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ON SOME INTEGRALS INVOLVING
THE RIEMANN ZETA-FUNCTION
IN THE CRITICAL STRIP

Aleksandar lvié, Isao Kiuchi

For 1/2 < ¢ < 3/4 let E;(T) denote the error term in the asymp-
totic formula for fOT|C(cr + it)|’dt. If Us(T) and V,(T) denote the

error terms in the asymptotic formulas for fOT Es(t)|¢(o+1t)[>dt and

fOT E,(t)?|¢(o +it))? dt respectively, then we obtain some asymptotic
results on Us(T) and V,(T).

1. INTRODUCTION

Recently much work has been done on the function

T

(1) E,(t) = / IC(o + it) |2 dt — ((20)T —

0

(2m)27=1((2 - 20)

TZ—ZO‘
2—20 ’

where 1/2 < o < 1 is fixed. This important function, which represents the error
term in the mean square formula for the RIEMANN zeta—function ((s), in the so-
-called “critical strip” 1/2 < ¢ (= Res) < 1, was introduced by K. MATSUMOTO
[6]. He obtained several results, including an upper bound for the function

(2) Fo(T) = [ Bt di = clo) %22
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_22mP I C(3/2)C(5/2 - 20) C(1/2 + 20)
(3) C(U) - 5 — 4o ’ C(3)

(1/2 < o < 3/4).

His work is continued in MATSUMOTO-MEURMAN [9], where it was proved that

(4) F(T)=0(T)  (1/2<0<3/4),

[ CBRO »
0/E3/4(t) dt = TTlogT+0 (T(logT) / )

and

/Eg(t)zdt:O(T) (3/4< o< 1).

Some further results are obtained by Ivié—MATSUMOTO [4], and an extensive sur-
vey on the known results on E,(7T) is given by K. MaTsuMoTo [7].
Recently the second author [5] proved that

. creaT?/229 4 o T7/2%0 o(T) (1/2 < o < 5/8),
5/2—20
/Eo' |C cr+zt)| dt — ciesT +O(T) 1 (5/8 < o < 3/4),
a(3/2)Tlog T + O (T(log T)'/?) (o = 3/4),
o(T) (3/4< o<1,

where ¢1 = ¢1(0) = ((20), es(0) = ¢(o) is given by (3),

(3/2)¢(2) . - 5—do 2o-1 —9%) elo

The above results are the analogues of the results obtained by the first author ([2]
and [3], Ch.3) for the integrals
1
¢ (5 + it)

/TE(t)’“

in the case k = 2. Here, as usual (v is EULER’s constant),

n= |3

is the error term in the asymptotic formula for the mean square of ((s) on the
“critical line” ¢ = Res = 1/2.

(6) cq =

2
dt

dt — <log— +2y— 1)
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The aim of this note is to sharpen (5) in the range 1/2 < ¢ < 3/4 and to
investigate a related integral. To this end we define

(7) Uy (T) = /Eg(t) |C(o + it)|*dt — ¢ (o) B(0)T — ca(o)B(o) T~

(8) V. (T)= /Eg(t)2|(’(a—|—it)|2dt—cl(U)C3(U)T5/2_20 — e5(0)T7/2747,

where ¢1(0) = ((20), B(c) = —27((20 — 1), es(0) = ¢(0) is given by (3), ¢s(o) by
(6), and

(2m)27=1((2 - 20) .

) ealo) = =

Then we shall prove

Theorem 1. For fired o such that 1/2 < o < 3/4 and U,(T) defined by (7) we

have

(10) U, (T) =0 (T5/4—0) ’ U, (T) = Qs (T5/4—0) ’
(11) /TUg(t) dt = C(U)T5/2 2240 (T7/4 U) ’
and

T
(12) /UU ()7 dt = e2(0)?ea(0)T7/2727 4 O (1012747 4 p(1=59)/3)
0

40— 1,20-3 /2
(13) c6 = —ﬂ- 20'1 20 2 20—7/2, Zd’z (z €C).

Theorem 2. For fized o such that 1/2 < 0 < 3/4, V,(T) defined by (8) and F5(T)
defined by (2) we have

(14) Vo (T) = ¢(20)F (T) + O (T77%7) .
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We remark that (14) coupled with (4) implies the first two formulas in (5).
We recall that f(z) = Qi (g(z)) (g(x) > 0 for x > xy) means that both

liminf M <0 and limsup M >0
z—=o0 g x) T—00 g(x)

hold.

2. PROOF OF THEOREM 1

Let 0 < H LT, f(t) € C[T, T+ H], and F' = f. Then from (1) it follows

T+H
15 [ AE0) e+ il

T+H

T+H
= /f(Eo(t))dEa(t)‘i' / f(Ea(t))(C(QU)—1—(271')2”_1(’(2—20)151_20)@115

T+H
= F(E,(T + H))—F(E,(T))+ /f(Eg(t)) (C(?U) +(2m)¥ e - 20’)t1_20)dt.

We shall apply (15) with H =T, f(t) =t, F(t) = ¢?/2, and use the notation
T

(16) /Eg(t) dt = B(e)T + G, (T).
0

The function G,(T) was introduced by the first author in [3], Ch. 3 (the lower
bound of integration in [3] was 2, but this is of no consequence). He showed that

(17) Go(T) = 0 (T9/17), Go(T) = 0 (T°/177),
thereby determining the true order of magnitude of G, (7). The constant B(c) was
explicitly given in [3] by a rather complicated expression, which was simplified in

MATSUMOTO-MEURMAN [9] to B(c) = —2n((20 — 1). Thus from (15) we obtain,
with the aid of (16),

27T
/Eg(t) o+ it)[2dt = %EU(QT)z - %EU(T)z
T
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2T
+ f (c@o)+ 2m¥ i@ - 20)151_20) (B(U) dt + ng(t))

_ (% B (1) + C(20) B(o)t + e2(0) B(0) 172 + C(20)Gi (1)

4 (271')20 1C( )tl_ngg(t)) ‘;T
+ (20 — 1)(2m)*7 71 (2 — 20) / G, (1)t dt.

Replacing T' by T/2/ and summing over j = 1,2, ..., we obtain, in view of (7),

(18) Uy (T) = %EU(T)z +¢(20)Go (T) + (2m)?771¢(2 — 20) T 727G, (T)

T
+(20 — 1)(2m)27 7 ¢(2 /Gg Jt727dt + O(1).
1

From (18) we shall deduce now all the results of Theorem 1. In [3] it was proved
that, for 1/2 < ¢ < 1, E, = O(T'~%). This was improved in [4] to E,(t) =
@] (Tz(l_”)/?’logz/9 T) , but by combining several estimates which come from the

use of the theory of exponent pairs one can dispose of the log-factor and obtain in
fact

(19) E,(T) =0 (T2<1—0>/3) (1/2< o< 1).

Hence from (17)-(19) we easily obtain (10), since G,(T) is the dominant term in
(18).
To obtain (11) we use Theorem 3.2 of [3], which states that

(20) Go(T) =277 (%)U_% Z (—1)"o1-20(n)n" "

n<N

-2 —1/4
. (arsinh 1/ % ) (% + %) sin(f(7,n))

27 U_% o—1_o-1 T - : 3/4-0
-9 <?) Z o1-20(n)7""n <log 27m) sin(g(7,n)) + O (T ) ,

n<N’

where, for arbitrary fixed constants 0 < A < A’, AT < N < A'T,

T N (N2 NT\Y?
N = g (2
T3 <4+27r) ’
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J(I',n) = 2T arsinh 4 /% + (27nT + w2n?)H? — g’

T T
T = Tlog — — T+ —
g( ,n) Og?ﬂ'n +4’

and

arsinhz = log (z + Va® + 1) .
The contribution of the error term in (20) is estimated trivially, and for the sums
over n we use the first derivative test (Lemma 2.1 of [1]) to obtain

27T o7
/Ga(t) dt=0 (T”‘”) : /tl‘zc’Gg(t) dt =0 (T11/4‘30) ,
T T

and then by integration by parts and the first of the above estimates
T
/Gg(t) " dt =0 (T7/4‘3” +log T) .
1

It follows from (2), (4), (18) and the above estimates that

2T
/Uo‘(t) dt = %C(U)T5/2—20 +0 (T7/4—0) ’
T

which in turn implies (11).
It is not unreasonable to conjecture that

(21) /UU (1) dt — %C(U)TW?—?G Yo (T7/4‘”) .

The omega-result in (21) would be an analogue of V(T) = Q4 (T%/*logT) of The-

orem 3.7 of [3]. However, (21) appears to be more difficult and at present we

cannot prove it. The reason for this is essentially the appearance of “logT” in

the definition of E(T'), while there is no logarithm in the definition (1) of F,(T'),

although F(T) = lim ; Eo(T). Analysing the proof of Theorem 3.7 of [3] it will
a—>%+

be clear that it is precisely the appearance of log7' in front of the series in (3.99)
of [3] which makes it possible to deduce that V(T') = Q4 (7% *log T'), and such an
argument is not applicable in the case of (21).

To prove (12) note first that from (18) we have

(22)  U.(t) = %Eg(t)z +¢(20)Go (1) (1+0(7%7) ) + 0 (17147 4 logt ) .
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This gives
27T 27T 27T

(23) /Ug(t)zdt: (C2(20)—|—O(T1‘2”)) /Gg(t)zdt—i— % /Eg(t)4dt
T T T

+¢t20) [ Gam 7 (1400 )) a

+ 0 /(|Gg(t)|+ |Ex (1)) (774737 4 logt) dt
T
n O(T9/2_6”—|—Tlog2T).

We shall use now Theorem 3.5 of [3] which says that

T
(24) /Gg (1) dt = ¢s(o)T7/?727 4 O(T37%7)
2
with (o) given by (13). Tt follows from (2), (4) and (19) that
27 .
/Ea(t)4 dt < TISI%E%2T |Eg(t)|2 / Eg(t)z dt < T23/6-100/3,
T T

Thus by the CAUCHY-SCHWARZ inequality, we have
27
/Gg(t)Eg (t)?dt <« TH1=89)/3
T

and

27T
/ (|Go ()] + | Es () [7) (t7/4737 4 logt) dt < TH4 + T4 1og T.
T

Consequently from (23) and (24) we obtain

2T op
/Ug(t)zdt = (*(20)cg(0) 71272 .,
T

n O(T(ll—SU)/3+T9/2—4a+T9/4—alogT+T4—4a).

The largest of the exponents in the error term is 9/2 — 4o, (11 — 8¢)/3 for
1/2 < 0 <5/8, 5/8 <o < 3/4, respectively, and therefore (12) follows.
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3. PROOF OF THEOREM 2

We start from (15) with H = T, f(t) = ¢? and F(t) = t3/3. Using (2) and
(19) we obtain

[ Eaw2icte + i at
- %EU(QT)S - %EU(T)B—i—/(C(QU) +(2m)2 (2 - 20)1&1_2”)Eg(t)2dt
= O(1%7%) +/(c(20) +(2m)* (2 - 20)#—20) :

: ((5/2 — 20)e(o)3*2 At + dF, (t))

— O<t2—2cr) + (C(?O’)C(O’)ts/z_zg + (5 - 40)(27T)20—1C(2 — 20’)6(0') 7/2—40

77— 8c
OV (0) + (277 G(2 — 20) o) |
+ (20 — D)(2m)2771¢(2 - 20) / F,(t)t=27 dt.

This holds for 1/2 < ¢ < 1, but using (4) in the range 1/2 < ¢ < 3/4 we obtain
(25) Va(2T) = Vo (T) = ((20)(F, (2T) = Fo (1)) + O(T*77),

and from (25) we easily obtain (14). Lack of bounds for the integrals of F,(T) and
F,(T)? precludes the derivation of the analogues of (11) and (12) for V, (7).

We conclude by making some remarks and conjectures. Note that MATSU-
MOTO-MEURMAN [9] proved, for 1/2 < ¢ < 3/4, that

(26) Fo(T) = Q1173 (log T)?7=3/1)
where as usual f(z) = Q(g(z)) (g(x) >0 for x> xy) means that
limsup M >0

rvoo g(x)
They also conjectured, for 1/2 < o < 3/4, that as T' — oo
(27) Fo(T) = (B(0)* + o(1)) T.
If (27) is true, then from (14) it follows that, as 7' — oo,
(28) Vo(T) = (C(20)B(a)? + o(1)) T (1/2< o < 3/4).
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Perhaps, if (27) is not true, then in view of (26) one has
(29) V, () = Q(T9/4—30(1og T)3”‘3/4) (1/2 < o < 3/4).

Note that, in view of (16) and (17), B(c) is the mean value of F,(T). Hence
it seems to make sense to evaluate also

T

Ko (T) = / (Ea(t) = Blo)? (o + it) 2 dt

T
/Eg V(o +it) |2 dt — 2B(a) | Eo(t) |C(o + it)|* dt
0

O\H

+ B(U)2/|C(U—|—it)|2dt.

Using (1), (7) and (8) we can write

E,(T) = e1(0)es(o) %772 4 o5 (o) T7/*747 — ¢
_ cz(O')B(o-)?TZ—zo +V,(T) = 2B(o)U,(T) + B(O')ZEU(T).

H
s
=
S
[3v]
~

Using (14), (19) and (22) we obtain then

(30) K (T) = c1(0)es(o) T2 4 e5(a)T/*74 — ¢1(0) B(o)2T

—es(0) B0 2T +1(0) Fo (T) — 261 (0) B(0) G (T) (140 (T172) ) 4:0(T2727)
If (27) holds then (30) yields, as T' — oo,

(31) Ko (T) = e1(0)es(0)T%2727 4 e5(0)T7/2747 4 o(T).

It appears to us that perhaps the error term in (31) is O (TZ_ZU) . The viewpoint
1s also shared by K. MATSUMOTO who, in correspondence, has kindly made several
remarks concerning the true order of the functions F,(7T') and K, (7). In particular,
he pointed out that, in view of his recent work [8], it is quite plausible that

(82)  Fo(1)=BPT+0 (T**1ogT)  (1/2<0<3/4, C>0)

holds, perhaps even with C' = 0. Note that (31) is stronger than (27). If it is true,
then (30) gives

Ko (T) = e1(0)es(0) T2 4 e5(o) T7/2% 4 0 (THU log® T) .
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