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QUASINORMABILITY OF Db SPACES

Stojan Radenović

In this short paper we shall prove that a space of a Db type ( g(DF) or
quasi-DF by some authors) is quasinormable.

In a general theory of locally convex spaces there are five significant classes
of spaces with fundamental sequences of the family of all bounded subsets or some
of its subfamilies. These are spaces do (DF), (dF), Db, dual-metric and (df) type.

(DF) and (df) classes were defined by Grothendieck [2], (dF) by Brauner
[1], Db (g(DF) or almost-DF) were defined by Noureddine [6], Ruess [8] and
Mazon [5], whereas, the class of dual-metric spaces was defined by Pietsch [7].

Let us remind ourselves of these classes of spaces.
Locally convex space (X, t) is the space of (DF) type (resp. dual-metric;(df))

if it has a fundamental sequence of bounded subsets and if each X ′
b-bounded subset,

which is a countable union of t-equicontinuous subsets (resp. X ′
b-bounded sequence;

X ′
b-convergent sequence) is t-equicontinuous subset.

Space (X, t) is a (dF) Brauner space if it is p-reflexive with a fundamental
sequence of compact subsets.

A barrel T of the space (X, t) is b-barrel if its intersection with t-bounded
absolutely convex subset is relative t-neighborhood of zero. Locally convex space
(X, t) is b-barrelled if each b-barrel in it is a t-neighborhood of zero.

Then, it is said that the space (X, t) of the type Db if it is b-barrelled with
fundamental sequence of bounded subsets.

Classes of spaces (DF) and (dF) are incomparable. The space of (DF) type
(resp. (dF)) is dual-metric (resp. Db), whereas classes of Db and dual-metric are
incomparable. Class of spaces (df) comprises all the others. For each five classes
of spaces different inheritance properties were studied (subspace, quotient, natural
topology, three-space problem,. . .).
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Knowing whether some locally convex space is quasinormable in Grothen-
dieck sense or not is of a special interest for that space. In the paper [2] where
he defined spaces of (DF) type and quasinormable spaces, Grothendieck proved
that some spaces of (DF) type are quasinormable. It was not until later (1973)
that Kats [3] proved that every space of (DF) type is quasinormable. The same
author used a fine counterexample [4] to show that dual-metric space need not be
quasinormable.

In this work, we shall prove, inspired by Kats’s result, that each space of Db

type is quasinormable.
Let us first remined ourselves of the definition of quasinormability in Gro-

thendieck sense.

Definition. Locally convex space (X, t) is quasinormable if for each t-equiconti-
nuous subset E of X ′ there exists t-neighborhood of zero U in X, such that E ⊂ U0

and that on E strong topology X ′
b and topology of Banach space X ′

U0 are equal, that
is, that X ′

b|E = X ′
U0 |E.

In the following proof of the theorem, we are using the result of Noureddine:

Lemma. Let (X, t) be a b-barrelled space. For each sequence Hn of t-equiconti-

nuous subsets of X ′ such that
+∞∪
n=1

Hn is strongly bounded subset and for each zero

sequence of scalar εn,
+∞∪
n=1

εnHn is t-equicontinuous subset of X ′.

Theorem. Each locally convex space of Db type is quasinormable.

Proof. Let E arbitrary t-equicontinuous (absolutely convex σ(X ′, X)-closed can
be taken) subset of X ′ and let

U1 ⊃ U2 ⊃ · · · ⊃ Un ⊃ · · ·
be fundamental system of absolutely convex σ(X ′, X)-closed X ′

b-neighborhoods of
zero. Subsets n2E ∩ Un2 , n = 1, 2, 3, . . . are t-equicontinuous and

F =
+∞∪
n=1

(
n2E ∩ Un2

)

is X ′
b-bounded. Indeed, subset

+∞∪
n=N

(
n2E ∩ Un2

)
, for some fixed N is contained in

UN2 :
(
N2E ∩ UN2

) ∪
(
(N + 1)2 E ∩ U(N+1)2

)
∪ · · · ⊂ UN2 ∪ U(N+1)2 ∪ · · · ⊂ UN2 .

Set
N−1∪
n=1

(
n2E ∩ Un2

)
is X ′

b-bounded as finite union of bounded sets. Therefore,

UN2 absorbs F =
+∞∪
n=1

(
n2E ∩ Un2

)
. Since N is fixed natural number, each Un2

absorbs F =
+∞∪
n=1

(
n2E ∩ Un2

)
. This means that F =

+∞∪
n=1

(
n2E ∩ Un2

)
is strongly

bounded, that is, X ′
b-bounded.
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According to Lemma for εn = 1

n
subset

B =
+∞⋃
n=1

1

n

(
n2E ∩ Un2

)
=

+∞⋃
n=1

(
nE ∩ 1

n
Un2

)

is t-equicontinuous. Therefore, there exists a t-neighborhood of zero U such that

+∞⋃
n=1

(
nE ∩ 1

n
Un2

)
⊂ U0.

Let us be reminded that the basis of neighborhoods of zero in an absolutely convex
subset E in the relative topology from X ′

U0 comprise sets of the shape εU0∩E, ε > 0.
So, if V is one neighborhood of zero from X ′

U0 |E, then there exists ε > 0 so that

V ⊃ εU0 ∩E. Let us now take a natural number N, such that 1

N
< ε. From this it

follows

εU0 ⊃ 1

N
U0 ⊃ 1

N

+∞⋃
n=1

(
nE ∩ 1

n
Un2

)
⊃ 1

N

(
NE ∩ 1

N
Un2

)
= E ∩ 1

N2
UN2 .

Now, εU0∩E ⊃ E∩ 1

N2
UN2 , that is, V ⊃ E∩ 1

N2
UN2 , i.e. X ′

U0 |E ≤ X ′
b|E. Since

the relation X ′
b|E ≤ X ′

U0 |E is apparent, it means that

X ′
b|E = X ′

U0 |E,

that is, space (X, t) is quasinormable.
Based on Kats’s results, previous theorem and relations of the mentioned five

classes of the spaces, it follows that spaces (DF), (dF) and Db are quasinormable,
and dual-metric and (df) are not.
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