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671. A TRANSFORMATION WHICH MAPS DERIVATIVES
INTO DIFFERENCES

Bratislav Dankovi¢ and Miomir Stankovié

1. Introduction

Let R be the set of all real numbers, N the set of all natural numbers
N,={0}UN. Further, let C*(R) be the set of real functions having conti-
nuous derivetives of all orders.

For real sequences a=(a,, a,,...) and b=(b,, b, ...) define the ope-
rations +, -, and A¥(.) in the usual way i.e.

a+b=(ay+b,, ay+b;,...),
Aa=(hay, rag,...),
A* (an) = (Ak an)
where
Aa,=a,s,—a,, A=AAFD) k=1, 2,...).
In [1] we can find the following definition: The function

F'x+1
T'(x+1—%)

*M =

will be called factorial of the order A, for all values of x and A(x, AER) for
which the gamma function exists. This definition comprises all cases if we
agree that when the gamma function is infinite (for arguments 0, —1, —2,...),

x® = lim (x + &)™,

e—>0

From this definition immediatelly follow the following properties of the
function x®:

o mD=m@m-—1)---(m-n+1) for m>n,
(ii) m™ =0 for m<n, (m, nENy)
(i)  mm=m.

In this paper we will define a transformation which maps the space
C= (R) into the set of all real sequences and we will examine some of its
properties and the end of this paper we will apply this transformation to solve
some difference equations.
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2. Basic definition and properties

Definition. A-transformation of a function f(W)&C= (R) is the sequence Af (u)=
=(a,,) where a,, is defined by

M tn=a @ @] (mEN).

Theorem 1. The following formula is valid
2 A(C [y +C,f,() = C, Af, ) + C, Af, ()

where C, and C, are arbitrary constants.
Proof. By definition we have
dm
A(CH@+ Gy @) =( 1 (¢ (CLW+CL@))| )
so that
dm
A(C,f, )+ szz(u))=(C1(h‘—me"fl(u)

0\)+(Cz E‘Zlme“fz(u)

e

=C, Af, (u) + C, Af, (W)

which proves the theorem.

Theorem 2. If we have f(u, a)&C*= (R) for fixed a and if f(u) has continuous
derivatives with respect to a for all uCR then we have

) 4%7®9 _ 0 4ra a).
da oa

Proof. Since the following relation is valid
ﬂ (eu i f(u’ a))
da

oum

o (—;71 et f(u, a))

u=0 Ooum

u=0

Jﬁl uf‘ )
e e“f(u a

9
Ja

u=0

in accordance with the definition we can conclude that (3) holds.

Theorem 3. If Af (u)=(a,), then we have the following relations
1° Af® (u)= A" Af (u)

- m—1
2° 4 dt= ;
Jrou=(352)
3 Aukf® @)= (m® A'a, )

(kEN)
4 Auk=(m®),



216 B. Dankovi¢ and M. Stankovié

dx f(u)

Proof. 1° Let us suppose that A4 =(b%) and k=1. Then the fol-

lowing formula

d +1 u
e )

Q1= d

G IAC)
0_ dum (e f(u) +_e du )

u=0

=d—(:;~e"f(u)u=

+b,,
. 0
is valid i.e. we have

Qi1 =0n+ bm s
wherefrom it follows that

4¥O A,

which proves 1° for k=1.

Let us suppose further that 1° is valid for n<k—1, i.e. let us suppose
that

ddf(u) A" Af (u) (n=1,2,..., k-1).
un
Since we have

dm+k u
Gtk = Qe S @

),

dam (K (k ) .
- (s (Vrow eu)
du (igo i u=0
by using the induction hypothesis it follows that
k
am+k=am+(l)Aam+"' (k I)Ak la +b

On the other hand, since we have (see [1])
am+k=am+(’1‘)Aam+ s +( )A" la,,+Aka,

it follows that b% =A* a,, le.
k
PrZAC (A* a,) = Ak Af (u),
duk

which proves 1° for all n.
2° Let us write

e ff(’)d’Lo’
0

then we have

Ami1=—— e" ff(t)dt+e“f(u))

A" jf(t) dt’u=°+ % ef @)
(V]

=ap+a,, ie.
4 Aad;, =a,.
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m—1

Since the general solution of the equation (4) is the sequence ( > a+ C),
i=1

where C is an arbitrary constant and a4 =g, it follows that

4 frou-(5
which proves 2°.

3° Let us suppose that Au®f®™ (u)=(c,). Then, on the basis of the defi-

nition we have
_ 9" ko < dm-i u*
Cm="—¢€"U f™@w B '_2( ) oy

— e“f(") (u) , 1.e,
=0

du u=0 du!
m dm-i
5 C, = m) ukl  Ana,.
) . Eo(i e
-4
Since the relation ;m .'"k =k! is true only when m—i=k, and for m— ik
um- u=0
dm—i k
u =0,
dum-i u=0

from (5) it follows that

cmz( " )k!A"am_k
m—k
i.e.
A [ ()= (m® A, )
which proves 3°.
4° On the basis of the definition it follows that

)-(2, () s
u=0 o \i/ dum—i

On the other hand, as we proved, the relation Ed—'iu"
/3

dé
—uk
u=0 dut

Auk = a et uk
du™m

u=0)

= k! is valid only when

u=0

=0; we get

u=0

i=k, while for i~k we have dii,u"
ul

uk = (m®)
which proves 4°.

By using the well known LeiBNiz formula the general term of the sequ-
ence Af (u) is given by

©) an=3 (O

i=0

Theorem 4. If the relation Af (u)=Ag(u) is valid and if f(u) and g(u) can be
developed in Maclaurin series then there exists a neighbourhood of zero in which
the equality f(u)=g (u) is true.
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Proof. Let us introduce the notation Af(w)=(a,), Agw)=(b,). On the
basis of (6) for every mcN, we have

@ (2 (C)re@)=(3 (7)e ).

The equation (7) for m=0, 1, 2, ... implies the following system of equali-
ties £ (0) = g (0) (MEN,).

On the basis of that fact, we can conclude that the functions f(u) and
g (1) have the same Taylor expansion, so that those functions coincide in ne-
ighbourhood of zero.

3. Table

In this part of our paper we give a table of some elementary functions and their
images by the A-transformation.

f@ .
1 C (C — constant) C
2 ut mm
3 eas (I +aym
4 sin au (1 +a?™/2 sin (m arctg @)
5 cos au (1 + a®)™i? cos (m arctg a)
6 u” f (u) mMa, .

m

7 @@ kzo (Z’) ag f zn_k) ©) (where Af, 1) = (ay)).

4. Some applications of the A-transformation to difference equations
In this part we will give some applications of the A-transformation in
solving some difference equations.

ExamrLE 1. By an application of the A-transformation to the equation

dry(x) d”=1y(x)
dxn +by dxn-1

where b; ({=1, ..., n) are real constants we get the equation

®) +eee+by(x)=0

(9) A"am_;_ben—lam_,_...+bnam=()‘
The general solution of the equation (8) is the sum of the following terms:
erx, e(prig)x, xnerx, xne(ptix  (MEN, p, q, r€R).

By application of the A-transformation we conclude that in the solution of (9) the above
terms correspond to the following terms:

A+pm, A+p+ig)m, mO) (L+r)ym-n m) (1 +p+igym—n.
The general solution of the equation

a0 Y +y —y=0
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is given by

an y=C, exp ((:_l.’ziﬁ) x) +C,exp (( 1 +2V_5) x)

where C, and C, are arbitrary constants.
By the application of the A-transformation to the equation (10) and the solution (11)
it follows that the difference equation

2 -
. A?a,, + A ap—a,, =0
1.€.
Yni2=0my1+0m

@)= <C1 (1 + V_S)m+ c, (1 _2V§)m)

2

has the general solution

where C, and C, are arbitrary constants.

ExamPLE 2. The general solution of the equation
dny (x)

12 -
a2 Feaa )
is given by
X
1 xn—l
13 —— | = f ) dt+ Cp——+ - +C,
13) Y (n_l)!f(x > L o
0
where C,, ..., C,_, are arbitrary constants.

By the application of A-transformation to the equation (12) and the solution (13) it
follows that the difference equation

Arg,,=b,
has the solution
a,, = Ay (x).

By using the well known formulas:

i .
Ft+a®=3 (;)"""a“'"‘h G+ DO = (x+ DU
k=0
and
(—x—a)®=(—1) (x+a),
where x[i]=x(x+1)- - +(x+i—1), the general term of the sequence Ay (x)=(a,,) is given by

m ! m—k—1)n-1)

a9 am_k:o (n—1)! b+ Cum® 1+ -+ Cym+ G,

where C,, ..., C, are arbitrary constants. The general solution (14) can be found in [2].

ExAMPLE 3. The general solution of the equation

as) S (—Dk Rk ( ”)xn-ky(n—k)=o
k=0 k
is given by (see [3])
16) y= Z Cy xk
k=0

where C,, ..., C, are arbitrary constans.
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By the application of the A-trransformation to the equation (15) and the solution (16)
it follows that the difference equation

n
> (=1 k() ) =l A=k -0
k=0

(éo “ mm)

where C,, ..., C, are arbitrary constants.

has the solution

ExaMPLE 4. Any particular solution of the equation

{a7n xy ' +(@+1—x)y +ny=0 @<R)
is given by (see [4])

_ n o n+a)£c
18) y@= 3 (D ()5

By the application of the A-transformation to the equation (17) and the any parti-
cular solution (18) it follows that the difference equation

m+oa+Day —@m+at+l—na,+2ma, =0

(am>=(k"§0<-uk(:j;)(;')).

ExAMPLE 5. Any particular solution of the equation

has any particular solution

(19) X2y xy +(x2—=n) y=0 (nEN,)

is given by (see [3])
L (—l)k x\n+2k
@0 7 (x)—,zo X! (n+k)z(7) '

By the application of the A-transformation to the equation (19) and the particular
solution (20) it follows that the difference equation

m*—n?) apy—mQ2m—1)a,_,+2m(m—1)a,_,=0
has any particular solution
< (—1)F

@)= 2 Sk kTR

mn+2k),

Professor B. Crsticl and Professor D. BLANUSA read the paper in ma-
nuscript and give very useful comments.
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