(0) 4 bu(1) 4 cu(n) + du(n +1) and By(u) = au(1) + du(n).

(iv) If af —da = b3 — ca = 0 and a # =+d, then the boundary conditions are
equivalent to

Bi(u) = au(0) + du(n +1) and Ba(u) = au(1) + du(n)

and eigenvalues do not exist .
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(v) If af — da = b3 — caw = 0 and a = =+d, then the boundary conditions are
equivalent to

Bi(u) =u(0) £ u(n+1) and By(u) = u(l) + u(n)

and any complex value is a simple eigenvalue. Moreover, Ug_2(q) FUpn—k—1(q)

is a corresponding non-null eigenfunction, except when a = d and q¢ =
(2j—1)7r) . {n—QJ ( 2 )
— =1,... = — = —
cos( T ,2] e | T or when a d and q = cos 1)
n—

ji=1,..., [ —‘ In both cases, Ti—1(q) is a non—null eigenfunction.

Proof. In this case, the boundary polynomial is
P(z) = (af — da)Up—1(2) + (b8 — ca)U,—2(2) + ac — d,

and hence 2(1 — g) is an eigenvalue iff P(q) = 0.

(i) Applying Proposition 3.4, 2(1—gq) is a double eigenvalue iff a = ¢U,,—2(q)+
dUpn-1(q), b= —cU,—1(q) — dU,(q), 0 = BU,_2(q) and « = —pU,,—1(q). Then, as
B # 0 since |a| + |3| > 0, we obtain that U,_2(q) = 0, which in turns implies
that U,—1(¢) = £1 and U,(q) = £2¢q. Definitely, 2(1 — ¢) is a double eigenvalue
iff U,—2(q) =0, a ==+d, b =F(c+ 2dg) and o = F0 and the expression for the
double eigenvalues follows from Lemma 2.3.

(ii) From Proposition 3.4, aUy_2(q) — BU,—k—1(q) is a non—null eigenfunction,
except when 0 = U, _2(q) = a + 08U, —1(q). Taking into account that 8 # 0, we
get that U,_2(q) = 0 and the results follow from Proposition 2.3.

(iii) Under the hypotheses, the degree of P(2) is n — 2 and hence there exists
at most n — 2 different eigenvalues. Moreover, there exists p # 0 such that o = pa
and B = pd, which implies that the inner boundary condition au(l) + Su(n) =0
is equivalent to gz. In addition, each eigenvalue must be simple since a = £d and
a = F( would imply that a = d = a = 8 = 0, a contradiction with the hypothesis
(la] + ld)(lal + |5]) > 0.

(iv) In this case, the boundary polynomial is constant and non-null, which
implies that the boundary value problem does not have eigenvalues. Moreover, the
equality b3 — ca = 0 implies that there exists v # 0 such that b = va = vpa and
¢ = vf = vud and hence the pair of boundary conditions is equivalent to (By, Bs).

(v) In this case, the boundary polynomial is null and then any complex num-
ber is an eigenvalue. Moreover, reasoning as in part (iii) we get that any eigenvalue
is simple. From, Proposition 3.5, Ux_2(q) F Up—k—1(q) is a non—null eigenfunc-
tion, except when 0 = U,,_2(q) and 1 = FU,,—1(q) and then, Ux_1(q) — Ux—3(q) =
2T}.—1(q) is a non—null eigenfunction. O

The boundary value problems above considered encompass the different two—
side boundary value problems that appear in the literature with proper name. To
end this section we specify the more usual ones; that is, unilateral, Sturm-Liouville,
specially Dirichlet and Neumann problems, and periodic problems.
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The pair of boundary conditions (By, Bs) is called unilateral if either Csy = 0,
and then (7) is named initial value problem, or C1o = 0, and then (7) is named
final value problem. Any unilateral pair verifies that dyy = di3 = doz = doy =
0 and hence its boundary polynomial is P,(¢) = di2 + d34. In addition, either
dsq4 = 0 and d12 # 0 or di2 = 0 and d3q # 0 since rank C' = 2, which implies that
unilateral boundary value problems are regular. Therefore, any unilateral pair is
of in—outer type and equivalent to either (u(0),u(1)), for initial value problems, or
(u(n),u(n + 1)) for final value problems.

Corollary 3.10. The Green’s function for the initial value problem is

B 0, it k<s,
Galk,s) = _{ Uk—s)-1(q), if k>s.

whereas the Green’s function for the final value problem is

U—s— ) , kgsa
k= { g 1

When c13 = c14 = ¢91 = coo = 0, By and By are called Sturm-Liouville
conditions; that is,

(10) Bi(u) = au(0) + bu(l) and By(u) = cu(n) + du(n + 1),

where a, b, ¢, d € C are such that (Ja|+|b|)(Jc|+|d|) > 0. Observe that any boundary
conditions of inner type are equivalent to the Sturm—Liouville conditions u(1) and
u(n), that are named inner Dirichlet conditions. On the other hand, the Sturm-
Liouville pair (10) is of outer type iff ad # 0 and hence it is equivalent to the
pair

~

By (u) = u(0) + bu(1) and Bs(u) =2u(n) +u(n+1), b,¢eC.

The most popular outer Sturm-Liouville conditions are the so—called outer
Dirichlet conditions, that correspond to take b = ¢ = 0, and the Neumann con-
ditions, that correspond to take b = ¢ = —1. Finally, the Sturm-Liouville pair
(10) is of in—outer type when ad = 0 and |a| + |d| > 0. Therefore, any in—outer
Sturm-Liouville pair is equivalent to either the pair

Bi(u) =u(l) and Bsy(u) =cu(n)+u(n+1), ¢eC

or the pair R R R R
Bi(u) = u(0) + bu(l) and B2(u) =wu(n), beC.

Corollary 3.11. Given a,b,c,d € C such that (|a| + |d])(|c| + |d|) > 0 and the
Sturm—Liouville boundary conditions

Bi(u) = au(0) + bu(l) and Ba(u) = cu(n) + du(n + 1),
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its boundary polynomial is P(z) = adU,(2) + (ac + bd)Up—1(2) + bcUp—2(2) and
then when P(q) # 0, its Green function is given by

(aUirl) + W0@)) (Unes(@ + dUnel0)
Gk =) @AOn@ F (@t b0 @)+ bl e T
(Werrl@) 4 We2(@) (Vnosal) + Unnl@)

adUy(q) + (ac + bd)Up—_1(q) + bcUpn—2(q) ’

where 1 < s < m. On the other hand, when P(q) = 0, then 2(1 — q) is a simple
eigenvalue and u(k) = aUy—1(q) +bUk—2(q) is a corresponding non—null eigenfunc-
tion.

As a consequence, the boundary polynomial for the outer Dirichlet problem
km

is Uy, (2) and hence it is regular iff ¢ # cos (?) k=1,...,n, in which case its
n

Green function is given by

Gy(k,s) =

1 Uk-1(q) Un—s(q), 0<k<s,
Un(q) { Us-1(q) Un-i(q), s<k<n+1,
where 1 < s < n. Therefore, the eigenvalues of the outer Dirichlet problem are
given by A\; = 2 — 2cos (nLL) whose corresponding eigenfunctions are multiple
of Up—1(gs), j=1,...,n.

On the other hand, the boundary polynomial for the Neumann problem is

Un(z) = 2Up—1(2) + Up—2(2) = 2(q¢ — 1)Up—1(2)

and hence it is regular iff ¢ # cos (l%r), k=20,...,n—1, in which case its Green

function is given by

1 kal(q) ans(q)7 0 é k S S,
Gylk,s) = —————
20 =) Un-1(9) | Vio1(a) Va-r(a), s<k<n+1,
where 1 < s < n. Therefore, the eigenvalues of the Neumann problem are given
by Ao = 0, whose eigenfunctions are constant and A\; = 2 — 2cos (%r) whose
corresponding eigenfunctions are multiple of Vi_1(g;), 7 =1,...,n— L.

We remark that a more intricate expression for the above Green functions in
terms of first and second kind Chebyshev polynomials can be found in [3]. Obvi-
ously, both expression are equivalent via some additional properties of the Cheby-
shev polynomials. In addition, for the outer Dirichlet problem the above expression
was obtained in [5].

The last two—side boundary value problem we analyze here corresponds to the
so—called periodic boundary conditions for the Schridinger operator L, on Py,

(11) Bi(u) =u(0) —u(n+1) and Ba(u) = 2qu(0) — u(l) — u(n).
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The periodic boundary conditions are of in—outer type when ¢ = 0 and of outer
type otherwise. In fact, when ¢ # 0 they are equivalent to the conditions

~ 1

Bi(u) = u(0) L L

- el - %qu(n) and Ba(u) = - u(1) = 5 u(w) + u(n + 1).

The periodic boundary conditions appear associated with the so—called Pois-
son equation for the Schrodinger operator £, on the cycle C,, with n + 1 vertices.
Specifically, if we suppose that the vertex set of C, is {0,...,n} and f is defined
on {0,...,n}, then the Poisson equation on C, is

Lg(u)(0) = 2qu(0) —u(1) —u(n) = f(0)
(12)  Low)(k) = 2qu(k) —u(k+1) —u(k —1) = f(k), k=1,...,n—1,
(n) = 2qu(n) —u(n —1) —u(0) = f(n).

The equivalence between the two O=n+1
problems is carried out by duplicating
vertex 0 and labeling the new vertex as
n + 1, as it is shown in Figure 1.

The first equation in (11) corre-
sponds to a continuity condition, the
second one is the first of (12), whereas
the last equation in (12), corresponds
to the equality L4(u)(n) = f(n) on the
path, since u(0) = u(n + 1).

Proposition 3.12. The periodic bound-
ary value problem is regular iff

q#cos(fiﬁ), k:O,...,{g—‘

and then its Green’s function is given by

Un—jk—s|(q) + Upp—s-1(q)

Gy(k,s) = Q(Tn+1(Q) - 1)

b

where 1 < s<nand 0<k<n-+1.

Proof. The boundary polynomial is P(z) = 2qU,,(2) —2U,—1(2) =2 = 2(T,41(q) —
1) from Lemma 2.2. Therefore, the periodic boundary problem is regular iff g #
2km

cos (?)’ for any k£ = 0,..., {g—‘ Moreover, applying now Theorem 3.3, for
n
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k < s we obtain that

Gulh.) = s [2001m0) = U @) | Uics ()

_ % [Unfs(q)kaz(q) - U5717k(Q)}
= % [Un+1—s(Q)Uk—1(Q) = Un—s(9)Uk—2(q) + Us_’“_l(qﬂ
= % {Un—lk—s\(Q) + U|k—s|—1(Q)i|

where we have take into account that
Un—s(@)Uk—2(q) = Un41-s(@Q)Us-1(q) = Uo (@) Un+—s(q)
= Un+1-5(0)Uk-1(q) — Untx-s(q)
and the same reasoning can be applied in the case s < k. (I
Proposition 3.13. If 2(1 — q) is an eigenvalue of the periodic eigenvalue problem
Lw)=  onF, u(0)—u(n+1)=2u0)—u(l) —u(n) =0,
then it is simple and either ¢ = cos (%), k=1,..., L%J with Ux—1(q) as an

n —

eigenfunction, or ¢ = cos (%Tﬂ), k=0,..., { 1J with Vi;—1(q) as an eigenfunc-

tion.

Proof. The boundary polynomial is P(z) = 2(Up(2) —Un—1(2) —1) = 2(V,,(2) —1).
Therefore, 2(1 — q) is an eigenvalue iff V,,(¢) = 1 and hence the expression for the
eigenvalues follows. From part (i) of Proposition 3.8, we get that A = 2(1 — q) is a
double eigenvalue iff U,,_2(q) = —2 and U, _1(¢) = —1. Then, 0 = P(q) = 2U,(q)
which can not happen and hence any eigenvalue is simple. Moreover, from part
(iii) of Proposition 3.8, 2U;_1(q) — Uk—2(q) + U, —x—1(g) is a non—null eigenfunction
corresponding to A and from Lemma 2.3 the above function is a multiple of either
Uk—1(q) or Vi—1(q). O

4. ONE-SIDE BOUNDARY VALUE PROBLEMS

Our aim in this section is to analyze the so—called one—side boundary value
problems; that is, the boundary value problems associated with the Schrédinger
operator on a subset of a finite path whose boundary is located at one side of the
path. Such a subset is denoted by F' and we can suppose without loss of generality
that FF = {0,1,...,n}, which implies that its inner boundary is é_(F) = {n},
whereas its outer boundary is d, (F) = {n + 1}.

Given a, b € C such that |a|+|b|] > 0, the linear map B: C(V) — C determined
by the expression

(13) B(u) = au(n) + bu(n+1), for any u € C(V)
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is called linear one—side boundary condition on F with coefficients a and b. In
addition,

(14) P(2) = bVyr1(2) + aViu(2)
is called one—side boundary polynomial determined by a and b.

For fixed B and given f € C(V) and g € C, an one-side boundary value
problem problem on F' consists in finding u € C(V') such that

(15) Ly(u)=f, on F, Bu)=g.
The problem is called semi-homogeneous when g = 0 and homogeneous if in addi-
tion f = 0.

We say that the boundary value problem (15) is regular if the corresponding
homogenous boundary value problem Lq(u) = 0 on F' and B(u) = 0 has the null

function as its unique solution. Newly (15) is regular iff for any data f € C(V') and
g € C it has a unique solution.

When the problem (15) is regular we define the Green’s function for the one-
side boundary value problem (15) as the function G, € C(V x F) characterized
by
(16) L4(Gq(-,8)) =€es on F, B(G4(-,s)) =0, for any s € F.

The analysis of one—side boundary value problems can be easily derived from
the study of two-side boundary value problems by observing that (15) can be re—
written as the following two—side Sturm-Liouville problem

(17) Low)=f, on F, (2¢—1)u(0)—u(l)=f(0) and B(u)=g

Therefore, we can reduce the analysis of one—side boundary value problems to the
analysis of semi—-homogeneous Sturm-Liouville problems.

Lemma 4.1. Given g € C, then for any f € C(V) the function u € C(V) satisfies
that Ly(u) = f on F and B(u) = g iff the function
o L  glagn +beny1)
v=1u—¢g <2q 1 f(O))51 TR

satisfies that

g(@s,_1 + (b —2qa)s,)
|a|? + |b[2

L) =f+e1+ (20— 1= 1(0)) (=2 — 200) +

on F and (2¢ — 1)v(0) — v(1) = B(v) = 0.
Observe that the boundary polynomial determined for the above Sturm-
Liouville problem is given by

P(2) = b(24 = DUn(2) + (a(24 = 1) = B)Un_1(2) — aln_s()

=b(2¢ — )Un(2) + (a(2q — 1) = b)U,—1(2) + aU,(2) — 2gqaU, —1(z)
= bUp+41(2) + bUp_1(2) — bU,(2) — (a + b)Up—1(2) + aUy(2)
Wi (2) + aVa(2);
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that is, the one—side boundary polynomial determined by a, b.

Proposition 4.2. The one—side boundary value problem (15) is regular iff bV, 41(q)
+aVy,(q) # 0 and then its Green function is given by

Via) (aUn-s1() +0Un—s(0))
bVt1(q) + aVa(q) ’

Va@) (al-i-1(0) + 0n-1(a))
bViy1(q) +aVi(q) ’

0<k<s<m,
G(I(kv S) =

1<s<k<n+1.

Proof. The regularity condition is a straightforward consequence of the equiva-
lence between the one-side boundary value problem (15) and the Sturm—Liouville

problem (17). In addition, if @q is the Green function for the Sturm-Liouville
problem, the above equivalence implies that

Vi) (Un—o1(0) + U, (a))

k<s
~ bV, +aV, ’ -7
Gl ) = Gy (. 5) = +1(q) (a)
Vo@) (0Wnia (@) +W0nn(@)
Wil +avale) T
for any s = 1,...,n and any k € V, where we have taken into account that

(2¢—1)Uk—1(q) —Ur—2(q) = Vi(q). Moreover, applying Lemma 4.1, we obtain that
Giy(k,0) = £ (k) +2(q — D)ea(k) + Gk, 1) + 2(q — 1) (G h,2) — 20C(k, 1) ).
For any k > 2, we obtain that

Vol@) (aUn—1-1(a) + Ui (g) )
Wil +aVale)

since Va(q) —2¢Vi(q) = =1 = =Vu(q) and Vi(q) —2(¢ — 1) = 1 = Vi(q).
When k£ <1,

Gy(k,0) =

~

Gl 1) + 200~ 1)(Gy(8:2) - 206, 1)) = Vido)

aUn71<q) + bUn(q) _ 1)
aV(q) + 0Vyi1(q) ’

since alU,—3(q) + bU,—2(q) — Qq(aUn,g(q) + bUn,l(q)) = —alU,-1(q) — bU.(q).
Then, for K = 0 we obtain that

Vo(q) (aUnq(q) + bUn(Q))
Wotr(q) +aVulq)

Gq (01 0) =
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whereas for k = 1, we have

) aUpn_1(q) + bUn(q)
Gq(1,0) = — 14 (2¢—1) (aVn(q) + bVt1(q) )

a[(2q ~DUn-1(q) = Un(q) + Un-1(9)]
bVn+1(q) + aVi(q)
b|(2¢ — 1)Un(q) — Unt1(q) + Un(q)
bVn+1(q) + aVa(q)

+

 Vol@)(aUn—s(q) + bUn1(9)) .
B an+1(Q) +aV, (Q) .

We say that ¢ € C is a regular value of the boundary value problem (15)
if bV41(q) + aVi(¢) # 0 and a singular value of the boundary value problem,
otherwise. Observe that ¢ is a singular value iff 2(1 — ¢) is an eigenvalue of the
following boundary eigenvalue problem

(18) L(u)=Au, on F; B(u)=0.
Proposition 4.3. The eigenvalues of the one—side boundary eigenvalue problem
Lu=Mu, onF, au(n) +bu(n+1)=0

are simple and X\ = 2(1 — q) is one of them iff bVy11(q) + aVy(q) = 0. Moreover,
aUp——1(q) + bUpn—k(q) is a non—null eigenfunction associated with \.

Proof. If A = 2(1 — g) is an eigenvalue and u is an associated eigenfunction, then
L4(u) =0 on F. Therefore, if A is a double eigenvalue of (15), then any solution of
the homogeneous Schrodinger equation, £,(v) = 0 on F, verifies av(n)+bv(n+1) =
0. As v(k) = BU_4_1(g)—aUn_(q) verifies that av(n)+bu(n-+1) = —(|al*+[b?) <
0, any eigenvalue must be simple.
On the other hand, if u is an eigenfunction there exist A, B € C such that
u(k) = AUp—-1(q) + BU,—k(q) and aB — bA = 0. Therefore, u is a multiple of
aUp—k—1(q) + bU,—(q). Observe that £,(u)(0) = 0, since bV,,+1(q) + aV,(¢) = 0.
U

5. THE POISSON EQUATION

In this section we study the Poisson equation associated with the Schrédinger
operator on the finite path P,42. The Poisson equation on V consists in finding
u € C(V) such that L,(u) = f on V for any f € C(V) and it is called regular if the
corresponding homogeneous problem £,(u) = 0 on V has the null function as its
unique solution or, in an equivalent manner, if £,(u) = f has a unique solution for
any data f. In addition, P(z) = 2(q¢ — 1)Up+1(2) is called the Poisson polynomial.
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When the Poisson equation is regular we define the Green’s function for the
Poisson equation as the function G, € C(V x V') characterized by

(19) Ly(Gy(-,8)) =¢€s onV, foranyseV.

Newly, the analysis of the Poisson equation can be easily derived from the
study of two—side boundary value problems since the Poisson equation can be seen
as the following two—side Sturm—Liouville problem

(20) Low)=f, on F, Bi(u)=f(0) and Bs(u)= f(n+1),
where Bi(u) = (2¢ — 1)u(0) — u(1) and By (u) = —u(n) + (2g — u(n + 1).

Lemma 5.1. Given f € C(V) the function u € C(V) satisfies that Lq(u) = f iff
the function

v=1u—¢gg— (Zq— 1- f(O))€1 - (2q— 1—f(n+ 1))€n — Ent1
satisfies that
Lo(v)=f+er+ (2q— 1—f(0)>(62 —2ge1) + (2q_ 1 —f(n—!—l))(en_l —2gen) +en

on F and (2¢ — 1)v(0) —v(1l) = v(n) — (2¢ — 1)v(n+1) = 0.
Observe that the boundary polynomial determined for the above Sturm-
Liouville problem is given by

P(z) = (2 = 1)?Un(2) — 2(2¢ = ))Up_1(2) + Un—2(2)
= (4(]2 - 4(] + 1)Un(z) + (2 - 4q)Un71(z) - Un(z) + QqUnfl(Z)
= (4¢° = 4q)Un(2) + (2 = 2q)Un-1(2) = 2(¢ = VYU 41(2);

that is, the Poisson polynomial.

Proposition 5.2. The Poisson equation is reqular iff ¢ # cos (k—W), for any

n 4+ 2
k=0,...,n+1 and then its Green’s function is given by
Ie (]{} ) 1 Vk(q) Vn,+1—s(q)7 0§k§s§n+1,
yS) = 57 ANt N
! 2(¢ = 1) Unt1(@) | Vi(q) Vay1-k(q), 0<s<k<n+1.

Proof. If CAv'q denotes the Green’s function of the above Sturm-Liouville problem,
then from Corollary 3.11 we get that

al _ 1 Vk(q> Vn+178(Q); k < S,
Galle) = 2<q—1>U+@>{ Va(q) Vap1—i(q), s < k.

The result follows applying the same reasoning as in the above section and
Lemma 5.1.
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Proposition 5.3. If ¢; = cos (nk—_’g), j =0,...,n, then the eigenvalues of the

Poisson eigenvalue problem
Lu=u, onV

are A\j; =2—2q;, 7 =0,...,n+ 1. Moreover, all of them are simple and V(g;) is
a non-null eigenfunction associated with \;.

Proof. The expression for the eigenvalues is a straightforward consequence of
Proposition 5.2. Moreover, if A = 2(1 — ¢) is an eigenvalue and u is an associated
eigenfunction, then L,(u) = 0 on F. Therefore, if X is a double eigenvalue of
(15), then any solution of the homogeneous Schrédinger equation, £4(v) =0 on F,
verifies (2¢ — 1)v(0) —v(1) = 0. As v(k) = Uk_1(q) verifies that (2¢ — 1)v(0) — v(1)
= —1, any eigenvalue must be simple.

On the other hand, if u is an eigenfunction there exist A, B € C such that
u(k) = AUg_1(q) + BUk_2(q) and A = B(1 — 2q). Therefore, u is a multiple of
Vi(q). Observe that L4(u)(n + 1) =0, since 2(¢ — 1)Up+1(g) = 0. O

Notice that taking into account that V(1) = 1, the above proposition when
j = 0 gives the well-known result: 0 is an eigenvalue of the Poisson equation whose
corresponding eigenfunctions are constant.
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