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LALESCU SEQUENCES

Gh. Toader

The convergence of some sequences related to the Lalescu sequences is studied.

The Romanian mathematical journal Gazeta Mathematic�a (Bukarest) ap-
pears monthly since 1895. In one of the �rst volumes, more exactly in a number
from 1900 (see [6]), T.Lalescu has proposed, as problem 579, the study of a
sequence with the general term

Ln = n+1
p
(n+ 1)!� n

p
n!:

It is called now Lalescu sequence, at least by Romanian mathematicians,
and many variants of it have appeared during this century in the same journal. The
�rst one was considered as the problem 2042 (see [5]) and has the general term

In = (n+ 1) n+1
p
(n + 1)� n n

p
n:

We relate to them also a third sequence given by

Jn =
(n+ 1)n

nn�1
� nn�1

(n� 1)n�2

which appears as the problem 4600 (see [7]). At the end of this paper we will give
some other sequences which have appeared in the last years.

We begin by indicating a general result giving the limit of a sequence which
looks like the sequences mentioned above. The method of proof is that used in the
�rst published solution for Lalescu's problem. This was forget and many other
more sophisticated solutions were considered (see [1] for more information).

We study sequences with the general term

xn = yn � zn

where
lim
n!1

yn = lim
n!1

zn =1; lim
n!1

yn

zn
= 1:

Theorem 1. If there exist the positive constants b and c such that

lim
n!1

zn

nc
= z > 0; lim

n!1

�
yn

zn

�nb
= y > 0;
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then

lim
n!1

(yn � zn) =

8>>><
>>>:

0 (c < b);

z lny (c = b);

1 (c > b; y > 1);

�1 (c > b; y < 1):

Proof. We write

yn � zn =

yn

zn
� 1

ln

�
yn

zn

� zn

nc
nc�b ln

�
yn

zn

�nb

and use the hypotheses and the well known result lim
n!1

t � 1

ln t
= 1

Example 1. The sequence

xn =
(n + p)n

nn�k
� nn�h

(n � p)n�h�k

has a �nite limit if and only if k = 1 and in this case the limit is pep(h + k � p).
Indeed, in this case

yn =
(n+ p)n

nn�k
; zn =

nn�h

(n� p)n�h�k

and so
lim
n!1

yn

nk
= ep

while

lim
n!1

�
yn

zn

�n
= lim

n!1

 �
n+ p

n

�h+k �
n2 � p2

n2

�n�h�k!n
q = ep(h+k�p):

Taking p = k = h = 1 we get the sequence (Jn) with limit e.

To study the sequences (Ln) or (In) we want to apply Theorem 1 to a sequence
with the general term

xn = n+1
p
pn+1 � n

p
qn:

Theorem 2. If the positive sequences (pn) and (qn) have the in�nite limits and

for some c > 0 satisfy

lim
n!1

pn+1

ncpn
= p > 0;

qn

pn
= q > 0

then

lim
n!1

�
n+1
p
pn+1 � n

p
qn
�
=

8>>>><
>>>>:

0 (c < 1);
p

e
ln

e

q
(c = 1);

1 (c > 1; q < ec);

�1 (c > 1; q > ec):
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Proof. We take yn = n+1
p
pn+1; zn = n

p
qn: Of course

lim
n!1

qn+1

ncqn
= lim

n!1

qn+1

pn+1

pn+1

ncpn

pn

qn
= p

and so

lim
n!1

zn

nc
= lim

n!1

n

r
qn

nnc
= lim

n!1

qn+1

(n+ 1)
(n+1)c

nnc

qn

= lim
n!1

qn+1

ncqn

�
n

n+ 1

�(n+1)c

=
p

ec
:

We have used the well known implication

lim
n!1

xn+1

xn
= 1 ) lim

n!1

n
p
xn = 1:

Also

lim
n!1

�
yn

zn

�n
= lim

n!1

pn+1

ncpn

nc

n+1
p
pn+1

pn

qn
=

ec

q
:

thus we can apply Theorem 1 with b = 1.

We use in what follows only a special case of this result.

Consequence. If the positive sequence (pn) is such that

lim
n!1

pn+1

npn
= p > 0

then

lim
n!1

( n+1
p
pn+1 � n

p
pn ) =

p

e
:

With its help we can �nd the limit of some sequences given in the above
mentioned journal Gazeta Matematica. First of all, for pn = n! we get the sequence
(Ln) with limit 1=e and for pn = nn+1 we get (In) with limit 1. If pn = n2n=n!

we have a sequence given in [2] with limit e. Taking pn = �

�
n+ 1

2

�
we get the

sequence from [4] having limit 1=e: Also for pn =
3
p
n!n2n we have the sequence

given in [3] with limit 1= 3
p
e and the list of examples can be continued.

REFERENCES

1. D. M. Batinetu-Giurgiu: Weighting of some sequences (Romanian) Gazeta Matem.

(Bukarest) 97 (1992), 46{49.

2. D. M. Batinetu-Giurgiu: Problem C : 890 (Romanian) Gazeta Matem. (Bukarest)

94 (1989), 139.



28 Gh. Toader

3. D. M. Batinetu-Giurgiu: Problem 21898 (Romanian) Gazeta Matem. (Bukarest)

94 (1989), 347.

4. D. M. Batinetu-Giurgiu: Problem C : 1000 (Romanian) Gazeta Matem. (Bukarest)

95 (1989), 33.

5. R. T. Ianculescu: Problem 2042 (Romanian) Gazeta Matem. (Bukarest) 19 (1913),

160.

6. T. Lalescu: Problem 579 (Romanian) Gazeta Matem. (Bukarest) 6 (1900), 148.

7. T. Popoviciu: On the computation of some limits (Romanian) Gazeta Matem. (Buka-

rest), Seria A, 76 (1971), 1, 8{11.

Department of Mathematics, (Received August 4, 1997)

Technical University, (Revised May 20, 1998)

RO-3400 Cluj, România.


