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APPROXIMATION THEOREMS

FOR SOME OPERATORS

OF THE SZASZ{MIRAKJAN TYPE

IN EXPONENTIAL WEIGHT SPACES

L. Rempulska, M. Skorupka

In this note we de�ne some linear positive operators An and Bn of the Szasz{

Mirakjan type in the space of continuous functions having exponential growth

an in�nity. In Sec. 2 we give some auxiliary results. In Sec. 3 we prove two

approximations theorems for these operators.

1. PRELIMINARIES

1.1. Let C � C(R0) be the set of all real{valued functions continuous on

R0 := [0;+1): Analogously as in [1] for p > 0 we de�ne

(1) wp(x) := e�px; x 2 R0;

Cp := ff 2 C : wp � f is uniformly continuous and bounded on R0g;

(2) kfkCp
:= sup

x2R0

wp(x) jf(x)j:

For f 2 Cp; p > 0; and for � > 0 and 0 < � � 1 we de�ne the modulus continuity

!(f; Cp; �) and the class Lip (Cp; �) ([2])

!(f; Cp; �) := sup
0<h��

kf(�+ h)� f(�)kCp
;

Lip(Cp; �) :=
n
f 2 Cp : !(f; Cp; �) = O(��) as � ! 0 +

o
:

It is easily observed that if q > p > 0; then Cp � Cq and kfkCq
� kfkCp

for every

f 2 Cp:

1.2. The Szasz{Mirakjan operators

Sn(f ;x) = e�nx
+1X
k=0

(nx)k

k!
f

�
k

n

�
; x 2 R0; n 2N;
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(N := f1; 2; : : :g); for functions f 2 Cp in the norm of the space Cq; q > p; are

examined in [1].

In our paper we introduce the linear positive operators An and Bn of the

Szasz{Mirakjan type in the space Cp

(3) An(f ;x) :=
1

1 + sinhnx

�
f(0) +

+1X
k=0

(nx)2k+1

(2k + 1)!
f

�
2k + 1

n

��
;

(4) Bn(f ;x) :=
1

1 + sinhnx

�
f(0) +

+1X
k=0

(nx)2k+1

(2k + 1)!

n

2

Z
In;k

f(t) dt

�
;

n 2 N; x 2 R0; where In;k :=

�
2k + 1

n
;
2k + 3

n

�
and sinh x, cosh x are the

elementary hyperbolic functions, i.e. sinh x =
ex � e�x

2
:

The operators An and Bn are well{de�ned for all f 2 Cp; p > 0: An and Bn

are an operators from Cp into Cq for any q > p; provided n is large enough. In

Sec. 2 we shall give some properties of these operators. In Sec. 3 we shall two

direct approximation theorems for An and Bn using the modulus of continuity of

function f 2 Cp: These theorems are similar to suitable results given in [1] for the

Szasz{Mirakjan operators Sn:

In Sec. 2 and 3 by Mp;q we shall denote some suitable positive constants

depending only on indicated parameters p; q:

2. AUXILIARY RESULTS

Denote by

(5) S(nx) :=
sinhnx

1 + sinhnx
; T (nx) :=

cosh nx

1 + sinhnx
;

for x � 0 and n 2 N: By elementary calculations from (3){(5) we obtain the

following two lemmas.

Lemma 1. For each n 2N and x 2 R0 we have

(6)

An(1;x) = 1; Bn(1;x) = 1; An(t;x) = xT (nx);

Bn(t;x) = An(t;x) +
1

n
S(nx); An(t

2;x) = x2S(nx) +
x

n
T (nx);

Bn(t
2;x) = An(t

2;x) +
2

n
An(t;x) +

4

3n2
S(nx)

=

�
x2 +

4

3n2

�
S(nx) +

3x

n
T (nx):
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Lemma 2. For all n 2N; x 2 R0 and p > 0 we have

An(e
pt;x) =

1 + sinh
�
ep=n nx

�
1 + sinhnx

; An(te
pt;x) = xep=n

cosh
�
ep=n nx

�
1 + sinhnx

;

An(t
2ept;x) = x2ep=n

sinh
�
ep=n nx

�
1 + sinhnx

+
x

n
ep=n

cosh
�
ep=n nx

�
1 + sinhnx

;

Bn(e
pt;x) =

n

2p

�
e2p=n � 1

�
An(e

pt;x) +

�
1�

n

2p

�
e2p=n � 1

�� 1

1 + sinhnx
;

Bn(te
pt;x) =

n

2p

�
e2p=n � 1

�
An(te

pt;x) +
1

p
e2p=nAn(e

pt;x)

�
1

p
Bn(e

pt;x)�
1

p

�
e2p=n � 1

� 1

1 + sinhnx
;

Bn(t
2ept;x) =

n

2p

�
e2p=n � 1

�
An(t

2ept;x) +
2

p
e2p=nAn(te

pt;x)

+
2

np
An(e

pt;x)�
2

p
Bn(te

pt;x)�
2

np

1

1 + sinhnx
;

(7) An

�
(t � x)2ept;x

�
= An(t

2ept;x)� 2xAn(te
pt;x) + x2An(e

pt;x)

= 2ep=nx2
sinh (ep=nnx)� cosh (ep=nnx)

1 + sinhnx

+ x2
1 + (1� ep=n) sinh (ep=nnx)

1 + sinhnx
+
x

n
ep=n

cosh (ep=nnx)

1 + sinhnx
;

(8) Bn

�
(t � x)2ept;x

�
= Bn(t

2ept;x)� 2xBn(te
pt;x) + x2Bn(e

pt;x)

=
n

2p

�
e2p=n � 1

�
An

�
(t � x)2ept;x

�

+
2

p

�
e2p=n �

n

2p

�
e2p=n � 1

��
An

�
(t � x)ept;x

�

+

�
2

np
�

2

p2
e2p=n �

n

p3

�
e2p=n � 1

��
An

�
ept;x

�

+

�
1�

n

2p

�
e2p=n � 1

�� x2

1 + sinhnx

+
2

p

�
e2p=n � 2 +

n

p

�
e2p=n � 1

�� x

1 + sinhnx
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+

�
�

2

np
+

2

p2

�
e2p=n �

n

2p

�
e2p=n � 1

��� 1

1 + sinhnx
:

Using Lemmas 1 and 2, we shall prove some inequalities.

Lemma 3. For all x 2 R0 and n 2N holds

(9) An

�
(t� x)2;x

�
� 4

x+ 1

n
;

(10) Bn

�
(t� x)2;x

�
�

31

3

x+ 1

n
:

Proof. By (3){(5) and Lemma 1 for all x � 0 and n 2N we have

An

�
(t� x)2;x

�
= An(t

2;x)� 2xAn(t;x) + x2An(1;x)

= x2
�
1 + S(nx) � 2T (nx)

�
+
x

n
T (nx)

and analogously

Bn

�
(t� x)2;x

�
= An

�
(t � x)2;x

�
�

2x

n

�
T (nx)� S(nx)

�
+

4

3n2
S(nx):

Since 1� e�nx � 0 and j1� 2e�nxj � 1 for x � 0 and n 2N; we get

(11)
1

1 + sinhnx
�

2

enx + 1
�

2

enx
;

x2j1 + S(nx) � 2T (nx)j =
x2 j1� 2e�nxj

1 + sinhnx
�

2x2

enx
�

4

n2
;

(12) 0 < T (nx) � 1; 0 � S(nx) � 1;

for x � 0 and n 2 N: From these we immediately obtain (9) and (10).

Lemma 4. Suppose that p > 0; q > p and n0 = n0(p; q) be a �xed natural number

such that

(13) n0 > p

�
ln
q

p

��1
:

Then there exists a positive constant Mp;q depending only on p; q such that

(14)


An(e

pt; �)



Cq
� 2;

(15)


Bn(e

pt; �)



Cq
� 2(p+ 1)e2p;

(16) wq(x)
��An

�
(t� x)ept;x

��� �Mp;q

x+ 1

n
;
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(17) wq(x)An

�
(t� x)2ept;x

�
�Mp;q

x+ 1

n
;

(18) wq(x)Bn

�
(t � x)2ept;x

�
�Mp;q

x+ 1

n
;

for all x � 0 and n � n0:

Proof. Let p > 0 and q > p be a �xed numbers. Similarly as in [1] we write

(19) pn := n
�
ep=n � 1

�
; n 2N:

The sequence (pn)
1
1 is decreasing and

(20) p < pn < pep=n � pep for n 2N:

If n0 is a �xed integer satisfying (13), then

(21) q > pep=n0 > pn0 > pn for n > n0:

By (1), (11) and (19) we have

(22) wq(x)
sinh

�
ep=nnx

�
1 + sinhnx

� e�(q�pn)x;

(23) wq(x)
cosh

�
ep=nnx

�
1 + sinhnx

� 2e�(q�pn)x; for x � 0; n 2 N;

which by Lemma 2 and (20){(21) yields

wq(x)An(e
pt;x) = e�qx

1 + sinh
�
ep=nnx

�
1 + sinhnx

� 1 + e�(q�pn)x � 2 for x � 0; n � n0:

From this and (2) follows (14).

We observe that for p > 0 and n 2 N holds

(24) 0 < e2p=n � 1 �
2p

n
e2p=n;

����1� n

2p

�
e2p=n � 1

����� � 2p

n
e2p=n:

Using Lemma 2, (6), (7), (11) and (19){(24), we obtain

wq(x)
��An

�
(t � x)ept;x

��� =
xe�qx

1 + sinhnx

����ep=n �cosh �ep=nnx�� sinh
�
ep=n nx

��

+
�
ep=n � 1

�
sinh

�
ep=nnx

�
� 1

����
�

xe�qx

1 + sinhnx

�
ep=n +

p

n
ep=n sinh

�
ep=n nx

�
+ 1
�

� 2(ep + 1)
x

enx
+ 2pep

x

n
e�(q�pn)x �Mp;q

x+ 1

n
;
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wq(x)An

�
(t� x)2ept;x

�
�

x2e�qx

1 + sinhnx

�
2ep=n + 1 +

�
ep=nnx� 1

�
sinh

�
ep=nnx

��
+ 2ep=n

x

n
e�(q�pn)x

� 4(2ep + 1)
1

n2
+

p

n
ep=n x2 e�(q�pn)x

� 4(2e2p + 1)
x+ 1

n
+
pep

n

2

(q � pn0)
2
�Mp;q

x+ 1

n
;

for all x � 0 and n � n0: Hence the proof of (14){(17) is completed.

Similarly, using (14), (16) and (17), we derive (18) from (8).

Lemma 5. If f 2 Cp with some p > 0 and if q; n0 satisfy the assumptions of

Lemma 4, then

(25) kAn(f ; �)kCq
� 2kfkCp

;

(26) kBn(f ; �)kCq
� 2(p+ 1)e2pkfkCp

;

for all n � n0:

Proof. From (1){(4) follows

kAn(f ; �)kCq
� kfkCp



An(e
pt; �)




Cq

;

kBn(f ; �)kCq
� kfkCp



Bn(e
pt; �)




Cq

;

for n 2N; which by (14) and (15) imply the desired inequalities (25) and (26).

3. APPROXIMATION THEOREMS

In this part we shall give two theorems on the degree of approximation of

functions belonging to the space Cp by the operators An and Bn in the norm of

Cq; q > p: Since the proofs of these theorems for the operators Bn are similar to

the proofs for An; we shall prove our results only for the operators An:

Theorem 1. Suppose that g 2 C1
p :=

�
f 2 Cp : f

0 2 Cp
	
with some p > 0; q > p

and n0 is a �xed natural number satisfying the condition (13). Then there exists a

positive constant Mp;q depending only on p; q such that

(27) wq(x)
��An(g;x)� g(x)

�� �Mp;q kg
0kCp

�
x+ 1

n

�1=2

;

wq(x)
��Bn(g;x)� g(x)

�� �Mp;q kg
0kCp

�
x+ 1

n

�1=2

;
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for all x � 0 and n � n0:

Proof. Let x � 0 be a �xed point. If g 2 C1
p ; then

g(t) � g(x) =

tZ
x

g0(u) du; t � 0;

and by (3) and (6) for every n 2 N we have

An

�
g(t);x

�
� g(x) = An

� tZ
x

g0(u) du; x

�
:

Since

����
tZ

x

g0(u) du

���� � kg0kCp

����
tZ

x

1

wq(u)
du

���� � kg0kCq
(ept + epx)jt� xj;

we get

wq(x)
��An(g(t);x)� g(x)

�� � wq(x)An

� ����
tZ

x

g0(u) du

����;x
�

� kg0kCp
wq(x)

�
An

�
jt� xjept;x

�
+ epxAn

�
jt� xj;x

��
:

Using the H�older inequality and (6), (9), (14) and (17), we get

An

�
jt� xj;x

�
� 2

�
An

�
(t� x)2;x

��1=2�
An(1;x)

�1=2
� 8

�
x+ 1

n

�1=2

;

wq(x)An

�
jt� xjept;x

�
� 2wq(x)

�
An

�
(t� x)2ept;x

��1=2�
An

�
ept;x

��1=2
� Mp;q

�
x+ 1

n

�1=2

;

for all n � n0: Summing up, we obtain the desired inequality (27).

Theorem 2. Suppose that f 2 Cp; with some p > 0; and the numbers q and n0
satisfy the assumptions of Theorem 1: Then there exists a positive constant Mp;q

depending only on p and q such that for all x � 0 and n � n0 hold the following

inequalities

(28) wq(x)
��An(f ;x) � f(x)

�� �Mp;q !

 
f; Cp;

�
x+ 1

n

�1=2
!
;

wq(x)
��Bn(f ;x) � f(x)

�� �Mp;q !

 
f; Cp;

�
x+ 1

n

�1=2
!
:
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Proof. Let fh be the Steklov mean of f 2 Cp; i.e.

fh(x) =
1

h

hZ
0

f(x+ u) dt x � 0; h > 0:

For x � 0 and h > 0 we have

fh(x) � f(x) =
1

h

hZ
0

�
f(x + u)� f(x)

�
dt; f 0h(x) =

1

h

�
f(x + h)� f(x)

�
;

which imply fh 2 C1
p and by (2)

(29) kfh � fkCp
� !(f; Cp;h);

(30) kf 0hkCp
� h�1!(f; Cp;h):

It is obvious that for every x � 0; n 2N; h > 0 and q > p holds

wq(x)
��An(f ;x)� f(x)

�� � wq(x)
���An(f � fn;x)

��
+
��An(fh;x)� fh(x)

�� + ��fh(x)� f(x)
���:

Using Lemma 5 and (29), we get

wq(x)
��An(f � fh;x)

�� � 2kf � fhkCp
� 2!(f; Cp;h)

for x � 0; h > 0 and n � n0: By Theorem 1 and (30) we have

wq(x)
��An(fh;x)� fh(x)

�� �Mp;q kf
0
hkCp

�
x+ 1

n

�1=2

�Mp;q h
�1!(f; Cq;h)

�
x+ 1

n

�1=2

; for x � 0; n � n0 and h > 0:

Combinig these, we obtain

wq(x)
��An(f ;x)� f(x)

�� � !(f; Cp;h)

 
3 +Mp;qh

�1

�
x+ 1

n

�1=2
!

for every x � 0; n � n0 and h > 0: Setting h =

�
x+ 1

n

�1=2

; for every �xed x � 0

and n � n0; we obtain (28).

From Theorem 2 we can derive the following two corollaries.
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Corollary 1. If f 2 Cp with some p > 0; then

lim
n!+1

An(f ;x) = f(x); lim
n!+1

Bn(f ;x) = f(x);

for all x � 0: Moreover, the convergence holds uniformly on every interval [0; a];

a > 0:

Corollary 2. Let f 2 Lip (Cp; �) with some p > 0 and 0 < � � 1 and let q > p:

Then there exists a positive constant Mp;q depending only on p; q such that

wq(x)
��An(f ;x) � f(x)

�� �Mp;q

�
x+ 1

n

��=2
;

wq(x)
��Bn(f ;x) � f(x)

�� �Mp;q

�
x+ 1

n

��=2
;

for all x � 0 and n > p(ln(q=p))�1:
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