UNIV. BEOGRAD. PUBL. ELEKTROTEHN. FAK.
Ser. Mat. 15 (2004), 7-12.

Available electronically at http: //matematika.etf.bg.ac.yu

AN INTEGRAL INEQUALITY
FOR NON-NEGATIVE POLYNOMIALS

Luciana Lupas

If p is a polynomial of the exact degree n, p > 0 on [a,b], the aim of this
paper is to establish an inequality of the form

L p(a)do > o (p(a) + 50)) + Ba lpla) — p(B)].

There are given all extremal polynomials for which the equality case is at-
tained.

1. Supposing that n is a fixed natural number, let us define

» n=[2]. s e

n+1
2 )
where the symbol [-] denotes the integral part.

By II we denote the algebra of univariate polynomials with real coefficients

and by II,, the real linear space of all polynomials from II of the degree at most n.
The set Pn+[a, b] consists of the polynomials p, p € II,,, with the properties

degree [p] =n, p(z) >0 for all = € [a,b)].

Let

1-z\ P
2 (n + a)
n
be the JACOBI polynomial of the degree n normalized by R&“’ﬁ)(l) =1.
Further, for a fixed n, let us select the division

RP) (z) = o (—n,n+a+ﬁ—|— Lia+1,;

1<z <2< - <zu,<l1,

2000 Mathematics Subject Classification: 26D15
Keywords and Phrases: Polynomials, inequality.

7



8 Luciana Lupasg

(2) Rm(LS)(Z]) :05 j = 1727"'7m7

m and s having the same meaning as in (1). At the same time we shall denote
Yk = —Zm+1—k, k=1,2,...,m. It is known that

(3) RV () =0, k=1,2,...,m.

Suppose that m, s, d, z;, are as in (1)-(2) and let us denote

8s 8 1+ (1—s)z
00: 2 707n+1: 2 7Gk: 2,k:1,...,m7
(n+2)2—s (n+2)2—s (Rd(o’o)(zk))
AR 2" 2m! (m + 1)ld! (d + 1)! "
(= M = ( ) ( ) Hn = (_1) +1"7n'

(n+2)2—s’ (n+ 1! (n+2)! ’
Further we need the following result.

Lemma 1. If f € C"T[—1,1], then there exist in (—1,1) at least two points 61, 0o
such that

1

- (n+1)
() / F) e = ol +-CY_ G (a0 + Cona S )~ 1)
: m (n 1)
() [ F)do=Cof(1) + €3 Gmiaos Fu) + Crnaf-1) = o m

_1 k=1

Proof. In order to justify (4)—(5) it is sufficient to use the BOUZITAT quadrature
formulas for the LEGENDRE weight, i.e. the RADAU formulas. Let n = 2m + s.
When n is even (s = 0) the quadrature from (5) may be derived, by a suitable
linear transformation, from the BOUZITAT formula of the first kind (see [2]). If
n = 2m + 1, then (4) is the same with BOUZITAT elementary quadrature formulae
of the second kind (see (4.7.1) and (4.8.1) from [2]) .

2. Let us consider the polynomials H* and G* where

) (a5 80— ) (3 (20
G*(z) == H*(a+ b —2),

where A > 0 when s =0and A >0, 8>0, A# B for s = 1.
The main result is the following proposition:

Theorem 1. If p € P,V [a,b], m = [n/2], s =n — 2m, then

b
s ez 2SI ota) 4 p0) + o [pl) — pO).
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The equality case is attained only for the polynomials H*(x) or G*(x).

Proof. First, let us observe that the extremal polynomial H* may be written as

H* () = Az —a)® + Bs (b — ) (Pm (y(2)) — Prgi+s (y(x)))f

a (x —a)?s b—x

20 —a—0>b 1
o And Pa(@) = o

where y(z) = ((2? —1)m)(m) being the LEGENDRE
polynomial.

We shall prove the above result in the case [a,b] = [—1,1]. Supposing that

4(1+ s)
(n+2)2—s

4(1 —s)

En(p;s) == m+2)?—s

(p(=1) +p(1)) + [p(—1) — p(1)],

we must prove that the inequality

©) | (@) de > Bu(ps )

-1

is verified for any polynomial p, of the degree n, which is non-negative on the
interval [—1,1].
Using the notation (1) we observe that if p € P,*[—1,1], then there exist
two polynomials A,,, Bg_1
Am € H’ma A’m(l) = p(1)7 Bd*l S Hd*la

such that

© ) = (F55) A+ (1= )0+ 0B (o)

This representation is in fact a form of a theorem of LUKACS (see [4]-[5]).
According to (4)

1 m
/p(x) de = ﬁ (sp(=1) +p(1)) +CZka(Zk)
-1 k=1
= m (SP(_l) "‘P(U)
and in the same manner from (5)
[ P@)ar = o (1) (1) + €3 G (o)
_1 k=1

8

> m (p(—l) + sp(l)).
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For n even (s = 0), from the above inequalities we find

1
8
[Py > s ma (p(=1).p (D)} B, (120).
21
When s = 1, that is, n is odd one observes that
i 8
dz > —— (p(~1 D)) E,(p: 1).
[ P@)dr > e (0=1) 4 5(1) Bl )
1
Let us show that (6) cannot be improved. We shall show that there exists a

polynomial 2* € P, T[~1,1] such that

Consider the polynomial

®) B (@) = ((1;‘7“’)%35(12”5))(Rﬁivs><x>)z,

where B > 0, B # 1. Tt is clear that h* € P, ", and moreover

4(1 —s)

M e

+sB, h*(1)=1, h"(zx)=0, k=1,2,...,m.

At the same time, according to (4)—(5)

[ s(sh(-l))
_/1h1(x) dz = “mr2r=s E,(h*;s)

which means that the equality case in (6) holds.

Let us investigate the equality cases:

(i) s =0: then d = m and p(z) = A2, (x) + (1 — 2?)B2,_, ().

In order to have equality in (7) we must have one of the following two situa-
tions:

a) Bp—1(2) =0, An(zx) =0, k=1,2,...,m,and p(1) > p(-1), or

b) B—1(yx) =0, An(yx) =0, k=1,2,...,m, and p(—1) > p(1).

When a) holds, then B,,—1 = 0 and

2
p(e) =M (REV (@), >0,

that is p(z) = A h*(z).
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Suppose that b) is true. Then we observe that

2 2
p(e) = A2 (RO (@) = As(RED(=2)) ", Ao ds > 0.
Thus, p(x) must be of the form p(x) = Agh*(—x), Ay > 0.
(i) s=1:thend—1=m and

1+

LA () + (1 - ) B, (0).

p(x)
It may be seen that for equality case it is necessary and sufficient to have
p(zk) =0, k=1,2,...,m,

therefore Bg_1(z) = ule’l)(x), B, (z) = u2R£,1L’1)(:z:). In other words, the ex-
tremal polynomials p*(z) have the representation

p (@) = (p -+ ) (REV()) = ik (@) = pah* (~a)

with 0 < |p| < v, g1 >0, uz > 0.
In conclusion, the equality in (6) holds only for polynomials from P, " [~1, 1]
which have the representation

p(x) = P1h*(z) or p(x) = b (—x),
11, 12 being positive constants and h*(x) as in (8).

REMARK. When n is even, i.e. s = 0 the above theorem was proved by F. LUKACS
in [3]: see also the excellent monograph [4], pages 132-133 (Theorem 1.7.1 and
Theorem 1.7.2).

3. A more general problem may be formulated in the following manner. We
consider a non-negative weight w(z) which is defined on a bounded interval [a, b]
such that all moments

b b
[2iw(z)dz, i=0,1,..., Jw(z)de =1

a

are finite and supp (w) has a positive measure.
Suppose that z1, 2o are fixed points

—co<a<z <z <b<oo (21 —a)*+(b—2)?>0.

Problem. Find the “best constants”

Ky =Ky n(21,22;w), Kop = Ko p(21,22;w)
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in order that the inequality

b
[p(@)w(z)dz > K1, (p(21) + p(22)) + KQ,n‘p(Zd) - P(22)|,
be valid for all p € P, [a, b].
It seems that in the case a = z1 < 29 < b, or when a < z; < zo = b the above

problem may be solved (n odd) by means of FILLIPPI quadrature formula (see [1],
p. 328).
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