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A MARKOYV - BINOMIAL DISTRIBUTION
E. Omey, J. Santos, S. Van Gulck

Let {X;,7i > 1} denote a sequence of {0, 1}-variables and suppose that the
sequence forms a MARKOV Chain. In the paper we study the number of suc-
cesses Sp, = X1 + X2 + -+ 4+ X, and we study the number of experiments
Y (r) up to the r-th success. In the i.i.d. case S, has a binomial distribution
and Y (r) has a negative binomial distribution and the asymptotic behaviour
is well known. In the more general MARKOV chain case, we prove a central
limit theorem for S,, and provide conditions under which the distribution of
Sr can be approximated by a POI1SSON-type of distribution. We also com-
pletely characterize Y (r) and show that Y (r) can be interpreted as the sum
of r independent r.v. related to a geometric distribution.

1. INTRODUCTION

Many papers are devoted to sequences of BERNOULLI trials and they form
the basis of many (known) distributions. Applications are numerous. To mention
only a few:

— the one-sample runs test can be used to test the hypothesis that the order
in a sample is random;

— the number of successes can be used for testing for trends in the weather
or in the stock market;

— BERNOULLI trials are important in matching DNA-sequences;
— the number of (consecutive) failures can be used in quality control.

For further use we suppose that each X; takes values in the set {0,1} and

forn > 1, let S,, = > X; denote the number of successes in the sequence (X1, Xs,
i=1

., Xpn). If the X; are iid. with P(X; =1)=pand P(X; =0) =¢=1—p, it

is well known that S,, has a binomial distribution S,, ~ BIN(n,p). In the classical

theory one either calculates probabilities concerning S,, by using the binomial dis-

tribution or by using a normal- or a POISSON-approximation. A related variable
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of interest is Y'(r) where for r > 1 the variable Y (r) counts the number of exper-
iments until the r-th success. In the i.i.d. case it is well known that Y (r) has a
negative binomial distribution and that Y (r) can be interpreted as the sum of i.i.d.
geometrically distributed r.v.

In the section 2 below we first list the MARKOV chain properties that we need
and then study S,, (section 2.1) and Y (r) (section 2.2). We finish the paper with
some concluding remarks.

2. MARKOV CHAINS

Let the initial distribution be given by P(X; = 1) = p and P(X; = 0) =
g=1-—pandforij=0,1,let p;; = P(Xo =j| X1 =1) denote the transition
probabilities. To avoid trivialities we suppose that 0 < p; ; < 1. The one-step
transition matrix of the MARKOV chain is given by

p— (Poo Po1
Pio Pi1 )
We list some elementary properties of this MARKOV chain, cf. [3, Chapter
XVL.3]. First note that the MARKOV chain has a unique stationary vector given
by (z,y) = (p1,0, Po1)/(Po1 + p1,0). The eigenvalues of P are Ay = 1 and Ay =

1—po1—p1,0 =poo0+p1,1— 1. Note that |A2| < 1. By induction it is easy to show
that the n-step transition matrix is given by P" = A + A} B where

(1) ()
z Yy -z T

It follows that pgfo) =+ Ay and pgno) = x — Ajx. Using these relations for
n > 1 we have

P(X,=1)=y+ X (pz—qy) =y— Ny '(y —p),
0) =2+ A" (y—p)

=
»
3

I

Information about moments is given in the following result.

Lemma 1. For n > 1 we have

(i) B(X,) = P(Xpy=1) =y~ A" (y —p).

(it) Var(X,) = (y = A7 (y =) (x + 237 (y — p))-

(iii) For n > m we have Cov (X, Xpm) = Ay~ " Var (X,,).
Proof. The first and the second part are easy to prove. To prove (iii), note
that B(X,X,,) = P(X, = 1,X,,, = 1) = p{"7 ™ P(X,, = 1). It follows that
Cov(Xy, Xpm) = (pgrffm) — P(X,, =1))P(Xy, = 1). Using the expressions obtained
before we obtain

Cov(Xp, Xm) = (y + AT —y + )\;lfl(y — p))P(Xm =1)
=A@+ Ay = p) P(Xm = 1),
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and the result follows. O

As a special case we consider the type of correlated BERNOULLI trials studied
in [2] and [9]. In this model we assume that P(X,, = 1) =p, P(X, =0)=¢q¢=1—p
and p = p(X,, Xpn41) # 0 for all n > 1. From this it follows that Cov(X,,, X;,+1) =
ppq and that P(X,, =1, X,41 = 1) = p(p+ pq). Since P(X,, = 1) = p we also find
that

P(X,=0,X,41=1)=P(X,, =1,Xp41 =0) = pq(1 — p).

It turns out that P(X,41 =j | Xn =1) =ps; (4,5 =0, 1), where the p; ; are given
by
q+pp p(l- p))
P(p,p) = .
. p) <q(1 -p) ptpq
In this case we have (x,y) = (¢,p) and Ay = p. For n > m it follows from

Lemma 1 that p(X,, X)) = p" ™.

2.1. THE NUMBER OF SUCCESSES S,

2.1.1. Moments

n
In this section we study the number of successes S,, = > X;. In our first
i=1
result we study moments of S,, and extend the known i.i.d. results.

Proposition 2. (i) We have E(S,) =ny — (y —p)(1 — A3)/(1 — A2).
(ii) We have
n—1
Var (Sp,) = nay(1+ A2)/(1 — X2) + . (ANS + BASF + CEkAS),
k=0
where A, B, C' will be determined in the proof of the result.
(iii) If P = P(p, p) we have E(S,) = np and

Var (S,) = pg(n(1+p) = 2p(1 = p") /(1 = p)) /(1 = p).

Proof. Part (i) follows from Lemma 1(i). To prove (ii) we start from Var (Sk41) =
Var(Sg + Xk+1). Using Lemma 1, we see that

k .
Var (Sgy1) — Var(S) = Var(Xgi1) + 23 A= Var (X;).
i=1
Again from Lemma 1 we see that
Var (X;) = zy + a\y " — bA3 2
where a = (y — p)(y — ) and b = (y — p)?. Straightforward calculations show that

Var (Sgy1) — Var(Sk) = zy(1 + A2)/(1 — Xo) + ANE + BAZF + Ck)b
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where C' = 2a and

= (a(l — A2) — 2zyAs — 2b) /(1 — A2),
=b(1+ A2)/(1— A2).

If we define Sy = 0 this result holds for all £ > 0. Using Var(S,,) = Z (Var (Sg+1)—

Var (S)), result (ii) follows. Result (iii) is easier to prove. Using Lemma 1 we have

k )
Var (i) = Var(Se) = ay (1423 0177) = ay(1+ p = 20" /(1 = p).
=1

The result follows by taking sums as before. (I

The expression for the variance can be simplified asymptotically. We use the
notation u(n) ~ cv(n) to indicate that u(n)/v(n) —

Corollary 3. As n — oo we have
(i) E(Sp) ~ny and Var (Sy,) ~ nxy(1 + A2)/(1 — A2).

(ii) E(Sn) —ny — (p—y)/(1 —A2) and Var(S,) —nzy(1+ X2)/(1—X2) — ¢
where 4 B O

R W e v TR W

2.1.2. Distribution of S,,

In this section we determine p, (k) = P(S, = k). It is convenient to condition
on X,, and to this end we define

pl(k) = P(S, =k, X, =1i), i=0,1.

Obviously p, (k) = p2(k) + pk(k). Note that p}(1) = p, p(0) = ¢ and that
p1(0) = pf(1) = 0. In the next result we show how to calculate pi, (k) recursively.
Lemma 4. For n > 1 we have

(1) P51 (k) = po,op (k) + p1.opy, ();

(i) Pry1 (k) = poaph(k — 1) +piapy(k = 1).

Proof. We have p?_ (k) = I + II where
I = P(Snsr =k Xpp1 = 0, X, = 0),
IT = P(Syi1 = ky Xpp1 = 0, X = 1).
Clearly I = P(S,, = k, X,,+1 = 0, X,, = 0). Now note that
I=PXp1=0|8,=Fk X, =0)p"k)
=P(Xp11=0]S, 1=k X, =0)p(k)
= po,opy (k).
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In a similar way we find that IT = p; gp} (k) and the first result follows. The
second result can be proved in a similar way. (I

For small values of n we can use Lemma 4 to obtain the p.d. of S,,. It does
not seem to be easy to obtain an explicit expression for p, (k). For an alternative
approach we refer to the end of section 2.2 below.

2.1.3. Central limit theorem

For fixed P and (¢,p) and large values of n we can approximate the p.d. of
S, by a normal distribution. We prove the following central limit theorem.

Theorem 5. As n — oo we have

Sn — B(Sn) 4 Z~N(©0,1).
Var (Sy,)

Proof. We prove the theorem using generating functions. For |z| <1 and i = 0,1

let Ui (2) = 3 pi(k)zF and let U, (2) = W0 (2)+ WL (2). Furthermore, let A, (z) =
k=0

(U9(2),¥l(2)) and note that A1(z) = (¢, pz). Using Lemma 4 we have

‘I’?z+1(z) = po,oVi(2) + p1,o¥,(2),
Ui (2) = po,12¥0(2) + p11z¥) (2).

Switching to matrix notation, we find that A,41(z) = A, (2)A(z), where

Az) = (po,o pOalz) .

P10 P1,1%

It follows that A,y1(z) = A1(2)A™(2). We can find A"(z) by using the
eigenvalues of A(z) and to this end we use the characteristic equation

|A(2) — M| = X = X(po,o + p1,12) + (Po,op1,1 — P1,0p0,1)% = 0.
Solving this equation gives

Ai(z) = (po,o + P12+ \/5)/2;
X2(2) = (po,o +p112 — \/5)/2;

where D = (po,o — p1,12)? + 4po.1p1.02. Now define U = U(z) and W = W (z) by
the equations I = A%(2) = U + W and A(z) = A (2)U + A2(2)W. We find that
U(z) = (A(2) = Xa(2)I)/vD and W (z2) = —(A(z) =M1 (2)I)/v/D. Using the theorem
of CAYLEY and HAMILTON we obtain for n > 0 that A™(z) = A} (2)U + \j(2)W.
Note that as z — 1 we have A\1(z) — 1 and A2(2) — 1 —po1 — p1,0 = 0, where
by assumption we have |#] < 1. Since |A2(2)/A1(2)] — |0] as z — 1, for all
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¢ sufficiently small we can find 6 = d(¢) such that 0 < 0 < 1 and such that
[A2(2)/A1(2)] < 10| + ¢ < 1, for all z such that 1 —d§ < z < 1. We conclude
that for any sequence z, — 1, we have |A2(z,)/A1(2,)|" — 0. From this it follows
that A™(z,)/A?(zn) — U(1) where both rows of U(1) are equal to (z,y). Using
U, 1(2) = A1(2)A™(2) (1,1)" it follows that W, (2,)/ N} (2n) — 1.

Now we discuss the asymptotic behaviour of A1 (z) as z — 1. For convenience
we write A(z) = Ai1(z). Note that A(z) satisfies A(1) = 1 and the characteristic
equation

N2(2) = A(2)(po,o + p1,12) + (Poopr1 — Propo,i)z = 0.

Taking derivatives with respect z we find that
2M(2)N' (2) = N (2)(po,o + p1,12) — A(2)p1,1 + Po,op1a — P1opos =0
and )
2X(2)N"(2) +2(N'(2))” — 2N (2)p1,1 — N (2)(po,o + p1,12) = 0.
Replacing z by z = 1 we find that
2AL)N'(1) = N (1) (po,o +p1,1) — A(L)p1,1 + Po,op1,1 — Propos = 0,
2AWN(1) +2(N (1) = 2X (Dprs = X' (D) (poo +pr1) = 0.
Since A(1) = 1, straightforward calculations show that
N(1) = po,1/(po,1 +1p10) =Y,
N'(1) = 2zy(p11 — po,1)/(Po, + P10)-

Using the first terms of a TAYLOR expansion, it follows that
1
AM2) =1+y(z -1+ N (1) (2 — 1) (14 o(1)).

Using twice the expansion log(z) = —(1 — z) — (1 — x)?(1 + o(1)) /2, we obtain

10g(A((2“1));§/210g(2) . % V(1) +y - ).
It follows that
log (A(2)z7Y — 1 1
i e
where, after simplifying,
ﬁzxypl’l + Po,o ~ 2y 14+ A .
Po,1 + P10 1—X

To complete the proof of Theorem 5 we replace z by z, = z!/V™. In this case

we find that
log (A(zn)zrjy)
n

2

— 56 (log(2)



44 E. Omey, J. Santos, S. Van Gulck

and then that )

2, " U1 (2n) — exp (6( log(z)) /2)
It follows that (Sp+1 — ny)/v/n 4 W where W ~ N(0, ). Using Corollary 3, the
proof of the theorem is finished. O

From Theorem 5 we obtain the following result.

Corollary 6. Let Z ~ N(0,1). As n — oo we have the following results:
(i) (Sp —ny)/vnB = Z, where B = zy(1 + A2)/(1 — A2);
(ii) If po,1 = p1,1 = p, we have (S, — pn)/\/npq 4 Z;

(iii) If P = P(p, p), we have (S, —pn)/v/np L 7, where

B=pq(1+p)/(1—p).

2.1.4. Poisson approximation

In the i.i.d. case it is well known how we can approximate a binomial dis-
tribution by a suitable Poisson distribution. The same can be done in the more
general MARKOV setting.

In what follows and also in Section 2.2 we shall use the following notations.
We use U(a) to denote a BERNOULLI r.v. with P(U(a) =1) =a (0 < a < 1), V(a)
is a Poisson(a)-variable (a > 0) and G(a) is a geometric r.v. with P(G(a) = k) =
(1 —a)a*~*(k>1,0 < a < 1). Note that
E(zV@) = (1 -a)+az,
E(zYV@) = exp(—a + az),
E(z%) = (1 —a)z/(1 — az).

A compound Po1ssoN distribution with generator G(a) is defined as follows.
Let Go(a) = 0 and for 4 > 1, let G;(a) denote i.i.d. copies of G(a). Independent
of the G;(a) let V(b) denote a Poisson(b)-variable. Now consider the new r.v.

B(V() = XYY Gi(a). Clearly we have
E(zBV®)) = exp (—b+ bE(zG(a)))

and we say that B (V(b)) has a compound PoI1ssoN distribution with generator
G(a).

In the next result, in the limiting distribution all r.v. involved are independent
and we use the notations introduced above. In each case we take limits as n — oo.

Theorem 7. Suppose that npg1 — a >0 andp11 — ¢ (0<c<1).

(i) If ¢ =0, then Sy, 4 Ulp)+ V(a).
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(i) If0 < ¢ < 1, then S, 4 U(p)G(c) + B(V(a)).
Proof. Using the notations as in the proof of Theorem 5 we have U,;1(2) =
A1 (2)A™(2) (1,1)" where Ay(z) = (¢,pz) and A™(z) = N} (2)U(z) + M2 (2)W ().
Recall that U(z) = (A(z) — A2(2)I)/vV/D and W (z) = —(A(z) — M (2)I)/VD and
that A\ (2) = (poo + p11z + VD)/2 and \a(2) = (poo + p1.12 — V'D)/2, where
D = (po.o — p1,12)* + 4po,1p1,0%.

Some straightforward calculations show that

1= Xi(z) =2po1(1 — 2)/(pos + p1o+p1a(l —2) + \/5)

Since by assumption npg; — a we have pg1 — 0 and pgo — 1. By assump-
tion we have p; 1 — ¢ and hence also p; o — 1 — c. It follows that D — (1 — cz)%.
Using 1 — ¢z > 0 we readily see that n(1— A;(2z)) — a(1 — 2)/(1 — cz). From this
it follows that

A(z) = 0(2) :==exp (—a(l — 2)/(1 — cz)).

Next we consider AJ(z). Clearly we have A2(z) = A2(1)z/A1(z). Our assump-
tions imply that A2(1) = poo + p1,1 —1 — 0. It follows that ()\2( ) )n — 0 and
hence also that A\j(z) — 0. Using A2(z) — cz, we obtain that

U(z) = U" = ((1—c)/1(1—cz) 8>

and hence also that that A™(z) — 0(z)U*. It follows that

\IjnJrl(Z) - (Qapz)o(z)U* (]-a 1)t7
so that
q+z(p—c
1—cz

Unt1(2) — L(2) = 0(z)

It remains to identify the limit L(z).

If ¢ = 0, we have L(z) = (¢+ pz) exp ( — a(1 — z)). Now the interpretation is
clear. Using the notations introduced before, let U(p) and V' (a) denote independent
r.v.. Clearly L(z) = E(2V(@2V®). If ¢ = 0, we conclude that S, 4 V(a) + U(p).

If 0 < ¢ <1, we find L(z) = (¢ + pK(2))exp( — a(l — K(z)), where
K(z) = (1 —¢)z/(1 — cz). Using the notations introduced before, we see that
K(z) = BE(250)). Let Go(c) = 0 and let G;(c) denote independent copies of G(c)
and, independent of the other variables, let V( ) denote a POISsON-variable with

parameter a. The random sum B(V(a)) = Z Gi(c) is well-defined and has gen-

erating function E(28(V(®)) = exp ( — a(1 — K(z)) Finally, let U(p) denote a
BERNOULLI variable, independent of all other variables. We conclude that L(z )

E(zVP)G()+B(V(a))) and as a consequence we find that S,, 4 U(p)G(c)+B(V(

D\—/ Il
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REMARK. If ¢ = 1, then L(z) = gexp(—a) which is the generating function of a degenerate
variable.

As a special case we have the following corollary.

Corollary 8. (WANG [9]) Suppose that P = P(p,p).
(i) If np —u >0 and p — 0, then S, 4 V(u).
(i) If np—u>0andp—v (0<v<1), then S, 4 B(V (u(1 —v)).
2.2. GENERALIZED NEGATIVE BINOMIAL DISTRIBUTION

In this section we invert S, and for each r > 1 we define Y (r) as the number
of experiments until the r-th success. Since Y (r) = min{n : S, = r} we have
P(S,<r)=PY(r+1)>2n+1)and P(Y(r) =n) = P(S, =r,X,, = 1). The last
quantity has been studied before. Adapting the notations, for n > r and i = 0,1
we set pi(r) = P(S, = r, X, = i) and p,(r) = P(S, = r). The corresponding
generating functions will be denoted by Wi(z) and ¥, (z). Using similar methods
as before, for n > r we obtain that

pn(r) =prapy_1(r — 1) + poapl_1(r — 1),
Py (1) = po,ophy_1(r) + p1,ops 1 (7).

Using generating functions, this leads to
Vi (2) = 2p1,1¥; 1 (2) + 2poa W74 (2),
VD (2) = 2p0,0¥7(2) + 2p1,0¥,(2).

We find that

U)(z) = 1ip7;(;ooz UL(2),

Up(2) = 2k(2) ¥4 (2),

where k(z) = p1,1 + 2po,1p1,0/(1 — po,0z). It follows that

r—1

(1) Up(2) = (2k(2)) 1(2).
Using U,.(z) = ¥9(z) + ¥1(z) we also find that
Zp1, 1 _ r—1_1
(2) U,.(z) = (1 + ﬁ) Up(2) = u(z)(zk(2))  Wi(2),

where u(z) = 1+ zp1,0/(1 — po,02)-
o0
It remains to determine ¥i(z) = > P(S, = 1,X,, = 1)z". Clearly we have

PS,=1,X,=1)=p,ifn=1,
PS,=1,X,=1)= qu,BQpO,l, if n > 2.
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It follows that

Po,12
Ui(z) = Z(p+q71 pooz) :

This result can be interpreted in the following way. We use the notations as
in the beginning of Section 2.1.4. Assuming that U(s) and G(t) are independent
r.v., we have E(26®) = 2(1 —t)/(1 — tz) and

(3) E(VOEWY = (1 —s) 4+ s2(1 —t)/(1 — t2).

Using these notations we can identify k(z) and ¥1(z). Using (3) we obtain
that

(4) k(2)
(5) Ty (2)

Using (1), (4) and (5) we obtain the following result.

E(ZU(pl,O)G(pO,O))7

ZE(ZU(Q)G(vaO)).

Theorem 9. (i) We have Y (1) L4 U(q)G(poo)-

(ii) For r > 2, we have

1

4’ (1+ Ui(p1,0)Gi(po,o)) + 1+ U(q)G(po,o),

Y(r)

i=1

where all r.v. U(q), Ui(p1.0), G(po,o) and Gi(po,0) involved are independent.
Using Wl(z) = zk(2)¥}_,(2) it also follows for r > 2 that

Y (r) = Y(r—1)4+1+U(p1,0)G(poo)

and that .
Y(r)=Y(r—1) =1+ U(p1,0)G(po,o)

where Y(r — 1), U(p1,0), and G(po o) are independent r.v.. Together with Y (1) 4
14+U(q)G(po,0) we obtain the following probabilistic interpretation of the formulas.
At the start, the first value is either a succes or a failure. If we start with a failure
(which happens with probability ¢) we have to wait geometrically long until we
have a first succes. Given another succes position in the sequence, either the next
result is a succes or the next result is a failure (which happens with probability
p1,0) and then we have to wait geometrically long until we have a new success.
Although we start from a sequence of (MARKOV-)dependent variables, it turns out
that the times between consecutive successes are independent variables!

Now we take a closer look at p,(r) = P(S, = r) and use (2). Note that
U,.(1) = u(l) = 1/y and observe that

z xrz .
yu(z) =y + L =y L p UG )

1 —po,02 1 —1pooz
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r—1

It follows that y¥,(2) = yu(z)(zk(z))
yP(Sn =r) = P(U(2)G(poo) +Y(r) =n)

Ui(z) and hence that

where U(x), G(po,0) and Y (r) are independent. In the next result we formulate the
central limit theorem for Y (r) and a P0O1ssON-type of approximation. The results
easily follow from the representation obtained in Theorem 9.

Corollary 10. (i) As r — oo, we have
Y(r)—r/y 4

= Z ~ N(0,1).
\/Tp1,0p1,1/p(2),1

(ii) If rp1o — a and poo — ¢, 0<c <1, then Y (r) —r 4 B(V(a)).

REMARK. For r > 0, let M(r) = max{n : Sp, < r} and K(r) = max{n : Y(n) < r}.
Clearly M(r) = n if and only if Y(r +1) = n+1 so that Y(r +1) = M(r) + 1. Using
{M(r)y>n}={Sn <r}={Y(r+1) >n+1} and {K(r) > n} ={Y(n) <r}, it follows
that {K(n) <r} ={Y(r+1) > n+1}. As a consequence, we find that K(n) £ 8,. Now
note that K (r) corresponds to the renewal counting process associated with the sequence
A, A1, As, ... where A 4 14+ U(q)G(po,0) and where the A; are i.i.d. random variables with
ALiy U(p1,0)G(po,o). Standard (delayed) renewal theory could now be used to prove
the central limit theorem for S, .

3. CONCLUDING REMARKS

1. Earlier we have observed that for n > 1, P(X,, = 1) =y — Ay~ '(y — p)
and P(X,, = 0) = x + A5~ ' (y — p). From this it is easy to see that for n,m > 1 we
have

P(Xn+m = 1) = y(l - >‘72L) + )‘SP(Xm = 1)7
P(Xpim =0)=2(1 - A3)+ AN P(X,, =0).

Recall that (z,y) was the stationary vector. In what follows we assume that
A2 > 0. Now let B, ~ U(\}) and B° ~ U(y) denote BERNOULLI r.v.. The formulas

obtained above show that X, ,, 4 (1 = B,)B° 4+ B, X,, where B,, is independent
of B® and X,,. In particular it follows that {X,,} satisfies the stochastic difference

equation: X, 1 4 (1-DB1)B°+ B1X,.

2. A correlated binomial distribution has been introduced and studied in [1],
[4], [6], [7]. Examples and applications can be found e.g. in quality control, cf. [5].
One of the models can be described as follows. Let X, X1, X5, ..., X, denote i.i.d.
BERNOULLI variables with X ~ U(p) and let U(«) and U(S) denote independent
BERNOULLI variables, independent of the X;. Now define ¥; = U(a)X; + (1 —
U(a))U(B) and the corresponding sum

Ty = 3% = U@)S, +n (1 - U@)U(B).

i=1
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The following interpretation can be given. In quality control we can decide to
check all produced units. The alternative is to check just one unit and then accept
or reject all produced units. In the first scenario S,, counts the number of defects
or successes. In the second scenario we conclude that we have either 0 or n defects
or successes. Clearly S,, ~ BIN(p,n) and for T,, we have P(T,, = k) = aP(S, =
k)+ (1 —a)P(nU(B) = k). It follows that

P(T,=k)=aP(S,=k) for 1 <k<n-1,
P(T,=0)=aP(S,=0)+(1—a)(1-75),

P(T,=n)=aP(S,=n)+(1—a)b.

As to Y; we have V; < U(M\) where A = ap + (1 — a)8. For the variance
Var(Y;) = 0% we find that

o® =a(l—a)(p—B)° +ap(l —p) + (1 — ) B(1 - ).

For i # j we obtain that Cov(Y;,Y;) = a(1—a)(p—8)*+(1—a)B(1— ). It follows
that p(Y;,Y;) =p=1—aif §=p. If 3 # p we find that p(Y;,Y;) =p=1/(c+1)
where

c=ap(l—p)/(a(l —a)lp—B)*+ (1 -a)B(1 - f)).

We see that p(Y;,Y;) is the same for all ¢ # j. Clearly this implies that
Var(T,) = n(1+ (n — 1)p/2)c?. In the next result we formulate two asymptotic
results.

Proposition 11. (i) As n — oo,

(70— (1= U@) nU(8) = npU (@) /v/np(1 = p) % B(e)Z,
where Z ~ N(0,1).

(i) If np — a >0 and B — 0, then T, LY where Yy £ U(a)V(a) and U(a)
and V(a) are independent.

3. From the physical point of view it seems reasonable to study random
vectors (X1, Xo, ..., X,) with a joint probability distribution of the following form:
for z; = 0,1 we have

P(X;=24,i=1,2,...,n) = Cexp (az a;z; + 6 Zai,jxixj).
i=1

i=1 j=1

The second term represents the interaction between particles. If § = 0, the X; are
independent and no interaction appears.

4. In our next paper [8] we study runs, singles and the waiting time until the
first run of r consecutive successes for BERNOULLI-sequences that are generated by
a MARKOV chain.
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