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7KH SUREOHP RI FRXQWLQJ QRQ^LVRPRUSKLF KH[DJRQDO V\VWHPV KDYLQJ WKH JLYHQ
QXPEHU RI KH[DJRQV LV D ZHOO^NQRZQ DSSOLFDWLRQ RI D FRPELQDWRULDO HQXPHUDWLRQ WR
WKH VWXGLHV RI EHQ]HQRLG PROHFXOHV LQ RUJDQLF FKHPLVWU\ �VHH� H�J� � >� @ � >� @ � �

$ VWDQGDUG DSSURDFK WR WKH H[KDXVWLYH JHQHUDWLRQ RI QRQ^LVRPRUSKLF FRPELQD�
WRULDO RE MHFWV ZLWKLQ VRPH FODVV & LV � H[WHQG DQG UHGXFH� � 7KH � H[WHQG� VWHS JHQHU�
DWHV DOO WKH SRVVLEOH RE MHFWV RI VL]H Q � � ZLWKLQ & � WKDW DUH SURGXFHG E\ DXJPHQWDWLRQ
RI DOO QRQ^LVRPRUSKLF RE M HFWV RI VL]H Q ZLWKLQ & � 7KH � UHGXFH� VWHS HOLPLQDWHV LVR�
PRUSKLF FRSLHV RI VL]H Q � �� OHDYLQJ H[DFWO\ RQH UHSUHVHQWDWLYH IRU HDFK LVRPRUSKLF
FODVV� %RWK VWHSV LQFOXGH H[SHQVLYH LVRPRUSKLVP WHVWV� WKH ORFDO LVRPRUSKLVP WHVWV LQ
WKH qUVW FDVH DQG E\ IDU PRUH H[SHQVLYH JOREDO LVRPRUSKLVP WHVWV RYHU WKH JHQHUDWHG
FDWDORJXHV LQ WKH VHFRQG FDVH�

$QRWKHU DSSURDFK� GXH WR 5 H LG >� @ � LV EDVHG RQ GLUHFW FRQVWUXFWLRQV RI FDQRQLFDO
H[WHQVLRQV DQG FDQRQLFDO UHSUHVHQWDWLYHV RI LVRPRUSKLF FODVVHV� ZLWKRXW SURGXFLQJ PX�
WXDOO\ LVRPRUSKLF FRSLHV� 7KH FDQRQLFDO FRQVWUXFWLRQV DUH VWUXFWXUH^GHSHQGHQW� WKH\
PXVW WDNH LQWR DFFRXQW WKH IHDWXUHV RI LVRPRUSKLF WUDQVIRUPDWLRQV RYHU WKH FRQVLG�
HUHG VWUXFWXUH� 6RPH YHUVLRQV RI WKLV DSSURDFK ZHUH DOVR DSSOLHG WR WKH HQXPHUDWLRQ
RI KH[DJRQDO V\VWHPV �>� @ � DQG WR UHODWHG WULDQJXODU DQG VTXDUH V\VWHPV DV ZHOO �>� @ �
>� � @ � �

7KLV SDSHU RpHUV D WKLUG DSSURDFK� ZKHQ WKH GRPDLQ RI KH[DJRQDO V\VWHPV LV

$ 0 6 6 X E MHFW & OD VVLq FD WLR Q �� � � � �� � � & � �
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FRQVLGHUHG DQG ZKHQ WKH VROH HQXPHUDWLRQ� ZLWKRXW SURGXFLQJ FDWDORJXHV� LV UHTXLUHG�
([SHQVLYH LVRPRUSKLVP WHVWV DUH FRPSOHWHO\ DYRLGHG� 7KH PHWKRG LV EDVHG RQ WKH
XVH RI WKH IRUPHUO\ REWDLQHG UHVXOWV FRQFHUQLQJ WKH V\PPHWULF KH[DJRQDO V\VWHPV�
PRUH SUHFLVHO\� WKRVH KH[DJRQDO V\VWHPV ZKLFK KDYH QRQ^WULYLDO V\PPHWU\ JURXSV�
,W LV WR VD\ WKDW WKH JHQHUDWLRQ RI QRQ^LVRPRUSKLF V\PPHWULF KH[DJRQDO V\VWHPV LV
PXFK IDFLOLWDWHG� LQ FRPSDULVLRQ ZLWK WKH JHQHUDWLRQ RI QRQ�LVRPRUSKLF JHQHUDO KH[DJ�
RQDO V\VWHPV� 7KH UHDVRQ OLHV LQ WKH IDFW WKDW WKH VHDUFK LQ V\PPHWULF FDVHV FDQ EH
UHVWULFWHG WR D SDUWLFXODU SDUW RI WKH KH[DJRQDO V\VWHP� ZKLFK LV EHLQJ SURGXFHG� &RQ�
VHTXHQWO\� WKH HQXPHUDWLRQ RI V\PPHWULF KH[DJRQDO V\VWHPV KDV EHHQ FRPSOHWHG �VHH�
H�J� � >� @ � >� @ � >� @ � >� � @ � ZLWK PXFK ODUJHU QXPEHUV RI KH[DJRQV WKDQ LQ WKH JHQHUDO FDVH�

7KH PDLQ LGHD RI WKH SURSRVHG PHWKRG LV WR JHQHUDWH KH[DJRQDO V\VWHPV ZLWKLQ
D VSHFLDOO\ VKDSHG UHJLRQ RI WKH KH[DJRQDO JULG� 7KH JHQHUDWLRQ RI DOO WKH QRQ^
LVRPRUSKLF KH[DJRQDO V\VWHPV RI D UHTXLUHG VL]H LV JXDUDQWHHG� 6RPH RI WKHP DUH
SURGXFHG VHYHUDO WLPHV� EXW DOO WKHVH PXOWLSOLFLWLHV DUH NQRZQ H[DFWO\� WKH\ GHSHQG
RQ WKH LQKHUHQW V\PPHWULHV RI D SDUWLFXODU KH[DJRQDO V\VWHP�

� � ' ( ) ,1 ,7 ,2 1 6 $ 1 ' 1 2 7 $ 7 ,2 1

7KH �LQqQLWH� K H[D JR Q D O JULG LV WKH qJXUH REWDLQHG E\ WLOLQJ WKH ZKROH SODQH
ZLWK UHJXODU KH[DJRQV RI WKH VDPH VL]H� 7KH K H[D JR Q D O V\VWHP LV D SDUW RI WKH KH[DJ�
RQDO JULG� ZKLFK FRQWDLQV D qQLWH QXPEHU RI KH[DJRQV �WKLV QXPEHU LV D SDUDPHWHU
RI WKH V\VWHP� DQG ZKLFK FDQ EH VXUURXQGHG E\ D FORVHG QRQ^VHOI^LQWHUVHFWLQJ SDWK�
7ZR KH[DJRQDO V\VWHPV DUH LVR P R US K LF LI WKHUH LV DQ LVRPHWULF WUDQVIRUPDWLRQ �D FRP�
ELQDWLRQ RI WUDQVODWLRQV� URWDWLRQV DQG D[LDO V\PPHWULHV� � ZKLFK PDNHV WKHP FRLQFLGH�
7KHUH LV D ELMHFWLRQ EHWZHHQ WKH KH[DJRQDO V\VWHPV DQG WKHLU ERXQGDU\ FORVHG SDWKV�
VR WKH FRXQWLQJ WKH QRQ^LVRPRUSKLF KH[DJRQDO V\VWHPV FDQ EH UHSODFHG E\ WKH FRXQW�
LQJ RI WKH FRUUHVSRQGLQJ FORVHG SDWKV�

7KH KH[DJRQDO JULG LV IXUWKHU UHSUHVHQWHG E\ WKH � EULFN^ZDOO W\SH� FRRUGLQDWH
V\VWHP� 7KH YHUWLFHV RI WKH KH[DJRQV DUH �LQ F\FOLFDO RUGHU� WKH SRLQWV ZLWK FRRUGLQDWHV

�[ b ��\ � �� � �[ b ��\ �� �[ �\ �� �[ � ��\ � � �[ � ��\ � �� � �[ �\ � �� �

ZKHUH [ � \ LV RGG� ,Q WKLV ZD\� KH[DJRQDO JULG LV HPEHGGHG LQ WKH XVXDO WHWUDJRQDO
JULG� LW LV REWDLQHG IURP WKH ODWWHU JULG E\ H[FOXGLQJ WKH HGJHV RI WKH IRUP �[ �\ � ��_
�[ �\ � � ZKHUH [ � \ LV RGG�

7KH IROORZLQJ WZR IHDWXUHV DUH XVHG WR REWDLQ D ERXQGHG UHJLRQ RI WKH KH[DJRQDO
JULG RI D UHDVRQDEOH VL]H� ZKLFK ZRXOG EH VXsFLHQW WR FRPSULVH DOO WKH QRQ^LVRPRUSKLF
KH[DJRQDO V\VWHPV ZLWK D JLYHQ QXPEHU RI KH[DJRQV�

q HDFK KH[DJRQDO V\VWHP 6 KDV D OHIW^PRVW KH[DJRQ �ZKLFK KDV D YHUWH[ ZLWK WKH
VPDOOHVW [ ^FRRUGLQDWH� �

q DPRQJ WKH OHIW^PRVW KH[DJRQV WKHUH H[LVWV WKH ORZHVW RQH �ZLWK WKH VPDOOHVW
\ ^FRRUGLQDWH� �

7KH XQLTXH KH[DJRQ FRQVWUXFWHG LQ WKLV ZD\ LV ODEHOOHG E\ �� ,WV YHUWLFHV �LQ F\FOLFDO
RUGHU� ZLOO KDYH WKH FRRUGLQDWHV ����� � ����� � ����� � ����� � ����� � ����� LQ WKH DVVRFLDWHG
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FRRUGLQDWH V\VWHP� 7KLV KH[DJRQ LV WKH FRPPRQ LQLWLDO KH[DJRQ IRU DOO WKH KH[DJRQDO
V\VWHPV ZKLFK DUH JRLQJ WR EH FRQVWUXFWHG�

+H[DJRQDO V\VWHPV KDYLQJ DW PRVW Q KH[DJRQV DUH FRXQWHG LQVLGH WKH ERXQGHG
UHJLRQ RI WKH VSHFLDO IRUP & D J H �Q � � & D J H ��� LV SUHVHQWHG LQ ) LJ �� � 1RWH WKDW WKH
KH[DJRQV GHQRWHG E\ WKH QXPEHU M EHORQJ WR & D J H �L� � IRU HDFK L w M �
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+H[DJRQDO V\VWHPV FDQ EH XQLTXHO\ UHSUHVHQWHG E\ WKHLU FRQWRXUV� L� H� � E\ FORVHG
SDWKV ZLWKRXW LQWHUVHFWLRQV� ZKLFK IUDPH WKH KH[DJRQV RI WKH V\VWHP� 2Q WKH RWKHU
KDQG� D SDWK LV FRQVWUXFWHG E\ DSSO\LQJ DQ DGYDQFLQJ SURFHVV �WR EH GHqQHG EHORZ� �
ZKLFK LV DSSOLHG WR HDFK SRLQW RI WKDW SDWK� ZKLFK LV EHLQJ JHQHUDWHG�

$ ERROHDQ PDWUL[ / LEH U SOD\V D FHQWUDO UROH LQ GLUHFWLQJ WKH SDWK� ,W GHWHUPLQHV
ZKHWKHU D SRLQW LV IUHH RU QRW IRU WKH FRQWLQXDWLRQ RI D SDWK�

7KH LQLWLDO YDOXHV RI / LEH U DUH XVHG WR GHWHUPLQH WKH VHDUFK DUHD ^ & D J H �Q � E\
SXWWLQJ WKH YDOXHV � 7 5 8 ( � LQ WKH LQWHULRU RI & D J H �Q � DQG WKH YDOXHV � ) $ / 6 ( � RQ LWV
ERUGHU E\ WKH IROORZLQJ 3 $ 6 & $ / SURFHGXUH � ,Q LWLD OL] H � �

3 U R F H G X U H ,QLWLDOL]H �Q � LQ WH J H U �

Y D U OLEH U � D U U D \ >b ����Q � ��b Q ��Q � �@ R I ERROHDQ� �

E H J LQ �
 ,QLWLDOL]H 
�
�
 / LEHU LV SULPDULO\ LQLWLDOL]HG WR EH 7 5 8 (
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ZLWKLQ WKH UHFWDQJOH ZKLFK FRYHUV WKH ZKROH FDJH 
�
IR U [ � b � WR �Q � � G R

IR U \ � b Q WR �Q � �� G R OLEHU >[ �\ @ � WU X H �
�
 8SSHU DQG ORZHU ERUGHU RI WKH FDJH 
�
IR U [ � � WR Q G R LI �Q b [ � PRG �  � WK H Q E H J LQ

OLEH U >[ �Q � �@ � ID OVH �
OLEH U >[ �b Q @ � ID OVH H Q G �

�
 /HIW ERUGHU RI WKH FDJH ^ XSSHU SDUW 
�
IR U \ � � WR Q G R OLEHU >b ��\ @ � ID OVH �
�
 /HIW ERUGHU RI WKH FDJH ^ ORZHU SDUW 
�
IR U \ � b Q � � WR � G R OLEHU >��\ @ � ID OVH �
�
 5LJKW ERUGHU RI WKH FDJH ^ XSSHU SDUW 
�
IR U \ � � WR Q G R OLEHU >�Q � � b \ �\ @ � ID OVH �
�
 5LJKW ERUGHU RI WKH FDJH ^ ORZHU SDUW 
�
IR U \ � � G R Z Q WR b Q � � G R OLEHU >�Q � � � \ �\ @ � ID OVH �

H Q G �
 ,QLWLDOL]H 
�

( [D P S OH� 7KH � VKHOO� RI WUXH �7 � DQG IDOVH �) � YDOXHV RI / LEHU LQ WKH LQLWLDO
SRVLWLRQ RI & D J H ��� VHHPV DV IROORZV�
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7KH PDWUL[ / LEHU LV DGMXVWHG GXULQJ WKH JHQHUDWLRQ RI SDWKV� ,WV YDOXH LQ D
SRLQW �[ �\ � LV WXUQHG WR ) $ / 6 ( DIWHU WKH SRLQW �[ �\ � LV DGGHG WR WKH FXUUHQW SDWK�
UH^HQWHULQJ �[ �\ � LQ VXFK D VWDWH ZRXOG OHDG WR D VHOI^LQWHUVHFWLRQ RI WKH SDWK� 2Q WKH
RWKHU KDQG� WKH 7 5 8 ( YDOXH RI OLEHU >[ �\ @ LV UHWXUQHG DIWHU WKH SRLQW �[ �\ � LV H[FOXGHG
IURP WKH FXUUHQW SDWK� QHZ SRVVLELOLWLHV IRU UH^HQWHULQJ LW DUH RSHQHG LQ WKDW FDVH�

( [D P S OH� 7KH HpHFW FDXVHG LQ WKH PDWUL[ / LEH U DIWHU WKH SDWK KDV SDVVHG
WKURXJK D � IUHH� ]RQH VHHPV DV IROORZV�

7 7 7 7 7 7 7 7 7 7

7 7 7 7 7 7 ) ) ) ) �
7 7 7 7 ) ) ) 7 7 7

b � ) ) ) ) ) 7 7 7 7 7

7 7 7 7 7 7 7 7 7 7

:H SURFHHG ZLWK D GHWDLOHG GHVFULSWLRQ RI WKLV DGYDQFLQJ SURFHVV�

7KH FRPPRQ LQLWLDO SRLQW IRU DOO WKH SDWKV WKDW ZH XVH LV WKH SRLQW ����� ^ WKH
PLGGOH SRLQW RI WKH ERWWRP HGJH RI WKH LQLWLDO KH[DJRQ� ,Q DGGLWLRQ� WKH FRPPRQ qQDO
SRLQW RI DOO WKHVH SDWKV ZLOO EH ����� �WKHVH WZR SRLQWV ZHUH VSHFLDOO\ PDUNHG RQ WKH
qJXUH LQ 6 HFWLR Q � � � $OWKRXJK WKH LQLWLDO DQG WKH qQDO SRLQW GR QRW FRLQFLGH� DOO WKH
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FRQVWUXFWHG SDWKV ZLOO EH FORVHG� VLQFH WKH SDWK FRQQHFWLQJ WKH SRLQWV ����� � ����� �
����� DQG ����� � LQ WKLV RUGHU� ZLOO EH DOZD\V DGGLWLRQDOO\ LQFOXGHG�

7KHUH DUH VL[ GLUHFWLRQV� DOO RI ZKLFK DUH EH VKRZQ RQ DQ RULHQWHG KH[DJRQ� ERWK
LQ WKH XVXDO DQG LQ WKH � EULFN^ZDOO� UHSUHVHQWDWLRQ �VHH ) LJ �� � �

) LJ ��

(DFK RI WKHVH GLUHFWLRQV PD\ EH DOVR YLHZHG DV D VWDWH DVVRFLDWHG WR DQ HGJH
EHIRUH HQWHULQJ D YHUWH[� 7KH LQLWLDO VWDWH LV � � 7KHUH DUH WZR FRQWLQXDWLRQV IURP
HDFK YHUWH[ �[ �\ � �WKH OHIW RQH DQG WKH ULJKW RQH� � 7KH GLUHFWLRQ �VWDWH� RI WKHVH
FRQWLQXDWLRQV GHSHQGV RQ WKH HQWHULQJ VWDWH� (DFK OLQH RI WKH IROORZLQJ WUDQVIRUPDWLRQ
WDEOH LV FRUUHVSRQGHG WR D VWDWH ��� WKURXJK ��� DQG FRQWDLQV WKH FRRUGLQDWHV RI WKH
QH[W SRLQW �GHQRWHG DV �Q [ �Q \ � � DQG WKH QH[W VWDWH IRU WKH OHIW WXUQ �/� DQG WKH ULJKW
WXUQ �5� �

� � / �[ � ��\ � �� 5 �[ �\ b �� �� � � / �[ �\ � �� �� 5 �[ � ��\ � � �
� � / �[ b ��\ � �� 5 �[ � ��\ � �� � � / �[ b ��\ � �� 5 �[ �\ � �� ��
� � / �[ �\ b �� �� 5 �[ b ��\ � �� � � / �[ � ��\ � � � 5 �[ b ��\ � ��

7KH IROORZLQJ SURFHGXUH � ' H Y H OR S � UHJXODWHV WKH DGYDQFLQJ SURFHVV� 7ZR UH�
FXUVLYH FDOOV RI WKLV SURFHGXUH DUH QDWXUDOO\ FRUUHVSRQGHG WR WKH WZR FRQWLQXDWLRQV
DIWHU HDFK YHUWH[ �[ �\ � �

3 U R F H G X U H 'HYHORS �[ �\ � LQ WH J H U � �

E H J LQ
OLEHU >[ �\ @ � ID OVH �
OHQ J WK R I S D WK � OH Q J WK R I S D WK � ��
�
 WKH SRLQW �[ �\ � LV DGGHG WR WKH FXUUHQW SDWK 
�
LI �[  �� D Q G �\  �� WK H Q
RXWSXW D QHZ KH[DJRQDO V\VWHP

H OVH E H J LQ
7XUQ OHIW DQG qQG Q [ � Q \ �
LI OLEH U >Q [ �Q \ @ WK H Q G H Y HOR S �Q [ �Q \ � �
7XUQ ULJKW DQG qQG Q [ � Q \ �
LI OLEH U >Q [ �Q \ @ WK H Q G H Y HOR S �Q [ �Q \ � �

H Q G �
OLEHU >[ �\ @ � WU X H �
OHQ J WK R I S D WK � OH Q J WK R I S D WK b ��
�
 WKH SRLQW �[ �\ � LV UHPRYHG IURP WKH FXUUHQW SDWK 
�

H Q G � �
 'HYHORS 
�
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7KH PDLQ SURJUDP� ZKLFK FDOOV WKH SURFHGXUH � ' H Y H OR S � � KDV WKH IROORZLQJ
RXWORRN�

E H J LQ �
 0DLQ 
� U H D G �Q � �
,QLWLDOL]H �Q �OLEH U � � 'HYHORS�

H Q G �
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7KH IROORZLQJ OHPPD RpHUV DQ HDV\ ZD\ IRU GHWHUPLQLQJ WKH QXPEHU RI KH[DJRQV
ZLWKLQ D KH[DJRQDO V\VWHP� ZKLFK LV VXUURXQGHG E\ D WUDYHUVHG SDWK�

/ H P P D � � 7 K H Q X P EHU Q �+ � R I K H[D JR Q V Z LWK LQ D K H[D JR Q D O V\VWHP + FD Q EH FR X Q WHG

R Q WK H ED VLV R I WK H IR OOR Z LQ J IR UP X OD �u v; ;�
Q �+ �  [ �X S �+ � b [ �G R Z Q �+ � �

�

Z K HUH�

[ �X S �+ � LV D Q [ ^ FRR UG LQ D WH Z LWK Z K LFK WK H VWHS X S LV G R Q H� LQ WK H FR X UVH R I
WUD YHUVLQ J WK H FR Q WR X U R I + �VWD WH � �

[ �G R Z Q �+ � LV D Q [ ^ FRR UG LQ D WH Z LWK Z K LFK WK H VWHS G R Z Q LV G R Q H� LQ WK H FR X UVH
R I WUD YHUVLQ J WK H FR Q WR X U R I + �VWD WH � �

3 U R R I � 7KH DUHD RI D KH[DJRQDO V\VWHP FDQ EH SDUWLWLRQHG LQWR KRUL]RQWDO
VHFWLRQV RI ZLGWK � �VHYHUDO RI WKHVH VHFWLRQV PD\ KDYH WKH VDPH \ ^FRRUGLQDWH� � 7KH
KH[DJRQV LQ VXFK D VHFWLRQ DUH UHSUHVHQWHG E\ UHFWDQJOHV RI VL]H � d �� WKHLU QXPEHU
LV H[DFWO\ RQH KDOI RI WKH GLpHUHQFH RI [ ^FRRUGLQDWHV RI WKH YHUWLFDO ERUGHUV RI WKH
VHFWLRQ� ¤

� � 7 + ( 1 8 0 % ( 5 2 ) 1 2 1 ^ ,6 2 0 2 5 3 + ,&
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7KH SURFHGXUH GHVFULEHG LQ 6 HFWLR Q � JHQHUDWHV RQO\ WKRVH KH[DJRQDO V\VWHPV
ZKLFK

D� FRQWDLQ WKH LQLWLDO KH[DJRQ� ODEHOOHG E\ ��

E� DUH LQFOXGHG LQWR & D J H �Q � IRU VRPH Q �

/ H P P D � � 7 K HUH LV Q R W D Q R Q ^ WULYLD O WUD Q VOD WLR Q Z K LFK P D S V R Q H K H[D JR Q D O V\VWHP

VD WLVI\LQ J WK H S UR SHUWLHV D� D Q G E� WR D Q R WK HU VX FK K H[D JR Q D O V\VWHP �

3 U R R I � ,I WKH GLUHFWLRQ RI WKH WUDQVODWLRQ YHFWRU� DSSOLHG WR D KH[DJRQDO V\VWHP
s sVDWLVI\LQJ D� DQG E� � EHORQJV WR WKH DQJOH LQWHUYDO �b �� ���� @ � UHVSHFWLYHO\ WR WKH

s sDQJOH LQWHUYDO ���� �b �� @ � WKHQ WKH FRQGLWLRQ D� � UHVSHFWLYHO\ WKH FRQGLWLRQ E� � LV
QRW VDWLVqHG ZLWK WKH UHVXOWLQJ KH[DJRQDO V\VWHP� ¤
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7KH IROORZLQJ WKHRUHP JLYHV WKDW WKH PXOWLSOH DSSHDUDQFHV RI PXWXDOO\ LVRPRU�
SKLF FRSLHV� ZKLFK DUH JHQHUDWHG E\ RXU DOJRULWKP� DUH H[DFWO\ NQRZQ�

7 K H R U H P � � ,I D K H[D JR Q D O V\VWHP + K D V WK H V\P P HWU\ JUR X S R I R UG HU N �Z K HUH

N � I������������J �� WK HQ WK HUH D UH H[D FWO\ �� N K H[D JR Q D O V\VWHP V LVR P R US K LF WR +
D Q G VD WLVI\LQ J WK H FR Q G LWLR Q V D� D Q G E��

3 U R R I � $ FRQVHTXHQFH RI WKH SUHYLRXV OHPPD LV WKDW WKHUH DUH DW PRVW ��
KH[DJRQDO V\VWHPV LQ WKH FODVV F�+ � � FRQVLVWLQJ RI DOO WKRVH GLpHUHQW KH[DJRQDO V\VWHPV
VDWLVI\LQJ D� DQG E� � ZKLFK FDQ EH REWDLQHG E\ DSSO\LQJ LVRPHWULF WUDQVIRUPDWLRQV WR
D JLYHQ KH[DJRQDO V\VWHP + � 7KH KH[DJRQDO V\VWHPV � SDUDOOHO� WR WKH KH[DJRQDO
V\VWHPV LQ F�+ � DUH REWDLQHG E\ DSSO\LQJ WR + WKH WZHOYH WUDQVIRUPDWLRQV �FRPELQD�
WLRQV RI URWDWLRQV DQG D[LDO V\PPHWULHV� IURP WKH V\PPHWU\ JURXS ' RI WKH KH[DJRQDO�

JULG� ,I WKH V\PPHWU\ JURXS RI + LV RI RUGHU N � WKHQ WKHUH DUH H[DFWO\ �� N GLpHUHQW
KH[DJRQDO V\VWHPV� ZKLFK FDQ EH REWDLQHG IURP + E\ DSSO\LQJ WKH V\PPHWULHV RI ' ��
¤

/HW Q �* �N � GHQRWH WKH QXPEHU RI QRQ^LVRPRUSKLF KH[DJRQDO V\VWHPV ZLWK N

KH[DJRQV� ZKLFK KDYH WKH V\PPHWU\ JURXS * � )XUWKHU� OHW + �N � GHQRWH WKH WRWDO
QXPEHU RI KH[DJRQDO V\VWHPV ZLWK N KH[DJRQV� ZKLFK VDWLVI\ WKH FRQGLWLRQV D� DQG E�
�HTXLYDOHQWO\� ZKLFK DUH JHQHUDWHG E\ RXU DOJRULWKP IRU D JLYHQ N � � 7KHRUHP � LPSOLHV
WKH IROORZLQJ HTXDWLRQ �VHH DOVR >� @ � �

+ �N �  Q �' �N � � �Q �& �N � � �Q �' �N � � �Q �& �N ��� K � K � K � K

� �Q �' �N � � �Q �& �N � � �Q �& �N � � ��Q �& �N � �
� K � K � Y V

5 H P D U N � 7KH VWDQGDUG GHQRWDWLRQV RI VXEJURXSV RI ' DUH XVHG KHUH� 7KH
�

GHQRWDWLRQV ' DQG & FRUUHVSRQG WR WKH G\KHGUDO DQG F\FOLF JURXSV RI RUGHU L UHVSHF�L L

WLYHO\� ,Q SDUWLFXODU� ZKHQ WKH F\FOLF JURXS & LV FRQVLGHUHG� D GLVWLQFWLRQ LV PDGH
�

sEHWZHHQ WKH D[LDO V\PPHWU\ DQG URWDWLRQ IRU ��� �FHQWUDO V\PPHWU\� �

2Q WKH RWKHU KDQG� WKH SDUWLWLRQ RI QRQ^LVRPRUSKLF KH[DJRQDO V\VWHPV RQ N

KH[DJRQV� ZLWK UHVSHFW WR WKHLU V\PPHWU\ JURXSV� JLYHV WKH IROORZLQJ HTXDWLRQ�

1 , 6 �N �  Q �' �N � � Q �& �N � � Q �' �N � � Q �& �N ��
� K � K � K � K

� Q �' �N � � Q �& �N � � Q �& �N � � Q �& �N � �
� K � K � Y V

ZKHUH 1 , 6 �N � GHQRWHV WKH QXPEHU RI QRQ^LVRPRUSKLF KH[DJRQDO V\VWHPV RQ N KH[DJ�
RQV�

,W VKRXOG EH VWUHVVHG WKDW WKH FRXQWLQJ RI QRQ^LVRPRUSKLF KH[DJRQDO V\VWHPV
SRVVHVVLQJ QRQ^WULYLDO V\PPHWULHV LV PXFK IDFLOLWDWHG� IRU WKHLU FRQWRXUV QHHG EH RQO\
SDUWO\ JHQHUDWHG� &RQVHTXHQWO\� WKHVH QXPEHUV DUH NQRZQ IRU PXFK ODUJHU YDOXHV RI N
WKDQ WKH QXPEHU Q �& �N � �ZKLFK LV E\ IDU WKH ODUJHVW DPRQJ WKH HLJKW YDOXHV Q �* �N � � �V

2XU PHWKRG IRU GHWHUPLQLQJ WKH QXPEHU 1 , 6 �N � LV WKH IROORZLQJ� WKH QXPEHU
+ �N � LV SULPDULO\ GHWHUPLQHG E\ WKH DOJRULWKP GHVFULEHG LQ 6 HFWLR Q � � 7KH QXP�
EHUV Q �' �N � � Q �& �N � � Q �' �N � � Q �& �N � � Q �' �N � � Q �& �N � DQG Q �& �N �

� K � K � K � K � K � K � Y

DUH WDNHQ IURP WKH OLWHUDWXUH� 7KH QXPEHU Q �& �N � LV GHWHUPLQHG IURP WKH qUVW RIV

WKH DERYH WZR HTXDWLRQV DQG VXEVWLWXWHG LQ WKH VHFRQG RQH DIWHUZDUGV�
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( [D P S OH� 8VLQJ & D J H ��� � ����� KH[DJRQDO V\VWHPV ZLWK � KH[DJRQV ZHUH SUR�
GXFHG� 2Q WKH RWKHU KDQG� LW LV NQRZQ WKDW WKHUH DUH � � �� �� ��� ��� QRQ^LVRPRUSKLF
KH[DJRQDO V\VWHPV ZLWK � KH[DJRQV SRVVHVVLQJ WKH V\PPHWU\ JURXSV ' � & � ' �

� K � K � K

& � & UHVSHFWLYHO\� 7DNLQJ LQWR DFFRXQW WKDW HDFK KH[DJRQDO V\VWHP LQ WKHVH FODVVHV
� K � Y

DSSHDUV UHVSHFWLYHO\ �� �� �� �� � WLPHV LQ WKH FODVV RI WKH FRQVWUXFWHG KH[DJRQDO V\V�
WHPV DQG WKDW HDFK QRQ^V\PPHWULF � ZLWK WKH WULYLDO V\PPHWU\ JURXS & � KH[DJRQDOV

V\VWHP DSSHDUV �� WLPHV� LW IROORZV WKDW WKH QXPEHU RI QRQ^LVRPRUSKLF QRQ^V\PPHWULF
KH[DJRQDO V\VWHPV ZLWK � KH[DJRQV LV HTXDO WR

����� b � c� b � c� b � c� b � c�� b � c���
 �����

��

DQG qQDOO\ WKH QXPEHU RI QRQ^LVRPRUSKLF KH[DJRQDO V\VWHPV ZLWK � KH[DJRQV LV HTXDO
WR

���� � � � � � � � �� � ���  �����

$ WDEOH RI WKH FDOFXODWHG QXPEHUV RI QRQ^LVRPRUSKLF KH[DJRQDO V\VWHPV VHHPV DV
IROORZV�

IDFWRU � � � � � � ��
Q + �Q � ' ' & ' & & & 1 , 6 �Q �

� K � K � K � K � K � Y V

� � � � � � � � � �
� � � � � � � � � �
� �� � � � � � � � �
� �� � � � � � � � �
� ��� � � � � � � �� ��
� ��� � � � � � �� �� ��
� ���� � � � � � �� ��� ���
� ����� � � � � �� �� ���� ����
� ����� � � � � �� ��� ���� ����

7KH UHVXOWV REWDLQHG LQ WKH ODVW FROXPQ FRLQFLGH ZLWK WKH qJXUHV REWDLQHG LQ
>� @ � 7KH RUGHU RI UXQQLQJ WLPH IRU Q  � ZDV VHYHUDO KRXUV RQ 3&^$7� �

� � 6 2 0 ( & 2 0 0 ( 1 7 6 2 1 ( ) ) ,& ,( 1 & <

7KH PDLQ FRPSXWDWLRQ SUREOHP ZLWK WKH SUHVHQWHG DOJRULWKP LV SURGXFLQJ D KXJH
QXPEHU RI KH[DJRQDO V\VWHPV ZLWK PRUH WKDQ Q KH[DJRQV ZLWKLQ & D J H �Q � � ,W LV
XVHOHVV WR FRXQW WKHVH KH[DJRQDO V\VWHPV� IRU VXFK D FRXQWLQJ LV QRW FRPSOHWH� /HW
7 �Q � DQG 8 �Q � UHVSHFWLYHO\ GHQRWH WKH WRWDO QXPEHU RI JHQHUDWHG KH[DJRQDO V\VWHPV
�DIWHU WKH LPSURYHPHQWV GHVFULEHG LQ ��� � DQG ���� ZHUH LPSOHPHQWHG� DQG WKH QXPEHU
RI � XVHIXO� KH[DJRQDO V\VWHPV DPRQJ WKHP� 7KH IROORZLQJ WDEOH VKRZV WKH PDJQLWXGH
RI WKLV SUREOHP�
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Q � � � � � � � � �

7 �Q � � � �� ��� ���� ����� ������ ������ "
8 �Q � � � �� �� ��� ���� ���� ����� �����

7KH GDWD OLNH WKHVH LPSO\ D KLJK QHFHVVLW\ IRU SUXQLQJ WKH VHDUFK WUHH� L�H� IRU
UHGXFLQJ WKH QXPEHU RI UHFXUVLYH FDOOV RI WKH SURFHGXUH � ' H Y H OR S � � :H VNHWFK WKUHH
LGHDV IRU VXFK LPSURYHPHQWV�

� �� 7 K H 0 LQ LP D O / H Q J WK & R P S OH WLR Q

7KH PD[LPDO SHULPHWHU RI D KH[DJRQDO V\VWHP KDYLQJ Q KH[DJRQV LV HTXDO WR
�Q � �� >� @ � 7KLV LPSOLHV WKDW WKH UHFXUVLYH FDOOV ZLWKLQ WKH FDOO G H Y HOR S �[ �\ � VKRXOG
QRW EH DFWLYDWHG �WKH UHFXUVLRQ VKRXOG EH VWRSSHG� ZKHQHYHU WKH IROORZLQJ FRQGLWLRQ
LV IXOqOHG�

M[ b �M� M\ b �M ! ��Q � �� b �� � OHQJWK�RI�SDWK��

WKDW LV� ZKHQHYHU WKH PLQLPDO QXPEHU RI VWHSV QHHGHG WR FRPSOHWH WKH FRQWRXU LV
JUHDWHU WKDQ WKH PD[LPDO QXPEHU RI WKH UHPDLQLQJ HGJHV ZLWK KH[DJRQDO V\VWHPV
KDYLQJ Q KH[DJRQV�

� �� ) R U E LG G H Q 5 LJ K W 7 X U Q LQ J V LQ WK H 3 H U LS K H U D O
$ U H D R I & D J H �Q �

7KH ULJKW WXUQLQJV VKRXOG QRW EH DOORZHG DORQJ WKH SHULSKHUDO HGJHV RI WKH FDJH�
VLQFH WKHUH LV QR SRVVLELOLW\ LQ VXFK FDVHV WR FRPSOHWH WKH FORVHG SDWK ZLWKRXW VHOI^
LQWHUVHFWLRQV� 7KLV LV UHJXODWHG E\ WKH IROORZLQJ ERROHDQ YDULDEOH $ OOR Z H G ZKLFK LV
DSSOLHG LQ WKH FRQMXFWLRQ ZLWK WKH ERROHDQ PDWUL[ / LEH U RQ WKH RFFDVLRQ RI ULJKW
WXUQLQJV�

$ OOR Z H G  ID OVH �ZLWK & D J H �Q � � IRU �

� VWDWH  � � [ b \  �Q b � � \ � � � RU

� VWDWH  � � [ � \  �Q � \ ! � � RU

� VWDWH  � � \  Q � RU

� VWDWH  � RU � � [  � � \ ! � � RU

� VWDWH  � RU � � [  � � \ � � � RU

� VWDWH  � � \  b Q � � � �

RWKHUZLVH $ OOR Z H G  WU X H �

� �� $ & R Q Y H [ + X OO ,P S U R Y H P H Q W R I WK H ' LVWD Q F H

$ IXUWKHU LPSURYHPHQW RI WKH PLQLPDO OHQJWK FRPSOHWLRQ LV UHDFKHG E\ REVHUYLQJ
WKDW WKH FXUUHQW SDWK FDQQRW EH HYDGHG IURP WKH OHIW^KDQG VLGH� 7KLV LPSOLHV WKDW
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WKH PLQLPDO QXPEHU RI HGJHV QHHGHG WR FRPSOHWH WKH SDWK IURP D SRLQW �[ �\ � LV QRW
VPDOOHU WKDQ

M[ b S M� M\ b S M� MS b �M� MT b �M�
ZKHUH WKH QXPEHUV S DQG T DUH UHVSHFWLYHO\ IRU � JUHDWHU WKDQ WKH ODUJHVW [ ^FRRUGLQDWH
�UHVSHFWLYHO\ \ ^FRRUGLQDWH� � ZKLFK ZDV UHDFKHG DORQJ WKH SDWK� 7KH DERYH H[SUHVVLRQ
VKRXOG UHSODFH WKH OHIW^KDQG VLGH RI WKH LQHTXDOLW\ LQ ��� �

,Q VRPH FDVHV QHZ WUDQVLWLRQ SRLQWV �EHVLGHV �S �T � � VKRXOG EH LQVHUWHG EHWZHHQ
WKH FXUUHQW SRLQW �[ �\ � DQG WKH qQDO SRLQW ����� � $Q HODERUDWLRQ RI WKLV LGHD OHDGV WR
WKH QHFHVVLW\ WR FRQVLGHU WKH OHQJWK RI WKH FRQYH[ KXOO RI WKH SDWK�

� � & 2 1 & / 8 6 ,2 1

7KH SURSRVHG PHWKRG IRU FRXQWLQJ QRQ^LVRPRUSKLF JHQHUDO KH[DJRQDO V\VWHPV
ZLWK D JLYHQ QXPEHU RI KH[DJRQV DYRLGV H[SHQVLYH LVRPRUSKLVP WHVWV� ,W XVHV WKH
NQRZQ QXPEHUV RI QRQ^LVRPRUSKLF V\PPHWULF KH[DJRQDO V\VWHPV DQG SURGXFHV DOO WKH
KH[DJRQDO V\VWHPV FRQWDLQLQJ D q[HG KH[DJRQ� ZKLFK PLJKW DULVH ZLWKLQ D VSHFLDOO\^
VKDSHG FORVHG UHJLRQ RI WKH KH[DJRQDO JULG�

$OWKRXJK WKH LVRPRUSKLVP WHVWV DUH DYRLGHG� WKH PHWKRG LV QRW YHU\ HsFLHQW
GXH WR WKH FRXQWLQJ RI D KXJH QXPEHU RI XQGHVLUDEOH KH[DJRQDO V\VWHPV� 7KLV IDLOXUH
RI WKH PHWKRG FDQ EH SDUWO\ RYHUFRPH E\ LQWURGXFLQJ VRPH LPSURYHPHQWV� ZKLFK KHOS
WKH � KRSHOHVV� UHFXUVLRQV WR EH FXW LQ HDUO\ VWDJHV RI WKH UHFXUVLRQ� :H KRSH WKDW
VRPH PRUH VRSKLVWLFDWHG LGHDV PD\ OHDG WR D FRQVLGHUDEOH LPSURYHPHQW RI HsFLHQF\
RI WKH PHWKRG�
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