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SOME RELATIVELY SPARSE GRAPHS

WITH HAMILTONIAN CYCLES

Bernardo Recam�an, Peter Rowlinson, Yang Yuansheng

The graph Gk(n) has vertices 1,2,. . . ,n, and edges the pairs fa; bg for which a+b

is a kth power. Computer evidence is presented in support of the conjecture

that for each k; Gk(n) is Hamiltonian for large enough n.

If the numbers 1, 2, . . . , 32 are placed around a circle in the order

(1)
1; 8; 28; 21; 4; 32; 17; 19; 30; 6; 3;13;12; 24; 25; 11;

5; 31; 18; 7; 29; 20;16;9; 27; 22; 14; 2; 23; 26; 10; 15

then the sum of any two adjacent numbers is a square. It is not di�cult to show

that (i) to within orientation (1) is the only cyclic ordering of 1, 2,. . . , 32 with this

property, (ii) no such ordering of 1, 2,. . . , n exists for n < 32: Using a computer,

as described below, one can �nd a cyclic ordering of 1, 2, . . . , 473 such that the

sum of any two adjacent numbers is a cube: moreover no such ordering of 1, 2,. . . ,

n exists for n < 473:

To place the foregoing observations in a graph{theoretic context, let Gk(n)

be the simple graph with vertices 1, 2,. . . , n and edges the pairs fa; bg for which

a+ b is the kth power of an integer. Thus G2(32) has a unique Hamiltonian cycle,

while G2(n) is non-Hamiltonian for n < 32; G3(n) is Hamiltonian for n = 473;

non-Hamiltonian for n < 473:

The graphs Gk(n); k � 2; are relatively sparse in the sense that the average

degree dk(n) is such that dk(n) = O(n1=k); compared with O(n) fot the complete

graph Kn: Indeed we can �nd an asymptotic approximation to dk(n) as follows.

The vertices adjacent to a in Gk(n) are the integers mk � a where m is an inte-

ger between (a + 1)1=k and (a + n)1=k: Hence j deg(a) � f(a)j � 1 where f(x) =

(x+ n)1=k � (x+ 1)1=k: Since f 0(x) � 0 for all x � 0 we have

n+1Z

1

f(x) dx �
nX

a=1

f(a) �

nZ

0

f(x) dx:

On evaluating these integrals we �nd that dk(n) � 3(21=k � 1) k
k+1

n1=k:
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The algorithm of Yang and Zhang [3] is well-suited to searching for Hamil-

tonian cycles in relatively sparse graphs, and it was used not only to obtain the

aforementioned results for G3(n); n � 473; but also to show that G2(n) is Hamil-

tonian for all n in the range 32 � n � 1300: (The average CPU time for �nding

a Hamiltonian cycle in G2(n); 1000 � n � 1300; was less than 10 seconds.) All

Hamiltonian cycles in G2(n) were found for 32 � n � 45 and the number h2(n) of

such cycles is shown in the following table:

n 32 33 34 35 36 37 38 39 40 41 42 43 44 45

h2(n) 1 1 11 57 31 20 25 50 64 464 1062 4337 10091 21931

In view of the above results we make the following conjecture.

Conjecture. The graph G2(n) is Hamiltonian for all n � 32:

A stronger conjecture would be: For each integer k � 2 there exists an integer

N (k) such that Gk(n) is Hamiltonian for all n � N (k):

We conclude by mentioning two further properties of the graphs Gk(n) which

may be of interest. First one might seek a Hamiltonian path instead of a Hamil-

tonian cycle: Recam�an [2] posed the problem of �nding a Hamiltonian path in

G2(15): The only such path is 9, 7, 2, 14, 11, 5, 4, 12, 13, 3, 6, 10, 15, 1, 8.

Secondly, problem E8 of the anthology [1] is equivalent to the problem of �nding

the vertex independence number of Gk(n); that is, the largest number of vertices

of Gk(n) which are pairwise non-adjacent.
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