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673. SOME FUNCTIONAL EQUATIONS WITH SEVERAL
UNKNOWN FUNCTIONS

Radovan R. Jani¢ and Josip E. Pelari¢

In this paper we shall give some generalizations of some results obtained
in papers [1] and [2]. We shall also provide some analogous results.

1. In this part we shall use the following notations
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First, .we. will consider the following functional equation

f=

M 'f(x1-~-k,)%§xk“fk(ﬁf x,-)%,dxﬂ---.x;“ @ 2CR).
k=1 T

The continuous solution of this equation is given by

f(x)=x°‘((r— 1)Clogx + }3 C,.__‘il.),
v i=1 r-

@ | |
fk(x)=x¢(Clogx+Ck—;j—l) k=1,..., 7,

where C, C; (k= 1,..., r) are réal constants.
Indeed, by substitutions of
F)=f(Me-D)[x40-0, F, ()=, ()x% Xe= [T’ (k=1,..., 1),

i=1

from (1) we obtain
(3) F(Xl"'Xr)=F1(X1),+’"+Fr(Xr)+d~

The continuous solution of (3) is (see {1], equation (4.1))

r
@ F@=Clogx+ 3 C=-%, F()=Clogx+C,=-"=  (k=1,..., 1)
=t ' . r—
wherefrom we obtain (2). ‘
Functicnal equation -

r

[OF ) , 'f(xl+ ‘e ,‘+x,)= > exp,,xkfk(i’ x,)+dexpa§r: X,
i=1 i=1

k=1
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has a solution

f(x)=a* (C(r-—l)x+ i Ck———d—),
® et -t

fk(x)=a"(Cx+Ck——r~_d—l) k=1,:.., ),

where C, C,, ..., C, are real constants. This result is a generalization of
equation (1.12.2°) from {3].
Functicnal equation

) f(,.lj, x,.)= 13 ( (H ) “)exéd (,13 xiu) :

has a solution
f(x)=exp, ( — x_al) «,---C, xr—1)Cx°'"
p—

® X% Cx* ‘
fe@=expa ~75) @O k=1, 0,

- where C, C,>0,..., C,>0 are real constants.
Functional equation
r r , exp, X, r
©) fent -+ x)=]] (fk(z x,) )expd(expa s x,)
k=1 i=1 =1

has a solution given by

f(X)=eXpd(—a—x]) (CI .. -C,a(’—l)x)Cax’
r—

(10) .
fe@= expd(——)(c ™ (k=1,..., 1),

where C, C,>0, ..., C,>0 are real constants.
Functional equation

(1n f(f[ x,.)=kf=1 (fk(xk)

i=1
has a solution
fE)=expy(=2) (€ - - €0,
(12) - i
fk(x)zexpd(——r_—l) (C, 0 (k=1,..., 1),

where C, C,>0, ..., C,>0 are arbitrary constants.
Functional equation

r

(3) 1T %)= 5 (GO T1 =2+ IT

i=1
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has a solution
d

f(x)=x°‘(Clog(C1 .C,x ——1)
14 |

fk(x)=x°‘(Clog(Ckx —r—_il—) (=1,...,7),

where C, C,>0, ..., C,>0 are arbitrary constants.

Functional equation
r

CXPa( 2% r

0 g )™ o 5
has a solution

@ =exs (L) (€, - G,

(16)
a* a*
fe@=exp [~ ) (CaN ™ k=1, ),
where C, C;>0, ..., C,>0 are arbitrary constants.
Functional equation
an 15 %)= 5 Ao (3 x)+dew. 3 5
i=1 k=1 i=1 i=1

has a solution given by

(18) f(x)= a"(Cx+zC-——) ()= ax(Cx+ck-L1) h=1,..., 7

where C, C,, ..., C, are arbitrary real constants.

2. Now, we shall quote some extension of results from [1], i. e., we shall
consider the following functional equations:

19) FOp)=x*h(p)+y® g (x)+dx*y®,
(20) SO =xg (M +y*f(x)+dx*y?,
(21 ) =xf () +yf(x)+dx* P,

where a, B, dER. In [1], the solutions of (19) and (20) for 4=0 and a;ép
and (21) for a#f are given.

The solution of functional equation (19) is:
' A (x® — x*) + Bx®, for a+#p,
f@=[A" =) P
x*(Alogx+B), for a=§;
A (xP — x*)+ Bx? — Cx* —dx*, for a#p,
@2) s= S °
x*(Alogx+B—-C—d), for a=,
B __ 3@ 8
B = A (xf—x*)+ Cx®, for a#p,
x*(Alogx+C), for a=p;
where 4, B and C are real constants.
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Indeed, the solution of functional equation
23) )= u()+y* e ()
for a£f is glven in [1]. Using the substitution
u()=h () +dy®

from solution of (23) we obtain’ (22) for cx;éB Using (2) (or (14)) for r=2,
we can easily-get (22) for a=f.

The solution of equation (20) is

F)= {Au(xﬂ — x*)+ Bx®, for a0,
24y x*(Alogx + B), for a=;
( g (0)= {A (xf —x*) —dx®, for azp,

x*(Alogx—d), for a=p;

where A and B are real constants.
The solution of equation (21) is

A (x®—x%) —dx®, for a£p,

23 f)= {x“ (Alogx— d), for a= B;’

where A4 is a real constant.
Using the prev1ous results, we can get the solutlon of the followmg
functional equation:

(26) Z Zﬁ;(x V)= z Z(x hxj(y1)+yj gu(xi)"‘duxi Y; )

i=1j=1 T i=1 =1
where «;, B;, d;cR (I=ism, 1<j<n), i. e. we have
A, (x%~x *)+ By x%, for o, %8,
fij(x) j _
x% (A logx+By), for a,=8;;

A, (%= x%)+ B, x% - (C,+d,) x%, for a;#B,,
(27) g, (x)={ ij el if if iJ J

x%i(A,logx+B;—d;— -Cy foroc =B

A, (P— x)+C,x%, for a;#B;,
=) T C e

x%(A;logx+Cy), for a,=;;

for 1si=m, 1<j<n, where 4;, B; and C; are real constants.

In the special cases, func’uonal equatlons

28) S S-S5 S GEh@)+yPe(x)+dxEyp),
i=1j=1

i=1j=1
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@9 ,gl ,il feiy)= ﬁ i (xgP+yPf(x)+dx?yf),
=1 = i=1j=1

(30) iﬁl jil FEm=3 S (5 f0)+32f0)+dxgyp),
=1 j= i=1j=1

have solutions (22), (24) and (25) respectively.

Now, we shall give some results, which are analogous to functional equ-
ation (19).

Functional equation
(D fx+y)=a*h(y)+b’g(x)+da*b’

has a solution

A (b* —a*) + Bb*, for a#b,
O a
a*(4x + B), for a=b;
(32) g()= {A (@*— b*) + Bb* — Ca* —da*, for a+b,
a*(Ax+B—-C—-d), for a=b;
h(x)=[A (b*—a*)+ Cb*, for a#b,
a*(Ax+C), for a=b;

where 4, B and C are real constants.
Indeed, using the substitutions:

x=logu, y=1logv, f(logx)=F(x), h(logx)=H(x) and g(logx)=G (x),

(31) becomes

F(uv) = alogu H(v) + blog vG (u) + dalogu blog v,
ie.

F(uv) =u'°82 H (v) + V182 G (u) + dul°s e ylogb,

Using the solution of equation (21), we obtain (32).
Analogously, we can get the following results:
Functional equation

(33) e =hy* g”* @

has a solution

A= B for 4B,
f(x)=
(BxD)"“, for a=0;

AP B=* (Cd)-", for a8,
(G4 g(x)=
(BC-! d-' xPy**, for a=p;
A= ¢ for as£B,
h(x)= P
(CxP)**, for a=;
where 4>0, B>0, C>0 and D are arbitrary constants.
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Functional equation
(35 fG+p)=h()* g (x> da*s”
has a solution

A®"~a") B¥  for as£b,

fx)=
(BA*)*, for a=b5;
AC®*—a") B¥* (Cd)~+*, for a+#b,
(36) g (x)=
(BC~1d~1 4%)*, for a=b;
A =a) C¥* | for a#b,
h(x)=

(C4%)*, for a=>5;

where A>0, B>0 and C>0 are real constants.

Similarly, we can formulate the results analogous to functional equa-
tions (20), (21), (26), (28), (29) and (30).
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