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CONTINUOUS LINEAR FUNCTIONALS
AND NORM DERIVATIVES
IN REAL NORMED SPACES

Sever Silvestru Dragomir

Some approximation theorems for the continuous linear functionals on real
normed linear spaces in terms of norm derivatives are given.

1. INTRODUCTION

Let (X, || - ||) be a real normed space and consider the norm derivatives:

2 2
(l‘ y)( )= lim ||y—|—tx|| — ||y||

for all X.
t—0—(+) 2t ’ orall,y e

For the sake of completeness we list some usual properties of these semi-inner
products that will be used in the sequel:

— (x,2), = ||ar:||2 for all z in X;

— (—x,¥)s = (x,—y)s = —(x,y)i, if x,y are in X;

— (az, By)p, = af(z,y), for all z,y in X and af > 0;

— (az+y,2), = a(z,2), + (y,2), if z,y belong to X and « is in R;
— (e 4y, 2)p <|l2||2]| + (y, 2)p for all z,y, 7 in X;

— the element z in X is BIRKHOFF orthogonal over y in X, i.e., ||« + ty|| >
||| for all t in R iff (y,z); <0 < (y,x)s, we denote z L y (B);

— the space (X, ]| - ||) is smooth iff (y,z); = (v, )s, for all z,y in X or iff
(', )p is linear in the first variable;

where p=s or p = 1.

For other properties of ( , ), in connection to the best approximation ele-
ment or continuous linear functionals see [2] where further references are given.
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2. A CHARACTERIZATION OF REFLEXIVITY

The following theorem of R. C. JaAMEs [3] is well-known:

Theorem 1. Let X be a BANACH space. X 1is reflexive if and only of for every
closed and homogeneous hyperplane H there exists a point z in X, x # 0, such
that x is BIRKHOFF orthogonal over H (we denote x L H (B)).

The next theorem improves this result for real spaces.

Theorem 2. Let X be a BANACH space. X 1is reflexive if and only of for every
continuous linear functional f on X there exists an element u in X such that the
following estimation holds:

(1) (z,u); < fz) < (z,u); forallz e X.

Let H be a closed and homogeneous hyperplane in X and f : X — R
be a continuous linear functional on X such that H = Ker(f). Then from (1) it
follows that « L H (B) and by JAMES’s theorem, we conclude that X is reflexive.

Now, assume that X is reflexive and let f be a nonzero continuous linear
functional on it. Since Ker(f) is a closed and homogeneous hyperplane in X there
exists, by JAMES’s theorem, a nonzero element wy in X so that:

(2) (,wp); <0< (2, wy)s for all x € Ker(f).
Because f(z)wy — f(we)x € Ker(f) for all z in X, from (2) we derive that:
(3) (f(a:)wo — f(wo)x,wo)i <0< (f(a:)wo — f(wo)x,wo)s

for all x in X and since
(f(a:)wo — flwo)e, wo)p = f(gv)||w0||2 _ (x, f(wo)wo)q, re X
where p # q, p,q € {i, s}, we conclude, by (3), that
(ol < poy < (2L ey
llwoll™ /s llwoll” /s
from where results (1) with u := f(wo)w0/||w0||2. This completes the proof.
The following corollary holds (see also [4]):

Corollary. Let X be a BANACH space. Then the following statements are equiv-
alent:
1) X is reflevive and smooth;

ii) for every continuous linear functional f : X — R there exists an element
u in X such that:

(4) flz) = (%, u)s forall z € X.

Remark 1. If f satisfies (1) or (4) then ||f]| = ||u|| and f(u) = ||u||2 The proof

of this fact 1s obvious and we shall omit the details.
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3. APPROXIMATION OF CONTINUOUS LINEAR FUNCTIONALS

The following approximation of continuous linear functionals in terms of norm
derivatives is valid:

Theorem 3. Let X be a real normed linear space and f be a nonzero continuous
linear functional on it. Then for every € > 0 there exists a nonzero element x. in
X and a positive number r. so that:

(5) [f(z) = (x,2)p| <& forall x € B(0,r:) and p € {i,s},
where B(0,7.) is the closed ball {x € X | ||z]| < r.}.

Let € > 0. Then there exists a nonzero element y. in X such that
lly:]] = € and y. & Ker(f).
On the other hand, we have:
(v, 9e)s| <9l lyell = ellyll  for all y € Ker(f).
Now, for all # in X we have y := f(2)y. — f(y:)z € Ker(f), and by the above
inequality, we deduce that:
|(F(@)ye = Flye)w,ye) | < 27| fN lell - forall @ € X,

On the other hand, a simple calculation shows that
(f(x)ya - f(ya)l‘, ya>s = f(x)HyaHZ - (l‘, f(ya)ya>ia
for all # in X and then the above inequality becomes:

fa) - (x,f(ya)ya)i

L <2/l fl || for all = € X.
Ye

Putting . == f(y:)ye /||l # 0 and . := £/2||f]| > 0 we obtain the estima-
tion (5) for p = i. Now, it is obvious that if we replace & by —z, then (5) holds for
p = s too. This completes the proof.

Now, we shall introduce a definition.

Definition 1. A nonzero continuous linear functional f defined on real normed
space X is said to be of (APP)-type if for any € € (0,1) there exists a nonzero
element y. in X such that:

(6) [ we)pl < ellylllgell  for all y € Ker(f),
where p = s orp = 1.
Remark 2. Clearly, y is not in Ker(f) and

(v, ve)il <ellyllllyell  for all y € Ker(f)
if and only if:

(v, 92)s| < ellylllly=]l  for all y e Ker(f)
where € € (0,1).

The following result improves Theorem 3.
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Theorem 4. Let [ be a nonzero continuous linear functional of (APP)-type.
Then for any ¢ > 0 there exists a nonzero element x. in X such that:

(7) [f(x) = (&, 2c)p| <elle||  forall xeX
and for any p € {s,i}.

Since f is nonzero it follows that Ker(f) is closed in X and Ker(f) #
X. Let ¢ > 0 and put §(g) := /2||f]|. If () > 1, then there exists an element
y. € X \ Ker(f) such that

(8) (W, 9e)s| < 3@yl lly=ll  for all y € Ker(f).

If 0 < d(¢) < 1 and since the functional f is of (APP)-type there exists an
element y. € X \ Ker(f) such that (8) holds.

Put z. := y:/||y:||.- Then for all x € X we have y := f(x)z. — f(z.)x belongs
to Ker(f) which implies, by (8), that:

()2 = Fle)eze),| < 8@z — Flze)all <
<BEANel <ellall  for all x € X.

On the other hand, as above, we have:
(f(ab)zE - f(za)x,za)s =flz) - (x,f(za)za)l. forall z € X
and denoting z. := f(z.)z. # 0 we obtain:
|f(z) = (2, 2:)i] < ||z for all z € X.
If we replace # by —& in the above estimation we get:
[f(z) = (%, 2.)s] < e||z|| for all z € X
and the proof is finished.
Remark 3. The relation (7) is equivalent to:
(7" [f(x) — (z,2.)p]| < e for all = € B(0,1).

Definition 2. The normed linear space X is said to be of (FAPP)-type if every
nonzero continuous linear functional on it is of (APP)-type.

Some examples of (FAPP)-spaces will be given in the following.

4. e-BIRKHOFF ORTHOGONALITY IN NORMED SPACES

Let X be a normed linear space over the real or complex number field K
The following definition is a generalization of BIRKHOFF’s orthogonality in normed
spaces.

Definition 3. Let ¢ € [0,1). The element ¥ € X is said to be e-BIRKHOFF
orthogonal over y € X if

llz 4+ Ayl| > (1 = &)]|=|| for all A e K.
We denote x L y (e-B).
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If A is a nonempty subset of X, then by Al (e-B) we denote the set of all
elements which are e-BIRKHOFF orthogonal over A, 1.e.,

At (e-B) ={ye X |y Lz(e-B) forallz c A}
We remark that 0 € AL (s-B) and AN AL (e-B) C {0} for every ¢ € [0, 1).
The following lemma is a variant of F. RIESZ result (see for example [5,
p. 84]):

Lemma 1. Let X be a normed space and G be its closed linear subspace. Suppose
G # X. Then for any ¢ € (0,1) the e-BIRKHOFF orthogonal complement of G is
nonzero.

Let y € X\ GG. Since G is closed, d(y, E) = d > 0. Thus there exists
y. € G such that d < ||y — y.|| < d/(1 — €). Putting . := § — y. we have z. # 0
and for all y € G and A € K we obtain:

lze + Ayl = 11y = ye + Aull = lly = (- = M)l > d > (1 = &)f[]|
what means that z. € G+ (e-B). This completes the proof.
Note that the next decomposition theorem holds.

Theorem 5. Let X be a normed linear space and G be its closed linear subspace.
Then for any ¢ € (0,1) we have the decomposition: X = G + Gt (e-B).

Suppose G # X and 2 € X. If # € G, then z = 24+ 0 with z € ¢
and 0 € G+ (e-B). If z ¢ G, then there exists an element y. € G such that:

d
0<d=d(e,G) < le - pell <

Since r. := z—y. € G (e-B) (see the proof of the above lemma) we conclude
that = = y. + . with y. € G and z. € Gt (e-B). This completes the proof.

5. e«ORTHOGONALITY IN THE SENSE OF NORM DERIVATIVES

We shall begin with a definition.

Definition 4. Let ¢ € [0,1). The element ¥ € X (X is a real normed space) is
called e-orthogonal in the sense of semi-inner product (|, ), (p=s or p=1) over
the element y € X or x is p-orthogonal on y, for short, if

(9) [(y; 2)p| < ell]l Iyl
We denote x L y (e-p).

If A is a nonempty subset of X then by A (e-p) we shall mean the set of all
elements in X which are p-e-orthogonal on A, i.e.,

At(e-p) ={y € X |y L x (e-p) for all x € A}.
It is easy to see that 0 € AL (e-p) and AN AL (e-p) C {0} for all ¢ € [0,1) and
if A= —A then At (e-s) = AL (e-i) (and we denote AL(e) := AL (s-i) = Al(e-s)).

The next proposition is valid in the particular case of inner product spaces.
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Proposition 1. Let (X;( , )) be a real inner product space and ¢ € [0,1). Then
the following statements hold.:

1) @ Ly(e-B) iff ¢ Ly(d(c)) where §(c) := /(2 — ¢)e;
i) « Ly(e) iff # L y(n(e)-B) where n(e) :=1—+1—¢e2.
i) Tt is clear that « L y (e-B) if and only if ||z + ty||2 > (1 —6)2||l‘||2,

which is equivalent to: ||y||2t2 + 2(x,y)t — e(e — 2)||l‘||2 > 0 forall t € R e,
|(z,y)]? <e(2— 6)||ar:||2||y||2 and the statement is proved.

ii) Follows from i).

In virtue of this fact we can introduce the following concept.
Definition 5. A real (smooth) normed space is called of (pSAPP)-type ((SAPP)-
type) if there exists a mapping 1 :[0,1) — [0,1) such that:

i) n(e) iff e = 0;

i) « L y(n(e)-B) implies x L y(e-p) for alle € (0,1), wherep=s or p=1i
(p=s=1).
Remark 4. The previous proposition shows that every inner product space is a

smooth normed space of (SAPP)-type. In Section 6 we shall point out other classes
of smooth normed spaces of (SAPP)-type.

Lemma 2. Let X be a normed space of (pSAPP)-type (p=sorp=14). IfG isa
closed linear subspace in X and G # X, then for any ¢ € (0, 1) the p-c-orthogonal
complement of G is nonzero and G+ (e-i) = G* (¢-s) (we denote G+ (¢)).

The proof is obvious from Lemma 1 observing that G (e-B) C G+ (e-p) for
all £ € (0,1) and to the fact that G = —G.
Using Theorem 5 we also have:

Theorem 6. Let X be a normed space of (pSAPP)-type and G be its closed linear
subspace. Then for every ¢ € (0,1) we have the decomposition

X =G+ at (6)
Finally, we note that the following theorem holds.

Theorem 7. If X is a real normed space of (pSAPP )-type (p = s orp =) then
X is a real normed space of (FAPP)-type.

Let f be a nonzero continuous linear functional on z and € € (0, 1).
Then G := Ker(f) is a closed linear subspace in X and G # X. Applying Lemma 2
it follows that G- (e-p) is nonzero, i.e., there exists an element z. € X \ {0} such
that
(2l <ellgllllocll - for all y € Ker(7),

i.e., f is a functional of (APP)-type. This completes the proof.

Further on, we shall give some examples of normed spaces of (SAPP)-type
which are not usual inner product spaces.
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6. EXAMPLES OF NORMED SPACES OF (SAPP)-TYPE

Let (€2, A, pt) be a measure space consisting of a set 2, a o-algebra A of subsets
of © and a countably additive and positive measure p on .4 with values in RU{co}.
If we denote LP(2) = LP(Q, A, u), p > 1, the real BANACH space of p-integrable
functions on €2, then L? () is smooth and:

Iz +tyll, — ll=ll, 1—p
. _ p_l
lim . = [], /ﬂl‘(s) sgn(z(s))y(s) dpu(s)
for all x,y € LP(Q), x # 0, (see for example [1, p. 314]).

Suppose p > 2 and put p = 2k + 2. Then:

(5, 2)g = [l2ll;* /ﬂ P (s)y(s)du(s)  (here g = 5 = i)

for all #,y € LP(Q), « £ 0, and (y,0), = 0if y € LP(Q).
If we put:

. (ya z + ty)q — (y’ l‘)q
(y, x); := lim
t—0 i
then (y,z), exists for all z,y € L?(Q2) and a simple calculation shows that:

(10) (y,2), = (2k + 1)Jal72 /ﬂ 2 ()5 (s) da(s)

el 2| [ xml(s)y(s)du(s)r.

On the other hand, by the HOLDER inequality, we have:

[ @ ante) < | [ o0 duts)] e [ )

2k+2

and
ak+2 2

[/Q 22 (5) dﬂ(s)] 2 < [/Q 22 +2(5) du(s)] 2ht2 [/ﬂ ) dﬂ(s)] m.

Then from (10) we obtain the evaluation

(11) (v.2), < Ak + Dlyl? forall 2,y € L'(Q).

Proposition 2. The BANACH space LP(Q) with p > 2 is a smooth normed space
of (SAPP)-type.

Let consider the mapping ¢z 4 R = R, g ,(f) := ||z + ty||2 where
z,y are given in LP(Q). Then ¢, , is two times differentiable on R, the second
derivative 1s nonnegative on R and

Coy ) =20y, x +ty)g, @y () = 2(y, 2 + ty);
for all ¢ € R. Applying TavyLoR’s formula for ¢, , we have
I + tyll, = Nl +2t(y, @) + ¢ (v, 2 + &)y,
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where t € R, & is between 0 and ¢ and z, y are in LP(£2).
Using the inequality (11) we have, for all z,y in LF(Q2) and ¢ in R

2 2 2
e+ tyll, = llzll, < 2t(y, ©)q + (4k + DE2||y]l, -
It is clear that if « L y (e-B) then:
(2 = 2e)|zlly < 2t(y,2)q + (4k + 1)t*|lyll>  for tE€R,

which implies that « L y (y(¢g)) where v(¢) := /(2 — €)(4k + 1). Putting A(e) :=

1—+/1—¢2/(4k+ 1), €[0,1), we have A : [0,1) = [0,1), A(e) = 0 iff e = 0 and
z L y(A(e)-B) implies that # L y(e-q) for all e € (0,1) (¢ = s = i), i.e. LP(Q) is a
smooth normed space of (SAPP)-type.

Corollary 1. Let X, be a linear subspace in LV (), p > 2, and G be its closed
linear subspace. Then for all ¢ € (0,1) we have the decomposition X, = G+ G=*(e),
where G* (¢) is taken in X,.

Corollary 2. Let X, be as above and f be a nonzero continuous linear functional
on it. Then for all ¢ € (0,1), there exists a nonzero element z. in X, so that:

<<l [t du(S)]%

‘f(x) el [ ala)e2 ) e
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