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A VOLUME INEQUALITY FOR
A PARALLELEPIPED

Murray S. Klamkin
Dedicated to the memory of professor Dragoslav S. Mitrinovié¢

We give a geometric proof of an inequality related to a parallelepiped.

Several years ago, according to G. D. CHAKERIAN, S. STEIN came across a
review by Gauss of L. A. SEEBER’s “Untersuchungen uber die Eigenshaften der
positiven ternaren quadratischen Formen” 1831. In this review (GAUSS observed
that one of SEEBER’s theorems on quadratic forms could be interpreted geometri-
cally as follows:

If a parallelepiped of edge lengts a, b, ¢ is such that all of its face and body
diagonals are longer than each of its edges, then its volume 1s larger than abc/\/i.

Since this is an interesting geometric inequality with unusual constraints and
since SEEBER’s paper 1s algebraic and unavailable, we give a geometric proof. Also,
we make a small change and allow the face and body diagonals to be not less than
the largest edge so that the volume can actually equal abe/v/2.

We treat the problem via two cases (i) and (ii). In the first case, we do not
need the body diagonal constraints. In the second, the body diagonal constraints
are essential.

Let A,B,C denote three concurrent vectors of respective lengths a, b, ¢,
along three concurrent edges of the parallelepiped. Then its volume is given by

ay as ds
V:|A(BXC)|: bl bz b3

1 C2 C3

Hence,
A-A A'B A C 1 cosy cosf
Vi=| B-A B-B B-C | = (abc)’| cosy 1 cosa |,
C-A C-B C-C cos 3 cosa 1
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or

V2
(T) =1—cos’a —cos® 3 —cos?y + 2cos a cos Fcos .
abe

Here o, 3, v are the angles between pairs of the vectors A, B, C.
The desired inequality is now

1
3 > cos® a + cos? 3 + cos® v — 2cos acos Fcosy

and subject to the face diagonal length constraints. Since the face diagonals are
given by A + B, A — B, etc., we must satisfy

(A —B)? > max(a?,b%,¢%), (A4 B)? > max(a?,b?,c?), etc.,

or

— > cos a, CcOoS cosy > ——.
5 2 , cos f#, cosy > 5

In the parallelepiped there exists at least one vertex such that the three face angles
o, 3, v there are (i) all in [0, /2] or else (ii) are all in [7/2, 7]. This is easy to check
since all the faces are parallelograms.

CasE (i). Here, 1/2 > cos «, cos 3, cosy > 0 so that 90° > «, 3, v > 60°. Letting
z =cosa, y = cosf3, z = cos~, the function

F =cos?a+cos? f+cos?y —2cosacos feosy = 22 +y? + 2% — 2zyz

is convex in each of the varables, z,y, z. Consequently, the maximum of F is
taken on when z,y, z are either 0 or 1/2. Thus, max F' = 1/2 and is taken on for
a=pf=y=n/3ora=p=n/3, y=n/2 (or permutations thereof).
CasE (ii). This case is not so simple as the previous one.

Here on letting « = —cosa, y = —cos 3, z = — cosy, we want to show that

2x2+y2—|—z2—|—21‘yzEF,

N | —

where as before 1/2 > «,y, z > 0. However, the upper bound 1/2 is not good
enough here. So assuming without loss of generality that « > b > ¢, we have by
the face diagonal constraints that

B2 4 ¢? — g2
u<£’ 0<y<£, 0< 2z <
2be - -7 - - -

Oses 2 2%

>
N | —

Also by the body diagonal constraint, (A + B + C)? > A? or
b% + ¢ > 2bcx 4 2cay + 2abz > 2bex + 2bey + 267 2.

Hence,
b3(1 — 2z) + 2

A
2bc

r+y<
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(¢/(2b),¢/(2b)) lies below or

This leads to two sub cases: (ii); the point (z,y) =
¢/ (2b), ¢/ (2b)) lies above the line

on the line x +y = A, (ii)2 the point (z,y) =
r+y=A

CAsE (ii)1. Here,

b3(1 — 2z) + 2 c?

<——7——— or —<1-2z

c
b 2be b2

Hence, z, y < /1 —2z /2 and

1-2 1-2 1-2 1- 1
vyt 4 27 4 2eyz < 4Z—|— 4Z—|—z2—|—z( 5 Z): 22§§.
There is equality here if the face angles are 120°, 120°, and 90°.
CASE (ii)s. Here, ¢?/b? > 1 — 2z and (z,y) Y 4
must lie in the convex pentagonal region
OPQRS as indicated in the figure. Now
keeping z fixed, F = 2% 4+ y? + 22 4+ 2zyz is
a convex function of (x,y) so that its max- R
imum must occur at one of the vertices of S
OPQRS. By summetry, it suffices to just Q
cosider points P and . At P, y = 0 and
z = ¢/(2b), so that
o c? 2 o 1 1 0 p "
S trcitiTy
Again there is equality for face angles of 120°, 120°, and 90°.
At Q, x = ¢/(2b) and y = b(1 — 22)/(2¢), so that
e b1 —22)? c b(1 —22)
Feor s () () -
Wt T e Ty e )7
Finally, since 1 > ¢2/b% > 1 — 2z,
F< 1+1—2z+ 2+(1—2z) 1
1T 7 2 2
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