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ON A SUM INVOLVING POWERS

OF THE PRIME COUNTING FUNCTION

Hacène Belbachir, Farid Bencherif

An asymptotic formula is derived for the sum of powers of reciprocals of
π(n), where π(x) denotes the number of primes not exceeding x. This is an
extension of previous results of L. Panaitopol and A. Ivić.

1. INTRODUCTION

Denote by π(x) the number of primes not exceeding x. J-M. De Koninck
and A. Ivić [1, Theorem 9.1] proved that

(1)
∑

2≤n≤x

1
π(n)

=
1
2

log2 x + O(log x).

This asymptotic formula is obtained as a consequence of the prime number theorem

(2) π(x) ∼ x

log x
(x → +∞).

In 2000, L. Panaitopol [3] improved (1) to

(3)
∑

2≤n≤x

1
π(n)

=
1
2

log2 x− log x− log log x + O(1).

This asymptotic formula is a consequence of the following results which is
due by L. Panaitopol [3]

(4)
1

π(x)
=

1
x

(
log x− 1− k1

log x
− k2

log2 x
− · · · − km

(
1 + αm(x)

)

logm x

)
,
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where αm(x) <<m
1

log x
, and the constants k1, k2, . . . , km are defined by the re-

currence relation

(5) kn + 1! kn−1 + 2! kn−2 + · · ·+ (n− 1)! k1 = n · n! (n ∈ N).

Easy calculations give

k1 = 1, k2 = 3, k3 = 13, k4 = 71, k5 = 461, k6 = 3447, etc.

In [3] L. Panaitopol gives the following formula for kn

(6) kn = det(aij)1 ≤ i ≤ n
1 ≤ j ≤ n

with

(7) ai,j =





(n + 1− i) · (n + 1− i)! if j = 1 and 1 ≤ i ≤ n,
0 if 2 ≤ j < i ≤ n,
(j − i)! if 1 ≤ i ≤ j ≤ n and j > 1.

To prove (3), L. Panaitopol uses (4) for m = 2.

Recently, using (4), A. Ivić gives the following further improvement of (2),
for any fixed integer m ≥ 2

(8)
∑

2≤n≤x

1
π(n)

=
1
2

log2 x− log x− log log x + C

+
k2

log x
+

k3

2 log2 x
+ · · ·+ km

(m− 1) logm−1 x
+ O

(
1

logm x

)
,

where C is an absolute constant, and k2, . . . , km are the constants defined by (5).
In this paper, we give an asymptotic formula for the more general sum

∑

2≤n≤x

(
1

π(n)

)r

for any integer r ≥ 2.

This result contained in the Theorem stated in the following section is ob-
tained by using (4).

2. STATEMENT OF THE THEOREM

Let r ≥ 2 be an integer. Then the serie
∑

n≥2

(
1

π(n)

)r

converges. Indeed, from

the prime number theorem (2), we have
(

1
π(n)

)r

∼ logr n

nr
(n → +∞).
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Let us denote by Cr its sum

(9) Cr =
∑

n≥2

(
1

π(n)

)r

.

Let (αr,n)n≥0 be the sequence of real numbers defined by the following equal-
ity in R [[X]]

(10)
(
1−X − ∑

n≥1

knXn+1
)r

=
∑

n≥0

αr,nXn.

Easy calculations give

αr,0 = 1, αr,1 = −r, αr,2 =
1
2
r (r − 3) , αr,3 = −1

6
r
(
r2 − 9r + 26

)
,

αr,4 =
1
24

r
(
r3 − 18r2 + 131r − 426

)
, etc.

By setting

bn =





1 if n = 0,
−1 if n = 1,
−kn−1 if n ≥ 2,

one has
αr,n =

∑

(i1, i2, . . . , ir) ∈ Zr
+

i1 + i2 + · · ·+ ir = n

bi1bi2 · · · bir .

Theorem. For any fixed integer m ≥ 2, we have

(11)
∑

2≤n≤x

(
1

π (n)

)r

= Cr +
1

xr−1

(
λr,r logr x + · · ·+ λr,1 log x + λr,0

+
µr,1

log x
+

µr,2

log2 x
+ · · ·+ µr,m−1

logm−1 x
+ O

(
1

logm x

))
,

where

(12) λr,k = −
r∑

s=k

s!

k! (r − 1)s−k+1
αr,r−s for 0 ≤ k ≤ r,

(13) µr,k =
k∑

s=1

(k − 1)!

(s− 1)! (1− r)k−s+1
αr,r+s, for 1 ≤ k ≤ m− 1.

When m = 6, the Theorem gives for r = 2

∑

2≤n≤x

(
1

π (n)

)2

= C2 +
1
x

(
− log2 x + 1 +

4
log x

+
15

log2 x

+
80

log3 x
+

505
log4 x

+
3732
log5 x

+ O

(
1

log6 x

))
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and for r = 3

∑

2≤n≤x

(
1

π (n)

)3

= C3 +
1
x2

(
−1

2
log3 x +

3
4

log2 x +
3
4

log x +
19
8

+
21

2 log x

+
237

4 log2 x
+

1583
4 log3 x

+
24219
8 log4 x

+
104091
4 log5 x

+ O

(
1

log6 x

))
.

The proof of Theorem uses essentially the two following lemmas.

3. LEMMAS

Let m ≥ 2 an integer. Since r ≥ 2, the integral

(14) Lq :=
∫ +∞

x

logq t

tr
dt (x > 0)

converges for any q ∈ Z.

When q ≤ r and x ≥ 3, the function x 7→ logq x

xr
is decreasing and positive.

Consequently, we can write

(15)
∑
n>x

logq n

nr
= Lq + O

(
logq x

xr

)
= Lq + O

(
1

xr−1 logm x

)
.

Also, we have

Lemma 1. For any integer s ≥ 0, we have

(16) Ls =
∫ +∞

x

logs t

tr
dt =

1
xr−1

s∑

k=0

βr,s,k logk x,

with βr,s,k = s!

k! (r − 1)s−k+1
, for 0 ≤ k ≤ s.

Lemma 2. For any integer s ∈ {1, 2, . . . , m− 1} , we have

(17) L−s =
∫ +∞

x

1
tr logs t

dt =
1

xr−1

m−1∑

k=s

γr,s,k

logk x
+ O

(
1

xr−1 logm x

)
,

with γr,s,k = − (k − 1)!

(s− 1)! (1− r)k−s+1
, for k ≥ s.

It follows from (14) , (15) , (16) and (17) that for s ∈ {0, 1, 2, . . . , r} , we have

(18)
∑
n>x

logs n

nr
=

1
xr−1

s∑

k=0

βr,s,k logk x + O

(
1

xr−1 logm x

)
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and for s ∈ {1, 2, . . . , m− 1} , we have

(19)
∑
n>x

1
nr logs n

=
1

xr−1

m−1∑

k=s

γr,s,k

logk x
+ O

(
1

xr−1 logm x

)
.

Proofs of Lemmas. For q ∈ Z, an integration by parts gives

(20) Lq =
logq x

(r − 1)xr−1
+

q

r − 1
Lq−1.

To prove Lemma 1, we use (20) when q = k, where k ≥ 1, with

(21) Iq :=
(r − 1)q

q!
Lq for q ≥ 0.

Then (20) gives

(22) Ik − Ik−1 =
(r − 1)k−1

k!
logk x

xr−1
.

For s ≥ 0, one deduces from (14), (21) and (22)

Ls =
s!

(r − 1)s Is =
s!

(r − 1)s

(
I0 +

s∑

k=1

(Ik − Ik−1)

)

=
s!

(r − 1)s

(
1

(r − 1)xr−1
+

s∑

k=1

(r − 1)k−1

k!
logk x

xr−1

)

=
1

xr−1

s∑

k=0

βr,s,k logk x.

with βr,s,k = s!

k! (r − 1)s−k+1
, for 0 ≤ k ≤ s, and the Lemma 1 follows.

To prove Lemma 2, we use (20) with q = −k, where k ≥ 1, with

(23) Jq := − (q − 1)!
(1− r)q L−q for q ≥ 1.

Then (20) gives

(24) Jk − Jk+1 =
(k − 1)!

(1− r)k+1

1
xr−1 logk x

.

For s ∈ {1, 2, . . . ,m− 1} , one deduces from (14), (23) and (24)

L−s = − (1− r)s

(s− 1)!
Js = − (1− r)s

(s− 1)!

(
m−1∑

k=s

(Jk − Jk+1) + Jm

)

=
1

xr−1

m−1∑

k=s

γr,s,k

logk x
+ O (Jm) ,
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with γr,s,k = − (k − 1)!

(s− 1)! (1− r)k−s+1
, for k ≥ s.

Since

Jm = O

(∫ +∞

x

1
tr logm t

dt

)
= O

(
1

logm x

∫ +∞

x

1
tr

dt

)
= O

(
1

xr−1 logm x

)
.

The Lemma 2 is then proved.

4. PROOF OF THE THEOREM

From (4) and (10), we get for any fixed m ≥ 2

(
1

π (n)

)r

=
logr n

nr

(
1− 1

log n
− k1

log2 n
− · · · − km+r−2

logm+r−1 n
+ O

(
1

logm+r n

))r

=
logr n

nr

(
αr,0 +

αr,1

log n
+

αr,2

log 2n
+ · · ·+ αr,m+r−1

logm+r−1 n
+ O

(
1

logm+r n

))

=
r∑

s=0

αr,r−s
logs n

nr
+

m−1∑
s=1

αr,r+s

nr logs n
+ O

(
1

nr logm n

)
.

By summation one obtains for x ≥ 3

∑

2≤n≤x

(
1

π (n)

)r

= Cr −
∑
n>x

(
1

π (n)

)r

= Cr −
r∑

s=0

αr,r−s

(∑
n>x

logs n

nr

)

−
m−1∑
s=1

αr,r+s

∑
n>x

1
nr logs n

+ O

(∑
n>x

1
nr logm n

)
.

Using (18) and (19), we get

∑

2≤n≤x

(
1

π (n)

)r

= Cr − 1
xr−1

r∑
s=0

s∑

k=0

αr,r−sβr,s,k logk x

+
1

xr−1

m−1∑
s=1

m−1∑

k=s

αr,r+sγr,s,k

logk x
+ O

(
1

xr−1 logm x

)
.

Finally, we obtain

∑

2≤n≤x

(
1

π (n)

)r

= Cr +
1

xr−1

(
r∑

k=0

λr,k logk x +
m−1∑

k=1

µr,k

logk x
+ O

(
1

logm x

))
,

where λr,k and µr,k are defined by (12) and (13), and this completes the proof.
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