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712. A GENERALIZATION OF A LINEAR FUNCTIONAL EQUATION, II*
J. K. Chung

. The functional equation to be considered is a certain generalization of
the functional equation

(O) (_ 1)"f(x1’ R xn)—f(xz’ tre xn+1)

+3> (P f(x), Xy oo s X X405 oo s Xy )=0

i=1

to the case where all the figuring functions are different:

)] (“1)nFn+1(x1’ ) xn)_Fn+2(x2 > ot s xn+'1)
+ Z (—l)"“Fi(xl, R A R TIE, ,,+1)=0.
i=1

D. S. Mrtrivovi¢ and D. Z. Diokovi¢ [1] have obtained the general
differentiable solution of equation (0). In certain particular cases (1) has been
solved by the author in [2], and the general solution of equation (1) was also
obtained but without proof.

In this paper we deduce the general differentiable solution of equation (1).
The form of general solution given here is simplier than that of paper [2].

We prove the following

Theorem. The general differentiable solution of equation (1) is

2) Fi(x;, -, x)=A,(x+x,, X5, ..., x)—A,(x, X,+x5, X ..., X,)
oo (=D)AL (X s Xy Xt Xy)
F(=1)" AL (e, o, X)) —Ci(xy o, X)),

* Presented April 25, 1980 by D. Z. Diokovic.
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Fi(xpy ooo s X)=A ;i (4% Xy ooy X)) — Ay i (X, X4+ X3, X4y o0y X,)
ot (A (s X X e, Xy)
F (=D A,y s X Xy e s X)
A2 0 K Xy F X ey XA
+(=1)"A4,,_ G ooty Xy X, X))
F (=1 A, (e X ) —Ci(Xys oo 5 Xy)
(i=2,...,n),

Fooi (oo X)=A,(x 4+X5 X35 ooy X)) —Ap (X X+ X5, X4y o, X,)
FoeH (D) A (X s Xy X X))
F (=1 A (o oy X )= G (s -, X,

Fooalxp oo x)=Co(x,+% X35 o ov 5 X)—Ci(Xy X+ X5 Xgp ooo s X,)
SRERRN G ) LA c NSNS ST
+(—D)"1C,, (s ey X, ) —C (X e, X)),

where 4., ..., Ap» Cp, ..., C, are arbitrary differentiable functions.

Proof. In order to prove that (1) implies (2), first, let us differentiate
(1) with respect to x, and substitute x, =0 into the result, then using the notations

0 .
e Fi(xpooo s X)) [xpm0=8y,;_,(Xp X5 ..., X)) (i=2,...,n+1),
1

we obtain immediately

9

dx,

3

Fi(xy ooy Xy )=y (4 X5 X4 ooy Xy ) =015 (3 X3+ X4y oy Xyyy)

toee (=D, (g s Xy Xt X ) F (1) A (2, -, X))
Integrating this with respect to x,, one obtain
(@) Fi(xp oo s X)) =A (4 X5 Xgp ooy Xy )= Ap (X X3+ X4 <00y Xpyy)
Foer (D) A (g s Xy Xy Xy )
+ (=D AL s X)—C (X ey Xy ),
9

ox,

where

A ooy x)=a,(%,, ..., x) (i=1, ..., n), C(x5, ..., X))

is an arbitrary differentiable function.
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Putting this into (1) we have
&) A (X4 X5, X ooy Xy )= A (6 + X5 X3+ X4 Xgy oo s Xpyy)
oo (S Ay (X Xy ey Xy Xyt Xy )
F (=1 AL o+ X, Xy oy %)= Cy (X Xay o e s X,)
F (1 Py (5 Xps oo X)) = F 5 (X5 X3+ o0y Xyy)
n
+i=22 (=D F (e s Xy X+ Xpagy v 5 Xp4q) =0
By putting x,=0 into (5) and replacing x;,, by x; (i=2, 3, ... , n)
we have
6) Fo(x; Xy ooy X)=Ap (X4 X5 X35 oo Xp) — Ay (X, X34+ X5, ... 4 Xp)
For (1) Ay (K X s Xy Xy X,)
F (=1 Ay (X, Xy oo s Xy ) —Cp (X X3 -0 5 Xp)s
where
Ay(xpy Xpp oo s Xy )=A (X Xps oo s X )= Fi (%, 0, x5 o0y X))
(i=2,...,n),
Co(xp X35 oo s X)=C, (X3 X35 ..., X))+ F,15(0, X5, X35 ..., X,).
Substituting (6) into (5) we obtain
(7) = A (X X34 X4 Xgy ooy Xpyy) F Ay (5 + X X35 X+ X5y 000y Xy i)
— e (1) Ay (X, Xy oy Xplgs Xy X )
(= D) A (X Xgs oy X)) F Ay (Xpy Xp Xyt Xy Xy ooy X))
= Apy (X, X+ X3 X+ Xs5 oo s Xyy)F 00
F (=D A, (X X+ X ooy Xy gy X+ Xpyy)
F (=12 Ay (X X+ X5 X5 -5 X)) = Cp(Xg, Xy oo 5 Xpiy)

+C2(x2+x3’ Xgp o o0 s xn+1)+(— l)"Fn+1(x1, crr xn)

n
_Fn+2(x29 AR xn+1)+ z(_-l)t-'—lFl(xl’ R ] x‘—l’ x1+xt+1’ s ’xn+l)=0’
i=3
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We will show by induction that the first k (2 <k <n) unknown functions
Fi(j=1, 2, ..., k) which satisfy equation (1) may be written as (4) and the
following form

8) Fi(xy ..., x)=A ;1 (x+x5 x5 ..., xn)~A2_j_1 (xp X+ X3 ..., X,)
Fooe A (D) A G X L Xy)
S Gl VALY P GRS A5 N )
F(=IY2A 5 (X ey X F Xy e Xp)
+ e (=D 4 (X e Xnop Xp_1+X,)
(=1 A, (g Xy o X)) —Ci (X, Xy oo X)) (J=2, ..., k),

and finally the remaining n—k +2 unknown functions will satisfy the follo-
‘wing equation

49) (=D A (X + X X oy Xy T Xpigs o e s Xpiy)
F (= IR 2 A gy O X0, Xy o XpeaaF Xy <o s X))
Foe e F (1A O Xy, Xy X X))
(=D A, (X X3y, Xy)
IO DR Ay (5 X+ X Kyr ooy X+ Xz e Kay)
F (D2 A, o (B Xy X5, X ooy Xyt Xpgs s Xy g) v
A (=104, (o, X+ Xy, Xy ooy X+ X, )+ (=1 1A, (6, X, + X5, X, -, X))
e +(_1)k_l[("1)k+1Akk(x1’ s X Xt X i -l xn+1)
F (=D 2 A e (3 e Xt X Xz F Xags s Xp)+ e
A (=D Ay (X o Xt Xy Xy e s Xy Xy 1)
F (=D Ay (X -y Xt Xy s X))
=Gy (X35 Xy oo Xy ) C O+ X5, Xy o, Xy yy)
e (DR C (g s X Xy - X))

A (=1 F, (o, X oo X)) = Fy (X5, X5 o0y Xpyy)

n
+ > (DY F ey e s X+ X000 ooy X ) =0.
d=k+1

n
REMARK. Far k=n we define Z =0.
n+i



X, =0 and replacing x,,, by x; (i=k+1, k+2, ...

(10)
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In fact, it follows from (4), (6) and (7) that the statement is valid for
k=2. Suppose that the statement is valid for k where 2<k=n—1. Setting

, n) in (9) we get

Fray (X Xp oo X)) = A (0 + X5, X3, ooy X)) = Aoy (X5 X X5, 000, X,)
+ e +(—])k+1Akk(xl’ et xk—l’ xk+xk+l’ MR xn)

FFay (X ooy X 0y X F X gs o v 5 X))

— A e (X X oo X 0y X F X s s Xy)

Ay g Oy XX X oo Xy Oy X X gy ey Xy} — 0
+(“‘1)k—1Ak._1,k+1(xu cees X Xp_y Xk 0y X X5 10 Xpsgs oon s Xg)
F (=D Ay g o e s Xaes X+ Xp s oo 5 X))

ey s oo X 0y Xpis Xasa b Xpio o0 5 Xp)

’Al,k+2(x1+x2a Xys oo s Xp» 0, Xkt Xkt Xerys oo s xn)

Ay ks (X Xy F Xy, Xy ooy X Oy Xy Xpap F Xpygs ey X)— - - -

F (=D A k(s e X X F X 0, Xy X F Xpge ey Xy)
F (=D A 1, (X ooy Xir> Xkp2t Xags o v o s X)]+ - -

F (=D T2, (o oo X Oy Xy ooy Xuzs X+ X))

— A O Xy, Xy e X O X gy s Xy Xy X,)

F Ay O X X5 Xy o X O, Xy oy Xy X X)) —

(=D Ay o O s Xk X X 0y Xpigs oy Xpps X,y )

F(=DF Ay (s oo s X X X))

(= 1T By (6 e s X O Xy s X))
— A (X Xys oo X 0y Xy oy X))

F A (X X X5, Xgy ooy X 0, Xy s ooy X)) e

T Ay s Xy Xl X 0 Xps s X))

F (=1 Ay (x5 X0 -0y X )]

F (=D [Fyy (X oo s X 0y Xy s o vv s X0)

+C (X5 oot s X 0y Xpigs o0 v s Xp)

—C (Xt x5 Xy oo s Xy 0y Xpyys vy X))+

F (=1, 2C_ (X e s Xpmgs X+ Xp Oy Xpyps oo Xy)

+ (=D} C(xy X5 -y X))
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(1n

(12)

(13)

(14

Now we define

(DR 2y b O X oo s X ) = Fii gy o5 %05 0, 2041, o X))

— A i (X Xy s X, 0y Xy e, X))

F Ay ki (X X F Xy X oo 5 X 0, Xy gy oy Xy )= e e

F =D A i (s s X X X5 0, X gy s X,y)

F(=DF A i (xpy X oo X)) (i=1,...,n—k),

Croay (335 X35 - s X)) =(~ l)k-l[Fnu(xz’ ooy X 0y Xy s o Xy)

FC (Xgs oo s X 0, Xy g5 2005 X))

—C, (X Xy Xgs oo e s Xy 0, X gy oy X))o e

(=D, T2C (K v s Xy X X5 0 Xy g ooy X)

+(—=DF 1 C(xy X35 oy X))

(10) with (11) and (12) finally yield

Fro (X Xps oo s X)=A (01 + 255 X35 00y X)) — A (X, X4 X5, X, .00, X,)
o (D A (s X X Xy s Xa)

F (I 2 Ay ey (o e s Xp Xpg X o5 Xy)

F(=DF 3 Ay e (B s Xpggs XpaaF Xpgzs v Xp)F o e

F(= D Apg oy K e Xy X F X)) F (= 1) Ay 0 (g X e e Xy)
—Chyq (o X35 ooy X,

Substituting (13) into (9) and eliminating A,,, 4, ..., Ay, We obtain
(=12 Ay e (X Xy oo Xy s XpaaF Xpazs oo s Xy )+ v

F (=) Ay O X Xy e s X+ X ) (=1 A (3 4 X5, Xy, 000, X)
—[(=1* 2 Ay, iy (% Xy Xy, Xy ooy XpaF Xpggs ooy Xppg)+ 00

(= 1 Ay (X1 Xy 4 Xy X oo s Xt X )

F (=1 Ay (X X+ Xy X oy X+ - -

(=D (= 1R 2 A e (s e v s Xy X+ X Xy 2t Xies o o 5 Xng 1)
o (1Y A (X s Xy X F Xpss Xpazs o> Xgt Xnyy)

+(_ 1)"+1Akn(x1’ e X Xt Xppgs e s xn)]

F(=DF(= 12 Ay ke g5 o v s X Xps1F Xga2t Xpyzo ooes Xy b0 e
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F(=D)" A a1 (K oo s X Xar g F Xpszs Xpwzs oo s XntXp4)
F (=D Ay a (X s Xy Xpa g+ Xpszs -2 5 X))

-G (xa’ Xgp oo s Xy ) F (X F X5y Xy ooy Xy )= 0 v ¢

F (= DFCe(xg s Xplgs X Xpa15 o 5 Xnyy)

F(— D Cryy (K o oo s Xpo Xy + Xperzs oo s Xnsy)

(=1 Fy iy (X X oo s X)) = Foiy (5 X3y o005 X))

n
+ z (D PF, (%) ooy Xy Xt Xy oo v s Xguy)=0.
imk+2

It follows from (13) and (14) that the statement remains valid for k + 1.

Thus (8) and (9) hold for 2<k<n.
By setting k=n, equation (9) becomes

(A5) (=1 A (3 + Xy, X3 oo s X)) H (= D)2 A, (Xy5 X, + X5, Xgp ov s Xp)+ ¢ -

(=D Ay (s e s Xags Xy F X))+ (= 12" 4, (x,, Xy -

—Ci (X3 Xgy oo s Xy ) FC, (X3 Xy ooy Xy ) — 0 0
H(=1D)PCa(Xy ooy Xy X+ X ) F (= D) Foy (5 X, o005 X,)
—F, (X X3 oo, X,,)=0.

Setting x,,,=0 in (15) we obtain

(16) Fo (e, Xy ooy X)=Ay, (X + X, x5, ..., X)) — Ay (3, X, + X5, X, ..

Fooee (=14, (X, e, Xp_2s Xp_y + Xp)

F(=D)" A, (X, Xy ooy Xy ) = Criy (X5 X3y o vy X)),
where

Cori (X, %5 ..o, X)=(=D"[C, (x5 X ..., X, 0)

—Cy(x,+ X5, X4 .y Xy, 0)

o (=1 G (g oe s Xp gy Xn_y X5, 0)

Xn_1)

<+ Xp)

H(= DG, (X Xgy vy X))+ Fp (X5, X3 o0y X, 0)].

Substituting (16) into (15) we obtain
—C (X5 Xgo o oe s Xy ) FC 00+ X, X oty Xpyy)
— +(— 1)"Cn(x2’ s Xpp xn+xn+l)

+(— 1)"+l Cn+1(x2’ X3s o v e xn)_Fn+2(x2’ X3s =vvy x,|+1)=0-
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ie.
(A7) Fppy(xp Xy o5 X)=Co (X X5, X35 oo, X)) — C3 (X, X4+ X3, Xy ..., X))

T +(—l)"C,,(x1, ’xn—Z’xn—1+xn)
(=G, (s X oo, X )~ C (X X5 ooy, X))

From (4), (8) (taking k=n), (16) and (17) the theorem is proved.
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GENERALIZACIJA LINEARNE FUNKCIONALNE JEDNACINE, II
J. K. Chung

U radu je dato opste diferencijabilno reSenje funkcionalne jednadine (1), koja pred-

stavlja generalizaciju jednadina iz radova [1] i [2].



