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LOG-CONVEX MATRIX FUNCTIONS

Jaspal Singh Aujla, Mandeep Singh Rawla, H. L. Vasudeva

Let f be a positive real-valued function defined on an interval I C R. The
function f is said to be log-convex if log f is convex on I. In this note, we
study an analogue of log-convexity for matrix functions and discuss the gamma
function in this setting. The notion of log-convexity on the positive cone of
positive continuous functions is also discussed. A criterion for log-convexity
for each of the classes of matrix functions and the functions defined on the

positive cone of positive continuous functions is obtained.

1. Introduction. Let f be a positive function defined on an interval I C R. Then
f is called log-convex or multiplicatively convex if for z,y € I and 0 < A < 1, the
inequality

(1) log f(Az + (1= A)y) < Alog f(z) + (1 — \) log f(y),
or equivalently,
2) FOw+1=Ny) < (F@) (F@)'

holds. For properties of such functions, the reader may refer to ROBERTS and
VARBERG [16].

From now on I will denote the interval (0, cc) and we shall take our function
f : I — I to be continuous. This mild restriction on f shall allow us to state
an analogue of log-convexity (see (3) and (4) below) for matrix functions with the
special choice of A, namely, A = 1/2. For an n X n positive definite hermitian
matrix A, f(A) is defined by familiar functional calculi. The above definition of
log-convexity when extended to matrix functions could be independently described
by any of the following two inequalities:

0 1(%52) < s
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) log f (A+B> < log f(A) + log f(B)

2 - 2 ’

where A and B are positive definite hermitian matrices of order n, # denotes
geometric mean. We shall call a function f : I — I, satisfying (3) (resp. (4)) for
n X n positive definite hermitian matrices A and B, multiplicatively matrix (resp.
log matrix) convex on I of order n. Note that the class of multiplicatively matrix
convex (resp. log matrix convex) functions of order 1 in the sence of (3) (resp.
(4)) is precisely the class of log-convex functions. It is also clear, using the matrix
monotonicity of log function (see ANDO [2]), that (3) implies (4) in the case of
commuting matrices. In section 2, we study the inequality (3). It is shown that
the class of functions satisfying (3) is a convex cone.

A typical example of usual log convex function is the Gamma function. Ma-
trix valued Gamma function has been studied by a variety of authors including K.
J. HEUVERS, D. MoaK [11] and K. I. Gross, W. J. III. HOLMAN [9]. Whereas
the authors in [11] seek solutions of the functional equation f(z 4+ 1) = zf(2) for
matrix valued functions. K. I. GrRoss and W. J. III. HOLMAN [9] study the
properties of the matrix valued Gamma function generalising its usual integral rep-
resentation. For a detailed study of matrix valued special functions, the reader
may refer to [17]. We seek to characterise log-convex matrix functions defined
on commuting matrices satisfying the functional equation f(z + 1) = zf(z) and
the normalising condition f(1) = 1. Though restricted in scope, the treatment is
satisfying as it establishes a complete analogue of the treatment in [3].

In section 3, the inequality (4) is studied. Here we provide a characterisa-
tion of log-convex functions in terms of FRECHET derivatives. In the final section
log-convex functions on the Banach space of continuous functions on a compact
HOUSDORFF space are studied and an easily verifiable criterion of log-convexity in
the above said space is given.

2. In this section, we shall consider the inequality (3), namely,

1(557) < fo#sm).

where A and B are positive definite hermitian matrices and f is a positive con-
tinuous function defined on I. Since geometric mean is less than or equal to the
arithmetic mean, ANDO [1], it follows that if f satisfies (3), it is mid-matrix convex
and hence matrix convex, using continuity of f, KwoNG [14]. That the class of
functions satisfying (3) is strictly contained in the class of matrix convex functions
follows on observing that the function f(z) = z, z € (0,00), is matrix convex of
order n for every positive integer n but it does not satisfy inequality (3) even in
the case n = 1. Our first proposition shows that the class of functions satisfying
(3) is fairly rich. Indeed, we have the following proposition:
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Proposition 2.1. Let f : I — I be operator concave. Then 1/f satisfies the
inequality (3).

Proof. For A, B positive definite hermitian matrices, we have

; <A+B> , JA) 0

: > f(A)#1(B),

using [1, Corollary 1.2.4]. Consequently,

(r(252)) " < teomsm) = ) )

using that f(r) = —z ! is matrix monotone on I of order n for every positive

integer n and [1, Corollary I.2.1 (vii)] respectively.

Theorem 2.2. (i) Let f,g: I — I satisfy inequality (3) and o > 0, then f+ g and
af satisfy (3).

(ii) Let {fn}n>1, where fn, : T — I, be a sequence of functions satisfying (3)
and let f, — f, and f is a positive function, then f satisfies the inequality (3).

(iii) Let g satisfy (3) and f be matriz monotone and positive linear, then fog
satisfies (3).

Proof. (i) For A, B positive definite hermitian matrices, we have

G (252) =1 (258) 40 (257) < GLori®) + aa®)
< (f+ 9 (D#(f +9)(B),

using [11, Theorem 3.5 (I)].

That af, a > 0, satisfies (3) whenever f does, follows on using [1, Corollary
1.2.1 (ii)].

(ii) For A, B positive definite hermitian matrices,

A+B
1 (557) SROFLEB)  (=12..)
holds. On taking limits as n — oo, we obtain the desired result.

(iii) For A, B positive definite hermitian matrices,

Foa(F5E) =1 (s(257)) < £maB) < Sa) £ 6(3)

= fog(A)#f og(B);
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the last two inequalities follow since f is matrix monotone and positive linear.

Theorem 2.3. Let f,g : I — I be functions satisfying the inequality (3). Let h(A) =
f(A) x g(A), where A is a positive definite hermitian matriz, be the Hadamard
product of f(A) and g(A). Then h satisfies the inequality (3).

Proof. For A, B positive definite hermitian matrices, we have

n(552) =7 (552) +o (F57) < GC#rm) « (ala)e()

< (f(A) x g(A))#(f(B) * g(B)) = h(A)#h(B),
using [2, Corollary 8.1] and [4, Theorem 4.1].

For z > 0, the gamma function I' has been characterised as one which satisfies
the functional equation I'(z + 1) = zT'(z), I'(1) = 1 and is log-convex. For an
account of this characterisation, the reader may refer to ARTIN [3]. In what follows,
we give a characterisation of the gamma function for commuting matrices of order
n, n € N, is arbitrary. The proof is a suitable adaption of the one given in ARTIN’s
text [3]. We first show that

A+ B
2

() T(A+1)=AT(4), (i) T(I) =T, mnr( )srmwnm,
where A, B are positive definite hermitian matrices of order n satisfying AB =
BA and I denotes the identity matrix. Indeed, if A = Y M\ E; is the spectral
i=1
resolution of A, where for i = 1,2,...,n, \; are the eigen values of A and E; are
the corresponding projections, then A + I =Y (\; + 1)E;. Consequently,
i=1
n n n n
DA+1) = 3 T\ + DE; = ¥ AT E = ( X ME;) (X T E;) = AT(4).
i=1 i=1 i=1 i=1
That I'(I) = I is obvious. We next assume that A and B commute. Then B =

> w;Ei [12, Theorem 3.2.4.2]. Consequently,
i=1

r (AJ;B> = X;F (%) E; < 2; (CD) " (i) B

(,:1(F(>\i))1/2Ei> <i(F(Ui))1/2Ei> = [(A)#L(B).

i i=1

Theorem 2.4. If a function f satisfies the following three conditions:
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(i) The domain of definition of f is 1 and f satisfies the inequality (3) for
commuting A and B,

(i) f(A+1TI) = Af(A), where A is a positive definite hermitian matriz of
order n,

(iii) f(I) = I, where I denotes the identity matriz,
then

log f(A) = lim (Alog(nf) +log(n!l) — Zn: log(A+kI)> .
n—00 =0

Proof. For an f satisfying the hypothesis,
fal)=f((n—)I+I)=m-1)f((n—1)I)="-=(n—1)!I,

using (ii) and (iii) of the hypothesis. Assume that 0 < A < I and n is an integer
> 2. Using monotonicity of the log function [2], it follows, on using (i) of the

hypothesis, that
1 <A+QB><lOg7( )208§ ( ),

since AB = BA. Since (n—1)I <nI < A+nl < (n+1)I, and log f is convex, we
have

—(logf((n -1I) - logf(n[)) < A_I/Q(logf(A-l-nI) - logf(nI))A_l/2
< log £((n + 1)1) — log f(n1),

using [5, Theorem 3.2]. Consequently,

log ((n — 1)I) < A=Y2(log f(A + nI) — log f(nI)) A~"/? < log (nl),
Alog ((n —1)I) +1log ((n — 1)) <log f(A+nI) < Alog(nI) +log ((n — 1)!I).

Since

fA+nl) = (A+(n-1I)(A+ (n—2)I) - (A+1)Af(A),
the above inequality yields
Alog ((n —1)I) +1og ((n — 1)) — nz_:llog(A + kI)
k=0
<log f(A)

< Alog(nI) +log ((n — 1)) —nillog(A+kI)
k=0

= Alog(nl) +log(n!I) +log(A+nlI) — 3 log(A + kI) —log(nI).
k=0
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Since the above inequality holds for all n > 2, we can replace n by (n + 1) on the
left side. Thus

Alog(nl) +log(n!I) — En: log (A + kI)
k=0

< log f(A)

< Alog(nl) +log(n!I) — > log(A + kI) +log(I + A/n).
k=0

Since log (I + A/n) — 0 as n — oo, we obtain

log (A + kI)).

log f(4) = lim (Alog(nI) +log(n!I) —

n

k

3. We next turn our attention to the inequality (4), i.e.,

1ng<A-|2-B> < log f(A) + log f(B)

— 2 )

where A and B are positive definite hermitian matrices of order n. In this case, we
have the following theorem, whose proof is easy and is, therefore, not included.

Theorem 3.1. The class of functions [ : I — I satisfying (4) is closed under
multiplication and taking of limits, provided the limits exist and are positive.

Let X and Y be real BANACH spaces. Let f be a map from an open subset
E of the space X into the space ). We say that f is differentiable at u € E if there
exists a linear map Df(u) from X to Y satisfying

1 (u+2) = f(u) = Df(u)(@)]] = o(ll=[])

for all 2. The linear map is called the derivative of f at u. We have

Df (u)(z) = %L:Of(u+ta:) (z € X).

If f is differentiable at all u € E, we get a map u — D f(u) from E in B(X,)), the
bounded linear operators from X to ). The derivative of this map at u, if it exists,
is called the second derivative of f at u and is denoted by D?f(u). Observe that
D? f(u) is an element of B(X, B(X,Y)). This latter space can be identified with the
space of bounded bilinear maps from X" into ) equiped with the norm

1]l = inf {o : [lé(z1, 22) || < el flz2]l}-

In case X = Y = B(H), bounded linear maps on a Hilbert space # and f(A4) = A™1,
where A is in the set of invertible operators,

Df(A)(B) = —A"1BA
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and
D?f(A)(B1,Bs) = AT'BiAT ' BoA™ 4+ AT B AT B AT

for all B, By, B in B(H).

The following analogue of the standard calculus results shall be used in the
sequel. Let X',)), Z be BANACH spaces, let g be a map from X to ), and f a map
from ) to Z. Let ¢ = f og. Then for all z,z,,22 € X,

Dé(z)(a1) = (Df(9(2) @ Dy () ) (1),
D2g(x)(z1,72) = D/ (9(2)) (Dg() (1), Dy () (22)) + DS (g(x)) (D*g(z) (21, 22)).

For the above definitions, results and other related material, the reader may refer
to FLETT [8].

Let f : (0,00) = (0,00) and A be a positive definite Hermitian matrix with
n n
spectral resolution A = Y y; E;. Then f(A4) = X f(w)E; = Y i, a;E;, where
i=1 i=1
n
ai = f(u), i =1,2,...,n and (A — f(A))_1 = Y (A —a;) "' E;. We shall use the
i=1
symbols X,Y, Z for Df(A)(B1), Df(A)(By) and D? f(A)(By, By) respectively.

0

Proposition 3.2. (i) (/\—f(A))le(/\—f(A))ild)\ = (f(4)) 71/2Z(f(A))71/2
o loga; —loga; 1 p—
+; < aj — a; \/aiaj> B
@O )X O )Y (- F)

-1

= — S (FA) X (F) Y (F(a) T

2
logay —loga; 1 1
> ( Tt +—7 )EiXEZYEk
i=j#k (ak - Gi) ai(ak — a,i) 2% ar
+ (ogaj %8 _ + >EiXEjYEi
i=k#j (aj - ai) ai(aj - ai) 2a;a;
loga; — log a; 1 1
+ - + E,XE,YE
i#j=k < (a; — a;)? aj(a; — aj) 2a§/2a§/2 I
log a; log a;
+
i, \(@i —aj)(ai —ax) — (aj = ai)(a; — ax)

(ax —ai)(ar —a;) * 24}%a;a;
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0 0 d\
Proof. (i —f(A) T Z(A = f£(A) Tdr = D a0 —an EiZE;
roof. (i) N ()x f( )) (>\ f( )) dA _OOZZ]: (A —a;)(A — ay) !
0 0
dX dA
Zi:m (A — a;)? +;7m (A —ai)(A —ay) ’
=Y Lmzm Y U8t g,
- a’i .. a’i _a’j
i i£]
_ — l Z_l ] N N
_ <Z . 1/2Ei>Z<Z . 1/2Ei> n Z <W _q 1/2aj 1/2>EiZEj
i i i#j v

_ —-1/2 —1/2 loga; — loga, 1 i
= (f(4) 7Z(f(4) +;( P I aiaj)ElZE].

.. 0 -1 _1 1
(i) (A= f(A) T XA =F(A)TY(A = f(4) dx
’ dA
B Zk D= a)(h—ap)(h—ap) XY B
— 00 1,7,
°an 0 ar
P =] — 00
’ dX 0 I
Y2 G BEEYEA Y ey BBV
i=k#j —oo i#j=k —oo
0
dA
* Z A—ai))(A—aj)(A—ag) EiXE;Y Ey.
i#jF#k —oco
Now
a1
o (=@ 207
0 0
dA 1 1 a; — ag, 1
= - dA
oo Mm@ —ar) (e —ag)? ( A —a; - (A —a;)? * A—ak>
_ logay —loga; 1
 (ak —a)? ai(ay — a;)
and
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Observe that

0 1 D S PR log a;
(ai—aj)(ai—ak) A —a; A2 41 _(ai—aj)(ai—ak)'

—00

It then follows that

0 d\ _ log a; log a;
o A=a)A—aj)(A—ar) (@i —aj)(a; —ax)  (a; —ai)(a; — ax)
log ay,
+ .
(ar — ai)(ar — a;)
Hence
’ 1 1 1 1
(= (FA) X (A= 7)Y (= f(4) T AN = 5 BXEYE,
— o i
N <logak — logQai 3 1 )EiXEiYEk
e N (ar —ai) ai(ar — a;)
1 i—1 ; 1
+ ( 089y ngal - >EiXEjYEi
S\ (a5 —ai) ai(aj = a;)
N <log a; — 10g2a] 3 1 )EiXEjYEj
e\ (ai—ay) a;(a; — a;)
N loga; log a;
L (a; —aj)(a; —ar)  (a; —a;)(a; — ag)
ik J / /
log ay, >
E; XE;YE;
(ar — ai) (ax = a;) o
1 —1/2 —1 —1/2
= —2 (F0) X (F) Y ()
1 e — | i 1 1
3 ( 8% — O8%i _ +—55 )EiXE,»YEk
S\ (ar —ai) ai(ak —ai) 243,
1 i—1 ; 1 1
+ Y ( O? % Oﬁa’ - T +3 >EiXEjYEi
a; — a; ai(aj — a; a;a;
=kt j i i\Uj i iy
log a; — log a; 1 1 )
4 - + EXE;YE;
Z;k ( (@i —a;)*  ajlai—a;) = 24}/%a3/" S
log a; log a;
+ 3 (o * mare e
i#j#k J J J
log ay, 1
E;XE;YE;.
(ak —a;)(ar — aj) 2a§/2a]~ai/2> 7
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Theorem 3.3. Let f : (0,00) = (0,00) be a twice continuously differentiable
function. Then f is log matriz convex function of order n iff

—1/2 —-172 1 —1/2 -1 —1/2
(f() T2(F(4) T =5 (FA) TX(f(A) Y(f(4)
1 1/2 -1 —1/2
(f(A)) Y(£(A)" X(f(4))
log ar — log ai 1 1
(ar — ai) ai(ar —ai) = 20 %a;
_J?ék' [
log aj — log a; 1 1
=+ (ELXE]YE, + E,YE]XEL)
(aj — aqi)? ai(aj —a;)  2aiaj
i= k#]
log L log‘” SR S E,XE,YE; + E;YE;XE;)
(ai — a;)? ai(a; —a;)  9ql/2¥?) T T T T
z;éj k 4 J
< log a; log a; log ay,
e \ai —aj)(ai —ar) - (a; —ax)(a; —ai) — (ar — ai)(ar — a;)

1
+ W) (EiXE]‘YEk =+ EiYE]'XEk-)
70
s positive definite matriz for all positive definite A and for all B and Bs.

Proof. Observe that for z > 0,

0
1 A
logz = — 2
08T m(x—x A2+1> ’

(see page 27, [7]). Consequently,

log f(4) = ! A )ax
08/ )__OO (AI—f(A)_A2+1 ) ’

where A is a positive definite Hermitian matrix of order n. Since f is twice differ-
entiable, log f(A) is twice FRECHET differentiable [6, Theorem 3.1]. Moreover,

Dlog f(4)(B) = (AT = £(4)) 'DF(A)(B) (A - f(4)) " dA
for all B € B(H), and B
D2log f(A)(By, Bs) = ZO (AT — £(A)) 7' D> F(A)(By, By) (AT — f(4)) " dx
+_Zo (A = £(4) " (DF(A)(B2) (AT - £(4)) "' D (4)(By)

1

+DF(A)(B1) (AT = f(4)) 7' DF(A)(B2) ) (M = £(4)) ™A
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for all By, By € B(H).

Since f is log matrix convex iff log f is matrix convex, the result follows on
using Proposition 3.2 and convexity criterion [6, Theorem 3.2].

4. In this section we discuss the notion of log-convexity in the real BANACH space
X = C(M), the space of continuous real-valued functions on a compact HAUSDORFF
space M. Let C denotes the cone of positive functions in X and let C* be the set
of non-negative regular BOREL measures on M. A function f : C — C satisfying

the inequality
0

F((U=0)u+0v) < (F()' " (F(v)
for all u,v € C and for all 8, 0 < 8 < 1, is said to be log-convex. The following
proposition is helpful in constructing examples of functions which satisfy the above
said inequality. The motivation for the statement and the proof is the Proposition
3.1 [15].

Proposition 4.1. (i) Let f : C — C be a mapping. Then f is log-convez iff for
every w* € C* and for every pair u,v € C, the map 0 — w* (f((l —Qu + 01})) is

log-convez.

(i) If f: C = C and g : C — C are log-convez then so is f + g; and if, in
addition, f is order preserving, f o g is also log-convex.

Proof. (i) Suppose f is log-convex. For u,v € C, 0 < 8 < 1, consider the function
h:10,1] = R*, where RT = {z € R : z > 0}, defined by

h(§) = w* (f((l —0)u+0v)).

We wish to show that h(f) is log-convex. Indeed, for 0 < 6y < 0,0 <¢ <1, and
0y = (1 — )0y + 01,

h(8:) = w ( (1= ((1 =)o +161))u ((1—t)00+t01)v))
=w* (F((1=£)((1 = fo)u + Bov) + (1 = 61)u + 610)))
<w* (F((1 = 0)u+00v) ™" (F((1 = 61)u + 610))")
( (F( =0+ 80)))  (w (£ B+ 610)))

using the fact that w* is a non-negative functional and HOLDER’s inequality [10,
page 140].

Conversely, suppose that h(f) defined above is log-convex for all choices of
u,v € C and w* € C*. Choose w*(z) = z(m) for a fixed m € M, one finds that

(£((1 = O)u+60) ) (m) < (F()' ™ (m) (f())” (m).

0
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Since m € M is arbitrary, the result follows.
(ii) Let h(z) = (f + g9)(2), z € C. Then
h((1—6)u+60v) = f((1—0)u+6v) +g((1—)u + 6v)
F@)' ™ (F@)" + (9(w) "™ (9(v))
Fw) + () ™ (F() + g(v))’

for all pairs u,v € C and 0 < 0 < 1.

0

IN IA

If, in addition, f is order preserving, then
F(9(=0pu+60)) < (o) (90)")
< f((1 = 0)g(u) + 6g(v))
< (o)) (Flaw)

for all pairs u,v € C and 0 < 0 < 1.

Theorem 4.2. Let f : C — C be a twice differentiable map. Then f is log-convex
if
F(@)D? f(u)(v1,v2) = Df (w)(v1)Df () (v2) > 0.

Proof. As in the proof of Theorem 3.3, we have

0
log f(u) = (A—lf(u) _)\2>-\|-1>d>\'

Then
Dlog f(w)(v) = (A= f(w) "Df@)w)(A - f(u) ‘dx,

and

D%log f(u)(vi,v2) = (A= f(u) ™ D2f(u)(vr,02) (A = f(u)) ™ dA

—00
0

+ (A= f@) 7 (DF) () (A= f() ' Df (w)(w)

+ Df (W) (o) (A = f(w) D w)(2)) (A = F) " dx,

on evaluating the integrals as in the case of real variable, since the constituents of
the integrands commute. The result now follows as in Theorem 3.3.
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