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682, INEQUALITIES FOR DIVIDED DIFFERENCES*
Alexandru Lupags

1. If —w<a<b<+ o and f:[a, b] — R let us denote by [x,, x;, ..., x,; f]
the divided difference at the system of knots

d): A=Xy<X, <+ » » <X,_;<X,=h.

For feC®|a, b], g&Cla, b], g>0 and p&(1, + o), we shall use the notation
b : b
1/
Hf(n) Hp= (b—-iaflf(n) ® jp dt) P and “f(n) Hg,p=(fg(t) ]f('l) (t) Ipdt)l/p,

Our aim is to find the best upper bound K;=K;(d, g, p) in the inequality

[a, X5 ..o s Xpops b3 f]|§K’.le(")“‘,p) nz2.
2. Let us put w(x) =w(x:d)=ﬁ(x«xj) and
j=0

n (-0

(1) 0,()=0,(t:d)=—— 5

(=1 &y WD)

, 1&[a, b),
where

T
* 0 ,asx<tsbh.
We first investigate the case g=1 and p=2.

Theorem 1. If fEC™[a, b] and a<x;<- - - <x,_,<b, then

2 [[8, %15 o oo s Xuoy> by F1ISK, @) || F7 ||,
where

€ K, (d)=((;1)"(b—_“) S OS i’_‘_i:x_k’f_l)”z
" @n=D! Zo i W )W () )

* Presented January 10, 1980 by D. S. MITRINOVIC,
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i
2n 1
(4) f(t) _f*(t) c Z —i)'+Pn—1 (t)’

P,_, being an arbitrary polynomial of the degree n—1 and C a real constant,
then in (2) holds the equality.

Proof. If fEC®™[a, b] then

f(x);_"ilf(k;'(a)(x_a)k+ff(n)(t)(x H"-

o (n—1)!
In other words

f®)=P,_, (x)+ ﬂWoWﬁ+dt
s (n—1)!

where P,_, is a polynomial of the degree n—1.
Since [a, x;, ..., X,_;, b; P,_;]=0 one obtains

b
) mannwmﬂﬂﬁwmmw

a

where Q, is defined as in (1) If in (4) C —(2(% then f(W=Q,. Therefore
n—

(5) enables us to write

b
[an(t)dt=[a, xly cre 0y xn—ls b; f*]

n n—1 n —_x)2n1
<D By LK, ().
(2n DN SoSow ()W (x) b—a

According to (5)
IMawunwmﬂguame(ﬂﬂwwwV

=K, @d)-[[ S|,

with equality if and only if f®()=C,-Q,(¢), where C, is a real constant.
Taking into account that K, (d)= l/l/g, the following proposition is truec
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“Theorem 2. if fCCP[a, b] and a<x<b, then
1 1 1
f[a’x’ b’f]gg_l/? ”f HZ’

with equality if and only if f is given by

— 3 - - N k
cO=  c =009 L cyic,,  1€]a, A

b—x (b—x)(x—a)
fo={ 4
c® D citc, . 1e(x, b]
—X

where C, C,, C, are arbitrary real constants.

This theorem is an extension of a result established by V. A. ZMOROVIC
T4] in the case x=(a+b)/2(see also [1] and [3], page 300). Let us assume
that f(a)=f (b)=0. From the above theorem one finds the inequality

- b_ 1
ST L
(b—ay

Taking into account that (x —a) (b — x) < , xEl[a, b], we obtain |f(x)]

é%%[lf”“z, xE[a, b]. Therefore, with the notation || flj.= max |f(x)|
. xEla, b)
‘we have proved the following
Theorem 3. If f&C®[a, b], f(@)=f (b)=0, then
“ |[m S(b_a)2 1 l
171 sE2 1 L,
zhe equality case being valid for

3
c(t—a)3—:c(t—a) b—a)?, t&[a, (a+b)/2]
f @)=

3
c(b—t)S——4—c(b—t) (b—a)?, tc((a+b)/2, b],

where ¢ is an arbitrary real constant. -
Another particular case of the inequality (2) is the following: if the

points x, &(d) are equidistant, that is xk=a+£(b—a), k=0, 1,..., n then
n
. _ nn n g
[a’ xl) LI | xn—-l) b’ f]_n'(b—a)" A f(a)

where Af(a)= 3 (- 1)""‘(” ) f(a+£ (b—a)). From theorem 1 one finds
o k n

the following propesition
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Theorem 4. f&C™[a, b], then ‘
[A*f@)|=(b—a)y - Callf™]],

where ;
1 roo(=1yn-kfem-1\1
Cr=——12 _ . ]2.
" pma ( kZ:1 wm+ k) (n—k)!
Moreover
C.2=1 Ci— 1 . Chi= 1 151 i 1 \/15619 .
V12’ 18 Vis’ 384 V 357 45 000 35

In order to find this form of the constant C, we note that the following
equality

3 5 o) (Hake 3 (2 e
is true.

3. Let p>1 and Q,(1)=0Q,(t:d) be defined as in (1). Taking into account
that Q,=0 (see {2]) let us denote

b
© KioKild, 5, p—( [0

{(p—1)/p
[g (O] Cp—1 )

a

where g& Cla, b] is a positive function. By means of HOLDER’s inequality,
from (5) we obtain ,

e 31, s % Bl [ 17O @11 220 dr

b .
<1 f@ i ’Qrﬁ)]_th)”" 1.
=lf m”([ﬂmm "p g

Therefore the folowing result is true:

Theorem 5. If fcC®[a, b] and (d) a<x <---<x_,<b is an arbitrary
sistem of knots, then
(7) . |[a! Xys ooy Xp_1s b.f:l]SI(’l Hf(")ug.p
where KI, is defmed in (6). If the function f verlfzes
Q, (::d) \1I(2—1)
(n) 1) = ( n ) ,
RIORTEC

then in (7) holds the equality.

The case n=2, x1=-;-(a+b) was investigated by R. Z. PorpEVIC and

G. V. MiLovanovi¢ [1].
Using the fact that-for g=1

¥

Pt
' p—1\»
d, 1, —
, K@ 1, D)= @aWJM—J
we obtain the following particular case:
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Theorem 6. IffEC‘z)[a, b] and a<x<b, p>1, then

p_l
®) o, b U (=) 7 s
with equality for

1
C(Q:QZ:)P4+CJ+4;,a§t§x
X—a
f=
1
c(‘—”b’—”'—)”* +C t+C,+C(b—a) (2t—a b+~), r<t<b.
b—x

If fis an element from C® [a, b] with f (a)= f(b)=0, then (8) furnis-
hes us
p—l p—l

F@Ise-a6-9(Z2) " I 1,s S5 (Z) Ti L.
This delivers '
Theorem 7. If fcC®a, b, f(a)=f (b)=0, then

r—1 1
b—a)? 7]
1/ sS(G2) 7
with equality for
L 2
(=) - —e-ab-a 2k, asist
W\o= 2(p-1) 2
f(t)=C 1 2p—1
2 \p=lg NPT _p o(h_ o 2P—1  atb
(b—a) =9 C=0C=a o> 2 ~'=
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NEJEDNAKOSTI ZA DEONE RAZLIKEJ
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Predmet ovog rada su najbolje moguée nejednakosti za deone razlike. Dobijeni rezul-
tati dati su u obliku teorema 1—6.



