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682. INEQUALITIES FOR DIVIDED DIFFERENCES.

Alexandru Lupa~

1. If - 00<a<b< + 00 and f: [a, b] -- R let us denote by [xo' xl' ... , x,,;f]
the divided difference at the system of knots

(J):

For fEC(") [a, b], gEC[a, b], g>O and pE(l, + 00), we shall use the notation

b . b

I!f(n) IIp= (b~a J 11<")(t) IP dttP and Ilpn) 11g,p= (J g (t) If(n) (t) 1PdtY'P.
. a a

Our aim is to find the best upper bound K~ = K~ (d, g, p) in the inequality

n~2.

"2. Let us put w(x) =w(x:d)= TI(x-Xj) and
j=O

(1) . I" (Xi-t)~-I
Q,,(t)=QnCt.d)=-" '()' tEra, b].

(n-I)! ;'7:0 W Xi

where

We first investigate the case g= 1 and p=2.

Theorem 1. If fEC(") [a, bj and a<x1<.. . <x"-l<b, then

(2)

where

(3) K -
(

(-I)" (b-a)
,,-1

" (Xi-Xk)2n - 1

)

1/2
,,(d) - (2 1)' L L

'
() , ()

.
n- . k=O i=k+1 W Xi'W xk
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If

(4)

P"-l being an arbitrary polynomial of the degree n - 1 and C a real constant..
then in (2) holds the equality.

Proof. If fEC(") [a, b] then

,,-1 (k) x ,,-1
f (x) = L

f (a)
(x - a)k + f J<") (t)

(X-f)
dt.

k=O k! (n-1)!
a

In other words
b

f (x) =P"-l (x) + J
'J<")(t) (X-f)~-l

dt,

a (n-1)!

where P"-1 is a polynomial of the degree n - 1.

Since [a, Xl' . . . , X"-l' b; P,,-l] = 0 one obtains

(5)
b

[a, Xl' . . . , X"-l' b; f] = f f<">(t) Q" (t) dt

a

where
Q"

is defined as in (1) If in (4) C =
(-1)" then J<")= Q. Therefore:

(2 n-1)! ' *"
(5) enables us to write

b

f Q,.2(t) dt = [a, xl' . . . , x"-l' b; f.]
a

1 ( ) 2,,-1
(-1)" ,,-

" xl-xk + 1
= (2 n-1)! k~Oto w' (x/).w' (Xk) b-a

[K,,(d)]2.

According to (5)

b b

j[a, xl' ..., x,,-p b;f]I~(fQ,.2(t)dtt2'(flf(">(t)IZdtt2

a a

with equality if and only if f<") (t) = C1 . Q" (t), where C1 is a real constant.

Taking into account that Kz (d) = I/Y3, the following proposition is true::
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theorem 2. if IEC(2) [a, b] and a<x<b, then

i[a, x, b; f]! ~-~/31If" 112'

with equality if and only if I is given by

{

c
(b-t)3

+ C
U-

.

XP (b-a)
+ Cl t + C2,

b-x (b-x) (x-a)
I(t) = .

(b-I)3
C-+Clt+C2

'b-x

tE[a, x]

tE(x, b]

where C, Cp C2 are arbitrary real constants.

This theorem is an extension of a r~sult established by V. A. ZMOROVIC
[4] in the case x = (a + b)/2 (see also [1] and [3], page 300). Let us assume
.that l(a)=/(b)=O. From the above theorem one finds the inequality

II (x)I~(x-a~~-x)
II I" 112 .

Takingintoaccountthat(x-a)(b-x)~(b-a)2, xE[a, b], we obtain II (x) 1- 4

~(b-

v~tll/"112' xE[a, b]. Therefore, with the notation IIf!loo= max !f(x) [
4 3 ~~~

-we have proved the following

Theorem 3. If IEC(2) [a, b], l(a)=f(b)=O, then

1:/1 1 s;(b-a)2
11/ " II:, :oo-4V3 ,2'

;the equality case being valid lor

{

c (/-a)3 - ~
C (I-a)

.

(b-a)2,

I (t) =
3

C (b-I)3_4"C (b-/)(b-a)2,

IE [a, (a + b)/2]

IE «a + b)/2, b],

where c is an arbitrary real constant.
Another particular case of the inequality (2) is the following: if the

points XkE(d) are equidistant, that is xk=a+~(b-a), k=O, I,... , n then
n
nn .

[a, Xl' . . . , Xn-l' b; f] = /;}.nl(a)
n! (b-a)n

where /;}.nI (a) =
Jo

( - I)n-k (: )I (a+ : (b-a»).

-the following pr~pcsition

From theorem lone finds
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Theorem 4. fEc(n) [a, bJ, then

If1n f(a) I~(b -
a)n. C~!I f<n)

112
where

. 1
(

n ( _1)n - k k2n - I

)
~

cn=- 2 2.
nn-I k~1 tn+k)! (n-k)!

Moreover

c2=
1 , Cj=~ /11, C4=~ /151, c;=~ /15619-.

V12 18V 15 384 V 35 45000 V 35

order to find this form of the constant c~ we note that the followingIn
equality

js true.

3. Let p> I and Qn(t)=Qn(t:d) be defined as in (I). Taking into account
that Qn~ 0 (see [2]) let us denote

(6)
b

K~=K~(d, g, P)= (J
[Qn(I)IP/(p-l)

dt )
{P-I)/P

[g (/)]I/(p-I)

a
'

where gE C [a, bJ is a positive function. By means of HOLDER'S inequality,
from (5) we obtain

b

I[a, XI' . ., , Xn-l' b] I:;:;JIf(n)(t) i[g(t)]'/P.
Qn(/)

dt
[g (/)lI/P

a
b

~ Ii f<n)
Ii (j'[Qn (/)lq

dt )l/q, ~ + ~ = 1.I, g.p [g (/)lq/p P q
a

Therefore the folowing result is true:

Theorem 5. IffEc<n) [a, b] and (d):a<xl<'" <Xk-l<b is an arbitrary
1Iistem of knots, then

.

(7) I[a, xi' .. . , Xn-i' b; f] I~K~
II

J<n)
~!,..P

whereK~ is defined in (6). If the function f verifies
.

J<n)(t) =c (Qn(t:d)' )I/<P-O,

g (I)

then in (7) holds the equality.

The case n = 2, XI = ~- (a + b) was investigated by R. Z. DORDEVIC and
2

G. V. MlLOVANOVIC[1].
Using the fact that for g = I

p-I

'K2(d, I, p)= l' (P-l )
p

(b-a)l/p 2p-.l

we ootain the following particular case:
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Theorem 6. IIIEC(2)[a, b] and a<x<b, p> 1, then
p-I

(8) l[a,X,b;/]I~ (P-l )
p

.III" IJp,
2p-l

with equality lor
I

C (
t-a)2P-I

)p-I
+C1 t+C2, a;;;;t~x

x-a
I (t) =

I

C (
b-t)2P-I

)p-I
+ C1 t+ C2+C (b -a) (2 t-a-b + t-X ), y<t~b.

Lb-x p-l
If I is an element from C(2) [a, b] with I (a) = I (b) = 0, then (8) furnis-

hes us
p-I p-I

II (x) I~(x- a)(b -x) (2:-='\ )
P

III" IIp;;;;(b~a)2(;:-=.11) PUll" II,.

This delivers .

Theorem 7. If IE C(2)[a, b], I (a) = I (b) = 0, then
p-I

11/1100
;;;;(b-a)2 (p-l )P

.11/" II
4 2p-l

p

with equality for
I 2p-1

(~ )p-I(t-a) p-l
-(t-a)(b-a)

2p-l , a;£t;£a+b
b-a 2 (p-l) 2

I (t) = C
I 2p-1

(~ )p-I(b-t)P-I -(b-t){b-a) 2p-l
, a+b<t:;;,.b.

b-a 2(p-l) 2
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NEJEDNAKOSTI ZA DEONE RAZLIKE J... ..=..c.-~
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Predmet ovog rada su najbolje moguce nejednakosti za deone razlike. Dobijeni rezuI-
tati dati su u obliku teorerna 1-6.


