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$ SODQDU JUDSK ZLWK D SODQDU FRPSOHPHQW LV FDOOHG FR S OD Q D U� 2EYLRXVO\�
{FRPSOHPHQW * RI D FRSODQDU JUDSK * LV DOVR FRSODQDU� $ VHOI�FRPSOHPHQWDU\ SODQDU

JUDSK LV FRSODQDU� 6LQFH WKH FRPSOHPHQW RI D GLVFRQQHFWHG JUDSK LV FRQQHFWHG� DW
OHDVW RQH RI WKH JUDSKV IURP D FRPSOHPHQWDU\ FRSODQDU SDLU LV FRQQHFWHG�

$ IDLUO\ JHQHUDO SUREOHP� VHW E\ ) � + D U D U \ � LV WKH IROORZLQJ RQH� ) LQ G WK H
{VHW R I D OO JUD S K V * VX FK WK D W ER WK * D Q G * K D YH D JLYHQ S UR SHUW\ � $V SODQDULW\ LV

RQH RI WKH LPSRUWDQW DQG ZLGHO\ NQRZQ JUDSK WKHRUHWLFDO SURSHUWLHV� ZH GHFLGHG
WR qQG DOO FRSODQDU JUDSKV� ,Q SDUWLFXODU� - � $ N L\ D P D DQG ) � + D U D U \ >� @ SRVHG
WKH SUREOHP RI GHWHUPLQLQJ DOO FRSODQDU JUDSKV� ,Q WKLV SDSHU ZH VKDOO VROYH WKLV
SUREOHP�

,Q ���� WKH DXWKRUV GHFLGHG WR XVH WKH H[SHUW V\VWHP ?*UDSK� >� @ IRU qQGLQJ
FRSODQDU JUDSKV� 7KH V\VWHP ?*UDSK� FRQWDLQV D SURJUDPPLQJ PRGXOH IRU SOD�
QDULW\ WHVWLQJ GHYHORSHG E\ RQH RI DXWKRUV � $ � - �� � 7KH SUREOHP ZDV TXLFNO\ VROYHG
LQ SULQFLSOH EXW GXH WR VRPH WHFKQLFDOLWLHV DQG WUDYHOOLQJV RI DXWKRUV LW ZDV QRW
FRPSOHWHG IRU D ORQJ WLPH� 5HVXOWV DUH SDUWLDOO\ DQQRXQFHG LQ FRQIHUHQFH WDONV >� @ �
>� � @ � WKH WKHVLV >� � @ DQG WKH H[SRVLWRU\ DUWLFOH >� � @ � :H UHFHQWO\ KDYH OHDUQW WKDW LQ
WKH PHDQWLPH WKH SUREOHP RI FRSODQDU JUDSKV KDV EHHQ VROYHG LQ >� @ � 7KH DXWKRUV RI
>� @ KDYH OLVWHG DOO SRVVLEOH GHJUHH VHTXHQFHV RI FRSODQDU JUDSKV DQG KDYH XVHG WKHP
WR FRQVWUXFW JUDSKV� 7KH\ GR QRW PHQWLRQ D SRVVLEOH XVDJH RI D FRPSXWHU LQ WKHLU
ZRUN� :H GHFLGHG WR SXEOLVK RXU ZRUN EHFDXVH RI GLpHUHQW PHWKRGV DQG GLpHUHQW
UHVXOWV�
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6LQFH WKH WKLFNQHVV RI . LV HTXDO WR � �VHH >� @ � � D FRSODQDU JUDSK KDV OHVV
�

WKDQ � YHUWLFHV�

7KH RQO\ JUDSK ZLWK DW PRVW � YHUWLFHV ZKLFK LV QRW SODQDU LV . � 7KHUHIRUH
�

DOO JUDSKV ZLWK DW PRVW � YHUWLFHV� H[FHSW IRU . DQG �. � DUH FRSODQDU�
� �

6LQFH D PD[LPDO SODQDU JUDSK RQ Q �Q w �� YHUWLFHV KDV �Q b � HGJHV� FRSODQDU
JUDSKV RQ � YHUWLFHV KDYH EHWZHHQ � DQG �� HGJHV� WKRVH RQ � YHUWLFHV KDYH EHWZHHQ
� DQG �� HGJHV DQG WKRVH RQ � YHUWLFHV EHWZHHQ �� DQG �� HGJHV�

$ FRSODQDU JUDSK LV FDOOHG OR Z HU FR S OD Q D U JUDSK LI LWV QXPEHU RI HGJHV GRHV
QRW H[FHHG WKH QXPEHU RI HGJHV LQ LWV FRPSOHPHQW� 2WKHU FRSODQDU JUDSKV DUH FDOOHG
X S SHU FR S OD Q D U JUDSKV�

,W LV VXsFLHQW WR qQG� RU FKDUDFWHUL]H ORZHU FRSODQDU JUDSKV�

/RZHU FRSODQDU JUDSKV RQ Q YHUWLFHV IRU Q  ����� PD\ KDYH WKH IROORZLQJ
QXPEHUV RI HGJHV

Q PLQLPXP PD[LPXP

� � �

� � ��

� �� ��

0D[LPDO SODQDU JUDSKV DUH FDOOHG WULD Q JX OD WLR Q V VLQFH WKHLU IDFHV DUH WULDQJOHV�
7ULDQJXODWLRQV DUH GXDO JUDSKV RI FXELF SODQDU ��FRQQHFWHG JUDSKV� &RQQHFWHG FXELF
JUDSKV XS WR �� YHUWLFHV DUH JLYHQ LQ >� @ DQG WKDW LV VXsFLHQW IRU WKH QHHGV RI WKH
UHSRUWHG UHVHDUFK�
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8VLQJ WDEOHV >� @ LW LV VLPSOH WR FRQFOXGH WKDW DOO JUDSKV RQ � YHUWLFHV DUH
FRSODQDU� EXW WKH IROORZLQJ �� JUDSKV� �. � . � �. � 3 � �. � �. � �. �
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. � 3 � . � �. � DQG WKHLU FRPSOHPHQWV�
� � � �� �

:H FDQ FKDUDFWHUL]H ORZHU FRSODQDU JUDSKV RQ � YHUWLFHV LQ RQH PRUH ZD\�

7KHUH DUH RQO\ WZR ��FRQQHFWHG SODQDU FXELF JUDSKV RQ � YHUWLFHV� 7KH\ DUH
GHVLJQDWHG E\ * � * LQ )LJ� � � ZKLFK DOVR GLVSOD\V WKHLU GXDO JUDSKV + � + � ZKLFK

� � � �

WKHPVHOYHV DUH WULDQJXODWLRQV RQ � YHUWLFHV� )LJ� � IXUWKHU VKRZV JUDSKV % � %
� �

ZKLFK DUH FRPSOHPHQWV RI + � + �
� �

*UDSKV % � % DUH FRSODQDU� $Q\ ORZHU FRSODQDU JUDSK RQ � YHUWLFHV LV RE�
� �

WDLQHG IURP % RU % E\ DGGLQJ DW PRVW � HGJHV� 1R QRQSODQDU JUDSK FDQ EH
� �

REWDLQHG LQ WKLV ZD\� +HQFH ZH KDYH WKH IROORZLQJ SURSRVLWLRQ�
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Z LWK D W P R VW � HG JHV Z K LFK FR Q WD LQ V D SD WK R I OHQ JWK � R U � P X WX D OO\ Q R Q �D G MD FHQ W
HG JHV�

,W UHPDLQV WR qQG FRSODQDU JUDSKV RQ � DQG � YHUWLFHV�

) LJ � � �
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7KHUH DUH � SODQDU� ��FRQQHFWHG FXELF JUDSKV RQ �� YHUWLFHV >� @ DQG WKH\ JLYH
ULVH WR � WULDQJXODWLRQV RQ � YHUWLFHV ZKRVH FRPSOHPHQWV DUH GLVSOD\HG LQ )LJ� ��

) LJ � � �

:KDW LV OHIW WR EH GRQH IRU WKH FDVH Q  � LV VLPSOH� $GGLQJ QHZ HGJHV JRHV
XS WR Q  ��� RWKHUZLVH WKH JUDSK ZRXOG KDYH PRUH HGJHV WKDQ LWV FRPSOHPHQW� ,W
FDQ DOVR EH HDVLO\ HVWDEOLVKHG WKDW WKH RQO\ QRQSODQDU JUDSKV RQ � YHUWLFHV ZLWK DW
PRVW �� HGJHV DUH WKRVH LQ )LJ� �� 7KHUHIRUH� ZH VWDWH WKH IROORZLQJ WKHRUHP�

7 K H R U H P � � $ JUD S K * R Q � YHUWLFHV LV OR Z HU FR S OD Q D U LI D Q G R Q O\ LI
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E� * LV Q R W LVR P R US K LF WR D Q \ R I WK H q YH JUD S K V LQ ) LJ� � �

,W FDQ EH UHDGLO\ YHULqHG� RI FRXUVH� WKDW HDFK RI WKH JUDSKV RI )LJ� � FDQ EH
REWDLQHG E\ DGGLQJ HGJHV WR VRPH RI WKH JUDSKV RI )LJ� ��

) LJ � � �

$ WDEOH RI FRQQHFWHG JUDSKV RQ � YHUWLFHV IURP >� @ ZDV SURGXFHG E\ WKH V\VWHP
?*UDSK� DQG ZH KDYH DW RXU GLVSRVLWLRQ D qOH ZLWK WKHVH JUDSKV ZLWKLQ WKH V\VWHP�
8VLQJ IDFLOLWLHV RI WKH V\VWHP ?*UDSK� � LW ZDV HDV\ WR H[WUDFW FRSODQDU JUDSKV� :H
OLVW EHORZ FRQQHFWHG ORZHU FRSODQDU JUDSKV� DQG FRPSOHPHQWV RI GLVFRQQHFWHG RQHV�
*UDSK LGHQWLqFDWLRQ QXPEHUV UHIHU WR WKH WDEOH IURP >� @ �
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+HQFH ZH KDYH WKH IROORZLQJ WKHRUHP�

7 K H R U H P � � 7 K HUH D UH H[D FWO\ � � � SD LUV R I FR P S OHP HQ WD U\ FR S OD Q D U JUD S K V R Q �

YHUWLFHV�

$XWKRUV RI >� @ KDYH UHSRUWHG RQ ��� VXFK SDLUV�
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7KH FDVH Q  � LV PRUH FRPSOH[ DQG LW FRXOG QRW EH HDVLO\ WUHDWHG ZLWKRXW
WKH DLG RI D FRPSXWHU�

7KH WDEOH RI FRQQHFWHG FXELF JUDSKV ZLWK �� YHUWLFHV IURP >� @ VKRZV �� SODQDU
��FRQQHFWHG JUDSKV �LGHQWLqFDWLRQ QXPEHUV LQ WKH WDEOH� ��� ��� ��� ��� ��� ��� ���
��� ��� ��� ��� ��� ��� ��� � 7KH FRPSOHPHQWV RI WKHLU FRUUHVSRQGLQJ WULDQJXODWLRQV
RQ � YHUWLFHV DUH SUHVHQWHG LQ )LJ� � XQGHU WKH QDPHV $ � % � & � ' � ( � ) � * � + � , �
- � . � / � 0 � 1 � :H VKDOO VD\ WKDW JUDSKV $ � % ����� 1 IRUP WKH OD \HU �� RI WKH VHW
RI ORZHU FRSODQDU JUDSKV RQ � YHUWLFHV� 7KH JUDSKV DUH RUGHUHG OH[LFRJUDSKLFDOO\
DFFRUGLQJ WR WKHLU HLJHQYDOXHV� /DEHOOLQJ RI YHUWLFHV KDV QR VSHFLDO PHDQLQJ� RXU
RQO\ FRQFHUQ ZDV WKDW HYHU\ JUDSK FRQWDLQV HGJHV � � DQG � ��

:H WKHQ HQWHU D IRXU VWHS UHFXUVLYH H[WHQVLRQ SURFHGXUH� VWDUWLQJ ZLWK WKH
JUDSKV IURP OD \ HU ��� 7R HDFK RI �� JUDSKV RI )LJ� � ZH DGG DQ HGJH LQ DOO SRVVLEOH
SODQDU ZD\V� UHPRYLQJ JUDSKV WKDW DUH LVRPRUSKLF WR WKH DOUHDG\ REWDLQHG RQHV�

7KH PXWXDOO\ GLpHUHQW JUDSKV ZLWK �� HGJHV� WKDW DUH REWDLQHG DV D UHVXOW
RI WKLV qUVW VWHS RI H[WHQVLRQV� IRUP WKH OD \HU �� � 6WDUWLQJ WKHQ IURP WKHVH JUDSKV



�� ' UD J R�V & Y HWN R Y LxF� $ Q WR Q LMH - R YD Q RY LxF� = R UD Q 5 D G R VDY OMHY LxF� 6 OR E R G D Q 6 LP LxF

) LJ � � �



& R S OD Q D U J UD S K V ��

ZLWK �� HGJHV� ZH UHSHDW WKH VDPH SURFHGXUH WR qQG WKHLU SODQDU H[WHQVLRQV ZLWK
�� HGJHV� ZKLFK IRUP WKH OD \ HU ��� DQG WKHQ ZH REWDLQ LQ WKH VDPH ZD\� WKRVH ZLWK
�� DQG �� HGJHV� :KHQ D WRWDO RI � OD\HUV LV DGGHG WR WKH OD \HU �� LQ WKDW ZD\� WKH
JUDSKV LQ WKHVH � OD\HUV FRQVWLWXWH WKH VHW RI ORZHU FRSODQDU JUDSKV RQ � YHUWLFHV�

,Q VXFK D ZD\� PRUH WKDQ ��� H[WHQGHG SODQDU VXFFHVVRUV RI WKH �� LQLWLDO
OD \HU �� JUDSKV ZHUH REWDLQHG� EXW DIWHU HOLPLQDWLQJ LVRPRUSKLF FDVHV WKDW QXPEHU
ZDV UHGXFHG WR D WRWDO RI �� JUDSKV LQ OD \ HU �� � 5HSHDWLQJ WKH SURFHVV� E\ WDNLQJ
WKHVH �� JUDSKV DV WKH LQLWLDO VHW� ZH JRW UHVXOWV UHSUHVHQWHG LQ WKH IROORZLQJ WDEOH�

OD\HU QXPEHU RI JUDSKV

� ��

� ��

� ���

� ���

� ���

7KH QXPEHUV RI JUDSKV LQ OD\HUV �� � � �� �� �� DFFRUGLQJ WR >� @ � UHDG ��� �� �
���� ���� ��� UHVSHFWLYHO\�

,Q WKH VHTXHO ZH OLVW WKRVH JUDSKV E\ OD\HUV� XVLQJ WKH IROORZLQJ QRWDWLRQ� $
JUDSK LV UHSUHVHQWHG E\ D VHTXHQFH RI DW PRVW qYH FKDUDFWHUV� 7KH qUVW FKDUDFWHU
GHQRWHV D JUDSK LQ WKH OD \ HU �� �VHH )LJ� �� � WKH UHVW RI WKH FKDUDFWHUV UHIHU WR WKH
HGJHV WKDW KDYH EHHQ DGGHG WR WKDW ]HUR�OD\HU JUDSK� (GJHV WKDW KDYH EHHQ DGGHG
WR WKH JUDSKV LQ )LJ� � DUH FRGHG DV IROORZV�
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7KH VHW RI ORZHU FRSODQDU JUDSKV RQ � YHUWLFHV FRQWDLQV WKH IROORZLQJ JUDSKV�
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� YHUWLFHV�

� � & 2 0 3 8 7 ( 5 6 ( $ 5 & +

)URP WKH SRLQW RI YLHZ RI XVLQJ V\VWHP ?*UDSK� � WKH DERYH SURFHGXUH FDQ
EH UHDOL]HG WKURXJK WKH IROORZLQJ DOJRULWKP� 6WDUWLQJ IURP WKH LQLWLDO JUDSKV� WKH
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V\VWHP DGGV WR WKHP DQ HGJH LQ DOO SRVVLEOH ZD\V� DQG DXWRPDWLFDOO\ UHPRYHV DOO
JUDSKV ZKLFK HLWKHU KDYH PXOWLSOH HGJHV RU DUH QRW SODQDU� 'HWHFWLQJ LVRPRUSKLF
SDLUV LV DOVR QRW D SUREOHP VLQFH ?*UDSK� KDV FRUUHVSRQGLQJ IDFLOLWLHV� %XW LQ
D ODUJHU VHW� HVSHFLDOO\ IURP WKH VHFRQG OD\HU RQ� LW LV PXFK EHWWHU WR XVH JUDSK
VSHFWUD LQ qQGLQJ LVRPRUSKLF JUDSKV� *HQHUDWHG JUDSKV LQ RQH OD\HU DUH qUVW RUGHUHG
OH[LFRJUDSKLFDOO\ E\ WKHLU VSHFWUD� ,W LV WKHUHDIWHU HDV\ WR GHWHFW FRVSHFWUDO VHWV RI
JUDSKV DQG ORRN LQVLGH VXFK VHWV IRU VWLOO QRQLVRPRUSKLF SDLUV�

:LWKLQ WKH V\VWHP ?*UDSK� ZH KDYH D FDWDORJXH RI FXELF JUDSKV ZLWK XS
WR �� YHUWLFHV IURP >� @ � 6\VWHP ?*UDSK� LV DEOH WR SHUIRUP VHYHUDO RSHUDWLRQV DQG
WUDQVIRUPDWLRQV RQ JUDSKV WKDW KDYH UHDGLO\ SURGXFHG OD \HU �� RI WKH FRSODQDU JUDSKV
RQ � YHUWLFHV� $OO DGGLWLRQDO IRXU OD\HUV ZHUH JHQHUDWHG E\ XVLQJ H[LVWLQJ FRPPDQGV
RI WKH V\VWHP ?*UDSK� � 7KH ZKROH FRPSXWHU VHDUFK ZDV SHUIRUPHG ZLWKRXW D QHHG
IRU DGGLWLRQDO SURJUDPPLQJ HpRUWV� DQG LQSXW RI GDWD� :H KDG RQO\ WR SUHSDUH D
IHZ FRPPDQG qOHV LQ D VSHFLDO ODQJXDJH RI WKH V\VWHP ?*UDSK� �

$QRWKHU IHDVLEOH FRPSXWHU�VHDUFK DSSURDFK IRU WKH FDVH Q  � ZRXOG KDYH
EHHQ WR XVH D FRPSXWHUL]HG FDWDORJXH RI DOO JUDSKV RQ � YHUWLFHV� DQG FKHFN HDFK
JUDSK RQ EHLQJ FRSODQDU� $FFRUGLQJ WR >� @ WKH QXPEHU RI JUDSKV RQ � YHUWLFHV
LV ������ +RZHYHU LW LV VXsFLHQW WR FKHFN JUDSKV ZLWK �� ���� JUDSKV� � �� ����
JUDSKV� � �� ����� JUDSKV� � �� ����� JUDSKV� DQG �� HGJHV ����� JUDSKV� � L� H� D WRWDO
RI ���� JUDSKV� :H KDG D FDWDORJXH RI JUDSKV RQ � YHUWLFHV� EXW LUUHVSHFWLYH RI WKDW
ZH GHFLGHG WR XVH WKH DSSURDFK GHVFULEHG LQ WKLV SDSHU�

� � & 2 1 & / 8 6 ,2 1

:H VXPPDUL]H RXU UHVXOWV LQ WKH IRUP RI WKH IROORZLQJ WKHRUHP�

7 K H R U H P � � 7 K HUH D UH H[D FWO\ � � � � FR S OD Q D U JUD S K V�

3 UR R I� :H XVH GDWD IURP >� @ RQ WKH QXPEHUV RI JUDSKV ZLWK D JLYHQ QXPEHU
RI YHUWLFHV� 3URSRVLWLRQ � � DQG 7KHRUHPV � DQG ��

,Q WKH FRPSDUDWLYH WDEOH EHORZ J LV WKH QXPEHU RI JUDSKV RQ Q YHUWLFHV DVQ

UHSURGXFHG IURP >� @ � DQG S LV WKH QXPEHU RI FRSODQDU JUDSKV RQ Q YHUWLFHV�Q

Q � � � � � � � �

J � � � �� �� ��� ���� �����
Q

S � � � �� �� ��� ��� ����Q

F � � � � �� �� ��� ����Q

7KH qJXUHV IRU S DUH REYLRXV IRU Q  ���������� )RU Q  ����� WKH QXPEHUQ

RI FRSODQDU JUDSKV IROORZV IURP 6HFWLRQV �� �� DQG � UHVSHFWLYHO\�

7KLV FRPSOHWHV WKH SURRI�
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7KH QXPEHU F RI FRPSOHPHQWDU\ SDLUV RI SODQDU JUDSKV RQ Q YHUWLFHV LV DOVRQ

LQFOXGHG LQ WKH DERYH WDEOH� 7KHVH QXPEHUV LQFOXGH SDLUV FRQVLVWLQJ RI VHOIFRPSOH�
PHQWDU\ JUDSKV� $OO VHOIFRPSOHPHQWDU\ JUDSKV XS WR � YHUWLFHV DUH SODQDU �FKHFNHG
E\ ?*UDSK� � � 7KHUH DUH �� � � �� �� VHOIFRPSOHPHQWDU\ JUDSKV RQ �� �� �� � YHUWLFHV
UHVSHFWLYHO\�

2XU DSSURDFK WR FRSODQDU JUDSK FDQ EH XVHG WR SURYH WKDW WKH WKLFNQHVV RI
. LV HTXDO WR �� 7KHUH DUH �� FXELF SODQDU ��FRQQHFWHG JUDSKV RQ �� YHUWLFHV >� @�

JLYLQJ ULVH WR �� WULDQJXODWLRQV RQ � YHUWLFHV� :H FKHFNHG WKDW FRPSOHPHQWV RI DOO
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