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711, NUMERICAL DIFFERENTIATION OF ANALYTIC FUNCTIONS*
Dobrilo D. Tosié

1. Introduction. Consider a real valued analytic function of a complex variable:
z+>f(z), regular in a disc |z|<r. For numerical computation of derivatives:
of the function x> f (x), for example at point x=0, we usually evaluate the
function at points x,=kh (k=0,4+1,+2,...) and then apply central finite
differences. In order to obtain the results of high accuracy, we use high order
finite differences. Thus, we are forced to extend the table of function values, so
that we evaluate the function at points more and more far from x=0. An applica--
tion of finite differences of the relatively high order causes a considerable
accumulation on roundoff-errors, so that there exists an accuracy bound for
the evaluation of derivatives. It should be noticed that the coefficients multip-
lying the function values in differentiation formulas are quite different for the:
central and the other abscissas [1]. Further, it is known that the numerical
differentiation is an unstable process.

Analytic function z > f (z) on the real axis becomes the function x - f(x)..
The evaluation of the function z+~-f(z) offers new information about the
function x+>f (x). Thus we can effectivelly and with higher accuracy compute:
derivatives of the function zr>f(z) (i.e. x+ f(x)), because we retain near
z=0 (or x=0).

The numerical differentiation of analytic functions is “treated in several
papers [2—4]. In these papers the computation of derivatives is realized by
applying the trapezoidal rule to the real part of zi>f(z), starting from the

contour integral

1
(1) f(,,) (0):"" f(Z) dZ,
2mi zntl
C

where C is a closed contour surrounding the origin.
In the present paper we obtain formulas for numerical differentiation,

introducing the special complex linear operators of finite differences, analo-
gous with standard operators of numerical analysis. These formulas are also.
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«connected with the contour integral (1) and contain even number of points
«chosen on C.

2. Computation of the first derivative. Let us define the operator of finite
<entral difference 3, by

(2) g 86f(z)=f(z+%e"°)—f(z—%e""),

‘where the function z>f(z) is evaluated at symmetric points with respect

10 z, taken with complex increments. For =0 we obtain the standard cent-
ral difference operator

8 f(2)=3 f ()= f(z+ )—f(z—_)

Since E* f(z)= f(z+sh) (s&C), where E is the shifting operator, we have

-1 e _Loe

3) S=E? —E

Using the well-known relationship E=e"?, where D is the differentiation
coperator, operational equality (2) becomes

—1— hDei © ~% hDei 6

So=e’ —e =2sh(%hDe"°).

Developing the right hand side of this equality into the TAYLOR-series,
‘we obtain

_ o (fD Lio 1 (DN} 3o .
) 8"”2(_'2_6 +3!(2)e n )

2m-1
+Z 1 (hD)’” ei@m-1)0.

1 @m—1)!
fLia
Let us consider the equation z?"=1 (n&N). Its roots z—=e€'®k—e 7
{k=0,1,..., 2n—1) possess the following property (m is an integer):
2’“” 0 m (mod n)0
{5 2m _ e :{ ’
) z 2k z ( ! n m (mod n)=0.

If we multiply (4) by e~%® and put 0=0,, it follows

e~ 3, _2(”D+1(E)3eizek+ . +__1__("_D)2'""lei(2m—z)ok+ .. )
2 3\ Q@m—1!
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By summing this equality with respect to k, from k=0 to ‘k=n—1,
using (5) we obtain

n—1 . 4 hD 1 hD\2n+1 1 kD\4n+1
-ty —2p[2 _____(_) (_) N )
) ;Zoe ok n(z e v "
_2n+°° 1 h_D 2vn+1
- v=o(2vn+1)z( ) ‘

From this equality we can find the differentiation operator in the form

i < L—ibk _ h2n D2rt1 _ i 4n pan+t 3 .
@ nhg e (2) @n+1) (2) @ n+ 1) ’
ie.
-
® br@=;, z ~i% 30, f () + R, ,,

with the error-term

R - _(i)zn D+l £(z) _(i)‘m DAnt1 f(2) B

2 @n+1)! 2 (dn+1)

Hence, for different values of n, we find practical formulas for nume-
rical differentiation of analytic functions.

Introducing in (8) the expression for 3,, given by (2), and setting 0, =

kn
===, we have
n

km krn

©) Df(z):ini e E( (z-i—%e ‘T) —f(z——};—eiT))-l—R,,,,.

REMARK 1. Let us prove that the sum in (9), divided by nh, representing an approximative
value of the first order derivative, can be obtained using the trapezoidal rule for evaluation
of the contour integral

, f(f)
”Z)‘z‘;; ¢ s

18—~z != 3
, ho P .
By setting C=z+?e’°, we may rewrite this integral in the form

f )_1_ ;- —ief( i i9]do
(Z—nhfe z+2e) A

0
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Dividing segment [0, 2 7] by uniformly spaced abscissas into 2 r equal parts, and using
the trapezoidal rule, we have

1 = h 2n-l_Lkm Bk
0 "t @~ | flzr )+ n = .
(10) £ o~ ”(f(z S R r(z+ e ))
Since
2n-1 k= h kT n—1 _k=n h k=
> e nf(z+—e n)=—Ze "f(z——e 2),
k=n 2 k=0 2

relation (10) transforms to the required result
1ot ke hoi kT ho kT
. —_— n +— n - o n 3
S (Z)Nnh kzoe (f(z e ) f(z 5 € ))
which completes the proof.

3. Higher derivatives. We first deduce formulas for derivatives of odd order.
Multiplying (4) by e~3°, we have

o—i30 39=2(’£e—ize+l(h_D)3+_1_<@)5ei2°+ .. )
2 31\2 51\2

+Zm _.L_(’E)zm_leiz(m_z)e.
2 @m—1\2

By seiting 6=0, and summing with respect to k& from k=0 to k=n-1
(n>1), we obtain

n—1 . 3 2n+3
Ze—dekgek:zn(i(h_D_) L ("_D)" +)
2 T2 ) T@nea\2

=2n+§":°____1_([£)2vn+3.
Qvr+3N\2

v=0

Hence, it follows that

24 "]

Df@= 3 e %80 [ @)+ R,
nh =g
where
48+°° 1 hD\2vn+3
Far= = 2 ni(z) 7

_6((i)2"D”Hf(Z)+(h)4nD4"+3f(z)+ . )

2/ @3 N2/  @n+3)
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Generally, multiplying (4) by e~'@7=1° where r<n, setting 0=6, and
summing, we obtain

_1 _ - R
"z e—i(Zr—l)Ok =2n( 1 (hD)Zr ]+;(]£)2n+2r 1+ .. ) X

2

o @r=1! @r+2n-1t\2
2 +® 1 hD\2r+2vn—1
=2n> ——————[—- .
vgo(2r+2vn—1)! ( 2 )

Hence we obtain the general formula for numerical computation of de-
rivatives of the odd order

2r-2(2p—1) "l

(1) D=1 f(2)= > e CrD% 3y, f(2)+ Ry

nhtr-1 iz
where _
Rilg 1 h\2vn ‘
= —(2r-1)! - (= 2vn42r—1
(1) Rypu= =@r=D! 3 o (27D /@
and r=1,..., n.

REMARK 2. After the manner of (9), we can prove that (11) can be found by application
of the trapezoidal rule to the contour integral

fer-n@= 1 §£ (?f;%;T’dc.
h

[E—zl=5

To develop formulas for numerical computation of derivatives of the even
order let us start from the complex averaging operator p,, defined by

p.,,f(z)=—;— (f(z+§e"°)+f(z——}2'—e"°)).
We have

1 . 1 .
—- el —— el
3¢ 2°

1

h_D ei6 _h_D €6

=i(e2 +e 2 )=ch(’£e"°)
2 2

=1 _|_i, (;2)2 ei2% (}2)4@49.}_ PP
21\ 2 2
i.e.
w 1 (iL[Z)Zm eime-

(13) b= > —— (%

meo(2m)!

12¢
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Multiplying (13) by e~%° and then setting 6=6, and summing with
respect to k from k=0 to k=n—1 (n>1), we obtain

1 (hD\2vw
4 —12 0% .
(14) 2 e Mo =n z (2vn)'( ) (n>1)

In the special case n=1, we have

hD\2v
=1
+Z (2v)'( ) ’

where p,of(z)=%(f(z+§)+f(z——h—)).

2

From (14) we obtain the formula for numerical evaluation of the second
derivative:

(15) Df (D)= i e=12% g, f (2) +R,

with the error-term

R | h \2vn—2
- _2 " 2vn
(16) Ron= =23 oo ( : ) D f(2),

where n>1.

Generally, multiplying (13) by e 2% (r=1,..., n), setting 6=0, and
summing with respect to k, it follows that

(r<n).

17) z ei2rk o —n z 1 (hD)2r+2vn

0 (2r+2vn)!

For r=n we have

n—1 hD\2n(1+v)
1 a1 1w _
(18) PALS ( +Z (2n(1+v))' (2) )

Using (17), the formula for derivatives of the even order is

(19) D £ @)= EES etk o f )+ Ror,
where
+ 1 h\2vn
R =—02nN! - D2r+2vn
( )t vzl (2r+2vn)'( ) f(Z)

and r=1,..., n—1.
In the special case r=n, from (18) we obtain

0) D2n g (z)=EME" ( uekf(z) f(z))

h2n
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where
t 1 h

R, =-Cnm!S —— (=

e @nt 3 Qr(i+v) (z

)" o),
v=1
+ 00
REMARK 3. The expression — Z peg f (2) in (20) is the arithmetic mean of the function
n o,
Jkm

R s
z+> f(z) evaluated at the 2n points ztoe % (k=0,1,..., 2n—1). Therefore for the
purpose of simplicity we can use (20) for evaluation of derivatives of even order. We can
deduce the more general formula
. 2nk

n—1 Fiibiod
f(n)(z)=$(i > fG+he " )—f(z))+R,,,,,,
hr\n =,

where

n!
Ry nre —
o @

oy hn fn) (2),

ReMARK 4. Formulas for derivatives of even order can also be derived by iterating with the
operator 8g. Starting from (3) we have

’802=Eei°+E—eie_2=ehDei°+e—hDei°_ 5
=2(D2iei20 3D e DR e )
2 4! @m)!

Using the same procedure given above we obtain, for instance,

n—1 .
S emiz%§,2 =2n(
k=0

D2h2 N D2n+2 h2n+2 D4n+2h4n+2
21 @n+2)! @n+2y )

and from this a formula for the second derivative readily follows.

4. Examples. Equalities (11), (19) and (20), together with corresponding error-terms, for
n=2 and z=0 transform to practical formulas for numerical evaluation of the first four
derivatives of the function x — f(x) at x=0. Thus

@1 Vi (0)=21—h (f (g)—f(~%)—" (f("%)‘f("'%)))

ey,

(22) e (0)=h%(f(%) +f(_%)_(f('%) +f(—'§)))

s (£)4f(6) ()] 5 (i)s 109 (0) .
2 6! 2/ 10!

.o



182 D. D. Tosi¢

23) 7 (0)=;—32(f(§)—f(—%)+"(f(i ;)_f(_'g)))

4 ) 8 fan
6 (ﬁ) 100 _6(i) EARAC)
YT 2] T

4 f(‘)(0)=}9746—(f(—;)+f<—;)+/(i§)+f(—i§)—4f(0))

h\4f® (0 h\8 012 (0
2 (‘) TAA! )_24(_) EARIC)
2 8! 2 12!
An examination of the first term in each of the error expressions, which are the niain
parts of the errors, shows a curious behaviour under the condition that the higher derivatives
are approximately equal i.e., f() (0)~f(©) (0)~. .., which is true for x> e*. We find

1 1 1
R 2~ R(1, D, RG, D~ R(A, 2, RG D~ RA, D).

Thus for a fixed number of points if we compute higher derivatives, their accuracy
increases. Such property of differentiation formulas is quite different than the property of corres-
ponding formulas in the real domain.

For. the purposes of simplicity consider' the function x+~>e* at x=0. This is’ very
convenient since all derivatives are equal to unity.

Results of numerical evaluation of f/, /7, f/” and f® by (21) — (24) to ten signifi-
cant figures are presented in the following table.

h f; f// f‘/// f(4)
2 1.00833 6089 1.00277 8329 1.00119 0627 1.00059 5288
1 1.00052 0844 1.00017 3613 1.00007 4405 1.00003 7203
0.5 1.00003 2552 1.00001 0851 1.00000 4650 1.00000 2328
0.25  1.00000 2035 1.00000 0678 1.00000 0291 1.00000 0168

If we further decrease A, the errors reach minimum and then increase, which indicates
that roundoff errors appear to be significant.

An analysis of the practical application of our formulas will be given in [5].
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NUMERICKO DIFERENCIRANJE ANALITICKIH FUNKCIJA

D. D. Tosié

U radu je iznet razvoj prakti¢nih formula za numeri¢ko diferenciranje analiti¢kih fun-
kcija. U tom cilju razvijeni su kompleksni operatori: operator centralne razlike 8¢ i usrednja-
vajuéi operator pg. Pomocu veze ovih operatora sa operatorom D, izveden je niz formula za
numeri¢ko diferenciranje. Ove formule se mogu efikasno primeniti na realne funkcije.



