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SOME GENERALISATIONS
OF MEASURABLE FUNCTIONS

Octavian Lipovan

We define the notion of pseudosubmeasure as a generalisation of the sub-
measure notion [2], and we study some properties of the topological ring of
sets defined by that. Using families of pseudosubmeasures and the associated
topological rings, the pseudosubmeasurable function concept is then defined.
Finally, the convergence in measure, almost everywhere convergence and al-
most uniform convergence are generalized to the sequences of functions with

values in pseudometric space.

1. INTRODUCTION

This Note conserves the terminology and notation from [2].

Let 8 be a ring (or algebra) of subsets of a fixed set S. A mappingn: § = Ry
is said to be a submeasure if:

(S1) (@) =0,
(S2) ECF = nE)<nF): EFeS,
(Ss3) NEUF) <n(E)+n(F); EFEeS.

In the sequel we will generalize this notion.

Let D be an ordered set with the smallest element dy, in which it was defined
a mapping: (di,ds) = dy + do with the properties:

(P2) di+dy=do+dy; Vdi,da €D,

(P3) dy <dy = d+di<d+dy; YdeD.
There exists a subset Dy C D, left directed so that:

(P4) VdEDl, dd; € D; so that d1—|—d1§d

Definition 1.1. A pseudometric on a set X is a D-valued function p : X x X — D
so that:
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(1) p(l‘,y):d()@x:y,
(i) plz,y) = ply,2); ©,y€X,
(iii) plz,y) < plx,2) +p(2,9); zy,2 € X.

A set X together with a pseudometric p is called a pseudometric space and is
denoted by (X, p, D).
REMARK 1.2. The family {B(z,d)}4ep, where B(zg,d) = {x € X; p(wg,z) < d}
constitutes a base of neighbourhoods of zy € X.
Theorem 1.3. Fvery uniform space (X,U) is pseudometrizable.
Proof. Let D be the family of subsets of cartesian square X x X which contains
the diagonal Ax. The order relation is inclusion C, and the smallest element is
Ax. IV, Va € D, we define + : Dx D — Dusing Vi +V, = (V10V3)U(Vao 7).
IfAx C Vi, Ax C Vs, it results Ax C Vi o Vo, From Ax oV = V 1t results
that Ax +V =V + Ax = V. Also:

V1+V2:(V10V2)U(V20V1):(Vzovl)U(V10V2):V2+V1.

Let V3 C Vo and V arbitrary. Let (2,y) € V1 and (y,z) € V; therefore
(z,2) € Voli. Since V) C Va, (z,y) € Va, it follows that (z,z) € V] o V. Let
(z,y) € V and (y,z) € Vi; it result that (z,z) € V3 o V; but (y,z) € Va, hence
(z,z) € (VaoVi)and V1 + V C Vo 4+ V.

We consider Dy C D, where Dy is the set of symmetric entourages.

Themap p: X x X = D; p(x,y) = {(z,y), (y,2)} UAx is a pseudometric.
Indeed, p(x,y) = Ax iff 2 = y, and p(z,y) = p(y, ).

Moreover:

p(x,z)—l—p(z,y) = {($’Z)’(Z’$)}UAX+{(Z’y)’(y’z)}UAX

= {($’Z)’ (Z,l‘), ($’y)a (Z,y), (y, Z)’ (y, x)}UAX
{($’y)’ (y, l‘)} UAx = p(l‘,y).

I

Since Dy is the set of symmetric entourages, it results that » € B(xg, V) iff
(z,29) € V. Indeed, # € B(xy,V) imply p(zo,2) = {(zo,2),(z,20)} UAx CV
hence (z,x¢) € V. Conversely, (zg,z) € V imply (x,29) € V hence p(x,zq) C V.

Thus the uniform space (X,U) and the pseudometric space (X,p, D) are
topologically equivalent.

Definition 1.4. A pseudosubmeasure on a ring S C P(S) is a mappingy: S = D
so that:

(S1) 7(0) = do,
(S2) ECF = y(E) <y(F); E,FeES,
(Ss3) YEUF)<y(E)+y(F); E,FES.

If v has the property that v(A) = dy = A =0, then the mapping
p: Sx8—D; p(A,B)=v(AAB)

is a pseudometric on S invariant to translation A ( symmetric difference).
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2. THE TOPOLOGICAL RING
DEFINED BY A FAMILY OF PSEUDOSUBMEASURES

Let v be a pseudosubmeasure on S.
Theorem 2.1. The family @ = {Ustaep,, where Uy = {A € S; y(4) < d}
constitutes a base of neighbourhoods of § for a Fréchet-Nikodym topology 7(7y) so
that S(y) = (8, A, U, 1(¥)) is a uniformizable topological ring.
Proof. For every d € Dy, there exists d; € Dy so that dy + d1 < d.

Let E, F € Ug,. We have:

Y(EAF) <y(EUF) <y(E)+7(F) <di+d < d.

It results Uq, o Uy, C Uq. Also Uy rqw Us CUg and for E € S, FE r91 Ug C Uy,
The set {Wataep,, where Wy = {(A, B) € § x S; v(AAB) < d} is the base of an
entourage filter of the ring S.

Corollary 2.2. Let T = {~;}ier be a family of pseudosubmeasures on & and let
the family Qr = {Vk q4; K = finite C I, d € D1} where Vk g ={A € S; v(4) <
d; i € K}. Then there exists a FN-topology T(T') on S so that S(T') = (S, A, N, 7(T))
1s a topological ring.

Theorem 2.3. The topological ring S(y) = (S, A, N, 7(7)) iz separated iff: Vd; €
D, Vd e ~(8), d <dy implies d = dy.

( We denote y(S) = {d € D, 3A € §; v(A) = d}.)

Proof. Suppose that & with the topology 7(7) is separated and that there exists
d € ¥(8) so that d < dy, Vd; € Dy. Then there is £ € S with v(F) = y(EAD) =
d < dy and E belongs to any neighbourhood of (. Because the space is separated,
it results that £ =0, i.e. d =d,.

Conversely, suppose that conditions of theorem hold and 7(¥) is not sepa-
rated, hence there exists 4 # § so that Vd € D; with d; + d; < d. We have
ANB =0, where A={E €S, v(F) <di}, B={E € 8;v(FAA) < d;}. Then
there is C' € AN B so that

d = y(B) = y((EAC) A (CAD))
< Y((EAC) U (CAD)) <y(EAC) +7(C) < di+dy < d,

that contradicts the hypothesis.

3. ABSOLUTE CONTINUITY

Suppose that the ordered groupoid (D, +) has the properties Py, Pa, P3, P4’
and Py, where
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(P4) For any d € D and for any n € N, there exists ¢ € D so
that ¢; + ¢co 4+ -4+ ¢, = d, where ¢; = ¢, 4 = 1,n. The
grupoid (D, +) with this property is called complet.

(Ps) For any M C D there exists inf f(M).

Theorem 3.1. The couple (D, +) is a topological complete groupoid.

Proof. The element ¢ € D from (P,’) is denoted ¢ = (1/n)d. Forevery r € @, r > 0
and every d € D, rd € D. Fora € D set L, = {ra; r € @, r > 0} is also a complete
groupoid with unit dy and the element a is called the generator of the groupoid.
The mapping ¢ : Ly = @, ¢(ra) = r is a monomorphism for the groupoid L, to
the groupoid (@, +). The natural topology of @ induces on ¢(L,) a topology which
defines a topology on Ly by ¢ ~1. The subset Vi, (¢, Ly) = {2 € Lg; z =7ra; 0 < r <
¢} is called spherical neighbourhood of radius in L, for the unit element dy € D. If
be Ly, then Ly = Ly. For b € Ly, Vg, (e, L) = Vi, (g, Ly). Then it results that the
spherical neighbourhood set in L, is not depending on the choice of the generator
from L,.

In the sequel we define a base of neighbourhoods of dy € D so that: V C D
is called neighbourhood for dg € D if Ya € D, V N L, is a spherical neighbourhood
in L, for dy € D. So we obtain a topology ¢ on the complete groupoid with unit
(D,+).

Let v : 8§ = D be a pseudosubmeasure. The mapping

¥ P(S) = D, ¥y (E) =inf{y(4); EC A€ S},

E C S is called the JORDAN extension of ~. It is verified that v is a pseudo-
submeasure on the algebra P(S).
Let @ € D fixed, T' = {v; }ies a family of pseudosubmeasure on S and let the
family:
Qr = {V}“(yd; K = finite C I, d = ra, 0(r, r € Q},
where

Via=1E ECS; 7 (E)<d i€ K}.
Then there exists a unique topology 7(I') on P(S) so that
P(S)(T) = (P(S),A,n,7(I))

is a topological ring and QF. is a base of neighbourhood of §§ for this topology.
A set N C S is T-negligible if for every ¢ € I, vf(N) = dy. We denote
Np={N; N CS: N is-negligible}.

Definition 3.2. Let I' = {yi}ier and I' = {7} }jer be two families of pseudosub-
measures on S. IV is absolutely continuous with respect to I', and denote T < T' if
for every j € J we have:

li (B =d
E—>(ZlinH7£1(S)(F)7‘7 (E) 0
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(the limit is taken on the S.-topology from (D, +)).

4. PSEUDOSUBMEASURABLE FUNCTIONS. TYPES OF
CONVERGENCE

Let T'= {yi : & = D}ier be a family of pseudosubmeasures on S C P(S)
and let (X, p, D) a pseudometric space.

By generalizing the model established in [3] we will introduce an uniform
structure on X* in the following way:

To every K =finite C I, d € D, we assoclate the set:

Wi (d) = {(f,9) € X5 x X5, 47 {s € S; p(f(s),9(s)))d} < d,i€ K}.

Theorem 4.1. The family {Wgk(d); d = Dy, K = finite C I} forms a base for
uniform structure Up on X*°.

Proof. Let d € Dy and K = finite C I. It is clear that (f, f) € Wk (d) for any
f € X° and that Wk (d) is symmetrical. Let d; € D so that d; + d; < d and let
(f,9) € Wk (dy) o Wk (dy). Then we have h € X* so that (f, h), (h,g) € Wk (d1)

and:

{s € S;p(f(s),g(s)) > d}
C{s € S;p(f(s),h(s)) > di}U{s € S; p(h(s),g(s)) > di}.

Thus: v7{s € S; p(f(s),g(s))>d} < dy+ds < d, i € K, which shows that
(f,9) € Wk (d). So Wi (d1) o Wk (d1) C Wk (d).

Finally, let dy,ds € Dy and Ky, K finite C [.Ifd' € Dy, d’ < dj and d’ < dy,
we have:

Wk, UK, (d/) C Wk, (d1) N Wk, (d2).

We denote: X*(T) = (X, Ur).

ReEMARK 4.2, If I'((T, then Urs C Ur.

The map f € X° is a S-step function if there exists #; € X, E; € S,
i=12...n, & #2;, E;NE; =0, i #j, S = U, E; so that Vs € E; imply
f(8) =as,i=1,2,...,n.

The space of S-step functions will be denoted by &£(S, (X, p)) C X*.

Definition 4.3. The function f € X° is T'-pseudosubmeasurable if f belongs to
the adherence of £(S8, (X, p)) in X°(T).
We denote by M(S,T, (X, p)) the set of all these functions.

REMARK 4.4. If I"((T', then M(S,T, (X, p)) C M(S,I", (X, p)).
Definition 4.5. Let {f.} be a generalized sequence in X° and f € X5,
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a) If fo — f in X°(T), then {fa} converges to f in T-pseudosubmeasures
and we denote f, AN I

b) If there exists A € Np such that fo, — f(s) for everys € S—A in(X,p, D),
then {fa} converges T'-almost everywhere to f and we denote fo, — f a.e. (T').

c) If there exists a generalized sequence {Ag} in P(S) such that Ag \ 0 in
P(SYT) and if for any B, fa(s) — f(s) uniformly on S — Ag, then {fo} converges
to fT-almost uniformly and we denote f, = f a.u.

Theorem 4.6.

i) fo— Fau(T) = fo -5 f.

ii) fo— fau(l) = fo— fae(l)
If T'{(T then:

iii) fa = fae(l) = fo— fae(lV)

iv) fo= fauw(l) = fo— fau(l)

Proof. The implications result from Definition 4.5.
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