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739. A GENERALIZATION OF CHEBYSHEV INEQUALITY FOR
CONVEX SEQUENCES OF ORDER k*

Gradimir V. Milovanovi¢ and Igor Z. Milovanovi¢

In this paper, using the monotony of convex sequences of order k (=2),
we will prove a generalization of CHEBYSHEV inequality (see [1] and [2]).

Let S, be a set of all real sequences a={(a,, ..., a,) which are convex
of order k (1<k<n), i. e.

k Ik
Sk={a¢Akam= > (= (%) apesizo0 (1§m§n—k)}.
i=0 !

Define the sequence a™=(a{’, ..., a’) (r is a fixed positive integer)
recursively by
1 - a
aR=—al", o) =a, (a,(rf)=———'" )
m mr—1

Let SP={alacS, AA 14TV 20 (i=1, ..., P))}, where p<k.
The following results are proved in [3].

Theorem A. The implication acS% = aPeS,_, (k=2) holds.

Theorem B. The implication aesik'l) => dbecgs, (k=2) holds.

The following generalization of CHEBYSHEV inequality is proved in {4].
Theorem C. If a=(a,, ..., a,) and b=(b,, ..., b,) are two real sequences such
that

0 =al é T §a

ne

0=b=<..-.-585,

a_1—2a;+a;,,20
(i=2,...,n-1),
b, y—2b+b;,,20

then the following inequality is valid
¢y C.(a, b; p)2C,_;(a, b; p),

!

n 2 n n n n
C, (a, b;P)=( >pi(i- 1)) > piab— > pi(i— 1)? > p:ia > pib;
i=1 i=1 i=1 i=1 i=1

where

and p=(p,, ..., P,) is a positive sequence.

* Presented by P. M. Vasi¢ and 1. B. LAckoviC,
Ovaj rad je finansirala Republi¢ka Zajednica Nauke Srbije.
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From the inequality (1), as shown in [4], we obtain directly the fol-
lowing inequality

n 2 n n n n
2) (Zpi(i_l)) > piabz Zpi(i—l)z > pig; >pib;
i=1 i=1 i=1 i=1 i=1

representing a generalization of CHEBYSHEV inequality for convex sequences.

Using the properties of convex sequences of order k(=2) proved in
Theorem A and B, we will prove the following result:

Theorem 1. Let p=(p,, ..., p,) be a positive sequence. If r positive sequences
a=(ay, ..., a,), b=b, ..., b),..., e=(e, ..., e,) belong to a set Se=D
(n=k), then the inequality

n r—1 n n n n
3) (Ep,-) S piah--ez=N > pia; >pibi-- Spie
= i=1 i=1 i=1 i=1
holds, where
n r—1 n
(o] (5o
k= = = —l

Proof. If in CHEBYSHEV inequality for r sequences

n r—1 n n n n
4 (Eqi) >aX Y =—>~Z X > qiYicr D 4l

i=1 i=1 i=1 i=1 i=1

: _ o k=1 k=D (=1 _ajbi---e; .
we substitute r=2, q,=p; 7', x;=i R yi—T(k—x)_(l_l’ ce., H), WE
s

‘will obtain

<, k=1 < k-1

L . o 0 '
(5) igipil iglpiaibi =z Z (r 1)(,( 1)
. . o ; b; ,
With new substitutions g;=p,i*7*, x; = _ka_’l s Yi= _k_‘l, ey b= _keil (i=1,.., n),
il 1 i

the inequality (4) becomes

r—1 n

) (ZPii"“) SrEE I e S hbe S ne
i=1 i=1 i=

From the inequalities (5) and (6), the inequality (3) follows.
Since the sequences a=(a;,..., a,), b=(b;,..., b)), ..., e=(e,..., ¢)
belong to the set S¥=Y then the sequences

oy _ (% (b o _ (¢
a (,‘k—l)’ b (ik—l)"”’ e (,-k-x s

according to th: Theorem A4 and B, are monotonically increasing sequences.
"This means that the introduced substitutions satisfy the conditions necessary
for inequality (4).
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Let us show that N, ,, for fixed r, increases as the parameter k in-
creases, i. e. inequality (3) becomes sharper as k increases.

Inequality
> pia/l > pial
i=1 i=1

n =
z p;b’ z pi b’
i=1 i=1

which holds if:

1/r 1/s

(rgs, r, s#0, )
lr|<+ o0, |[s|<+ o0

p,>0,..., p,>0; ,>0, ..., a,>0, b;=...25>0, ﬁé .. gﬁ
a, ap
or
b by,
p,>0,..., p,>0; ,>0,..., a,>0, b,z.-.-2b>0, 2=...2"
a, an

(see, e.g. [1], [5], [6]) for s=1, a,=i*7% b;=i*"2 (i=1,..., n), becomes
N;, x=N, «_,, wherefrom we conclude that

]er,kg]\’r,k—l2 e 2Nr,1= L.
Let us quote same corrolaries of the Theorem 1.

Corrolary 1. Let a=(ay, ..., a,), b=(b,, ...
with the property a,—a, =0, b,—b,=0. Then, if p=(p,, ...
quence, then the inequality

2 n n

a) (zp,-i) S pabzS p Spa S pib,
i=1 i i=1 i=1 i

i=1 =1
holds.
This inequality is connected with inequality (2), and can be derived from

the inequality (3) for k=r=2.

, b,) be positive convex sequences
» Dp) IS positive se-

Corrolary 2. For k=2 and p;,=1 (i=1, ..., n) the inequality (3) becomes

Gby- e ZMO) S a5 by
i=1 i=1 i

€

®

where

T
Ve

2 Sir

—- =1
MO -
For instance
M(2)=ﬂz—'1i9, M(3)= 2 , M(4)=8(2n+1)(3n2+3n—1).
3n(n+1) n(n+1) 15 (nr 1)°

Since lim (™' M (r)):_zf? applying boundary value (n— + c0) inequ-
n—+ r+
ality (8) can be reduced to ANDERSSON inequality (see [1], [7]),

1 1 1
ojf:(x)- : -f,(x)dxz%ojfl (x) dx- - -off,(x)dx.
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JEDNA GENERALIZACIJA CEBISEVLJEVE NEJEDNAKOSTI ZA
KONVEKSNE NIZOVE REDA k

Gradimir V. Milovanovié i Igor Z. Milovanovié

U ovom radu, koristeéi se osobinama monotonosti nizova konveksnih reda k (=2,),
dobijamo jednu generalizaciju CepiSevijeve nejednakosti. Ukazano je i na jedan integralni
analogon.



